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PREFACE 


This book is an outgrowth of a series of courses in advanced 
calculus and related subjects, given by the authors at The 
Case School of Apiilicd Science, and designed primarily to meet 
the growing needs of stiuh'iits interested in the ai)plications of 
mathematics to physics and engineering. To this end, special 
care has been taken to emphasize physical meanings of notations 
and relationships occurring in the subject. Applications to many 
l)ranches of ])hysics and engineering are given. These applica¬ 
tions have been included as integral parts of the explanations of 
the several mathematical topics, and exercises involving them 
will be found in every chapter. 

In keeping with the growing demand for rigor, every effort 
has been made to foster in the student the habit of carefully 
{'xamining the operations he is performing. Stress has been 
placed on the precise mathematical interpretations of the con¬ 
cepts studied and on the conditions that must be met for a given 
theorem or formula to be valid, and no pains have been spared 
to make every proof complete. Thus, the present treatment is 
suited to students of pure mathematics. 

In a subject as extended as the one in this book, it is hardly 
possible to acknowledge in every case indebtedness to specific 
books and papers. However, in the various referonc^es that 
appear throughout the book and in the bibliography every 
(iffort has Ijoen made to indicate the principal sources. 

To Dr. Robert F. Rinehart of the Department of Mathematics 
at The Case School of Applied Science the authors are greatly 
indebted for having written the section on Algebra in Chap. VI. 

The authors wish to express their sincere appreciation to Dean 
T. M. Focke of The Case School of Applied Science for his con¬ 
tinued encouragement in the preparation of this manuscript. 
They take pleasure in acknowledging their indebtedness to 
President William E. Wickenden and Dr. Eckstein Case of The 
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Case School of Applied Science, who have made it possible to 
complete the manuscript at this time. 

The senior author wishes to acknowledge his debt to his wife' 
Jennet for her long and persevering efforts in the preparation of 
the manuscript. 

R. S. Bxjrington, 

C. C. Torrance. 

Cleveland, Ohio, 

January^ 1939 . 
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HIGHEE MATHEMATICS 

CHAPTER I 

DIFFERENTIAL CALCULUS 
PART A. ELEMENTARY REVIEW 

1. Introduction. In this chapter wo shall fii'st briefly r('vi('\v 
certain important topics in elementary diffc'nnitial caleulus, and 
then we shall give an introduction to the theory of partial differ¬ 
entiation. Extensive applications of the various t()i)ies con¬ 
sidered to physics, engineering, and geometry will be found 
in the exercises throughout the chapt('r. 

2. Functions. The concept of a function is of fundanu'ntal 
importance. We shall first consider a real fuiudlon of a real 
variable x. 

A real variable is a symbol having real numbers for vahu's. 

A real variable may be a single letter, say x, or a formula in 
terms of a real variable x, or any notation to which arc; atliuihed 
real values, such as |r| and P„, where \x\ denotes tlio numeric,al 
value of the real number x and where denotcis tlie nth 
prime number. The term real variable is also ai)plie(l 
to anything having real values, such as physical qua,niiti(is 
(temperature, pressure, density, acceleration, potential, etc;.). 
It is evident that any quantity having real vahuis c^an always 
be represented by a real variable. In this chai)t(w, wheneveu' 
we speak of a variable we shall always mean a real varial>l(!. 

A 7-eal independent variable is a symbol for an arbitrary n^al 
number. 

Before we define a function we make a precautionary remark. 
The student has perhaps learned to think of a variabhi as being 
a function of x if the variable has a definite value for ('arE value 
of X. But this concept of a function is inadoquat(^, for ac(!ording 
to it, logio X, tan x, Vx{Z - x), and (-2)* are not functions 
of the independent variable x since they do not have a definite, 
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real value for each value of x. Thus, logio x has a clefiiiite real 
value only when a: > 0; tan x has a definite real valiu' only wluai 
X is not an odd multiple of 7r/2 radians; Va:(3 — x) has a d(‘finite 
real value only when a; is a number in the interval 0 ^ x g 3; 
and ( — 2)^ has a definite real value only when a: is su(‘h a rational 
number that, w^hen written in the form x = p/q with p and q 
relatively prime integers, q is odd. These examples show tliat a 
variable may have a definite value for' certain vahu‘s of :r, i.e., 
for some particular set of values of x, though not for (‘ach \^alue 
of X. The difficulty with the preceding definition of a function 
may be remedied by requiring the vg^riable in question to ha.ve a 
definite value for only some set D of values of x, where D may b(^ 
an interval or a number of intervals or a part of the rational 
numbers or any other set of real numbers. 

Definition 2.1. If a variable has exactly one real value for each 
value of the variable x in some set D of real numbers, then this variable 
is called a real single-valued function of x defined over D (ivhere by 

defined over we mean ^‘with value determined for each value 
of X in D”), 

Definition 2.2. The domain of definition of a function of x 
is the set of all values of x at which the function is defined. 

For example, the domain of definition of logm x is the set of all 
positive numbers; the domain of definition of tan x is tln^ set of 
all real numbers other than the odd multiples of 7r/2; the chnnain 
of definition of Vx(3 x) is the set of numbers in the interval 
0 ^ a; g 3; and the domain of definition of ( — 2)"' is the set of 
all rational numbers p/q (in lowest terms) with q odd. 

It should be noted that x is not necessarily an inde]iendent 
variable in Definition 2.1, but may itself be a function of another 
variable. On the other hand, in Definition 2.2, x must be free 
to take on all real values. 

We shall give three examples to illustrate the meaning of Definition 2.1, 
First, let us consider the hot filament of an X-ray tube. Suppose the posi¬ 
tion of a point P of the filament (assumed to be of negligil)lc thi(‘kne8s) is 
determined by its distance x from one end of the fiilament. If the filament 
is 2 cm. long, then the temperature T of the filament is a function of x in 
that T has a definite value for each value of x from 0 to 2. We denote the 
value of T at the point a: = a by T(a), and we read* this symbol 'Hhe value 

* If the student is asked to quote the symbol T{a) orally, he should say 
*Hhe value of T at a: = a” and not some abbreviated translation of his own 
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oiT oAx = a.” If the temperature of the filament (in degrees centigrade) 
at each end is 100, at the middle is 900, and if the temperature drops off 
linearly from the middle to each end, then TifS) = T{2) = 100, T(l) = 900, 
r(i) = 500, T{0.1) = 180, and T( 1 . 2 ) = 740. This last equation, for 
example, should be read ‘‘the value of T at a; = 1.2 is 740.’^ If we wish to 
consider the value of T at an arbitrary or variable point of the filament, 
then we use the symbol T{x) which we read “the value of T at an arbitrary* 
value of x” It is evident that T may be represented by the formula 
800a; + 100 for values of x between 0 and 1 . Thus the statement 

Tix) = 800a; + 100 when 0 ^ a; ^ 1 

means “the value of T at an arbitrary value of x is 800a; + 100 when x is 
between 0 and 1.’^ To represent the value of T' from 0 to 2 , we write 

, jSOOo; + 100 when 0 ^ a; ^ 1, ..v 

^ U700 - 800a; when 1 ^ a; ^ 2 , ^ ^ 

meaning that the value of T at an arbitrary value of x is 800a; + 100 when x 
is between 0 and 1, and is 1700 — 800a; when x is between 1 and 2. The fact 
that two formulas are used to represent T does not mean that the tem¬ 
perature of the filament is simultaneously two functions of x. The tem¬ 
perature along the filament is one definite function of x, and it is possible 
to represent it by a single, though rather complicated, formula. In relation 
( 1 ), the symbol T{x) does not denote the formula 800a; + 100 or the formula, 
1700 — 800a; or even both of the formulas at once; Tix) has only the meaning 
already ascribed to it. We shall often meet with functions which are most 
conveniently described with the aid of two or more simple formulas instead 
of one complicated formula. 

As our second example of a function, let us consider a formula in x, such 
as \/sin irx. It is convenient to denote a given formula by a single l(;tt<u*, 
say/, g, F, or 0 , in exactly the same way that we denoted the temperature in 
the preceding example by T; in fact, we use/ or some other letter as the name 
of a given formula. If / denotes a given formula in a;, then the formula / is 
a real single-valued function of x when / has exactly one real value for ea(;h 
value of a; in some set D of real numbers- Thus -v/siiTx^ is a real single- 
valued function of a;, whereas is not (since it has a 

definite real value for no value of a;), and sin"”^ x is not (since it has many 
values for each value of x between —1 and 1 ). 

If / denotes a single-valued function of a;, then we denot<^ the value of the 
function/ for the value x ^ a by/(a), and we read this symbol “the value of 


invention, such as “T, a” The practice of attacliing cryptic nm,dings to 
notation, particularly to save time or effort, is one of the most prolific sources 
of difficulty in the whole of mathematics, for such a practice effectively 
prevents the student from learning to think in terms of the meaning of the 
notation used. The student should be especially careful to avoid this 
mistake when reading by himself. 

* It is implied, of course, that this value is one at which T is defined. 
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/ when X = a/' or if we think of the values of x as represented by points on 
the a;-axis, we read it 'Hhe valueof / at x = a” Thus, if / den.()t(>s v'^sin ttx, 
then/(i) = 1 and/a) = 1/V2- The symbol/(a:) is read “th(^ value of/ 
for an arbitrary value of rr.” Thus we usef as the name of afunriion, while 
we use fix) to denote an arbitrary value of the function. This dist in(‘tion is 
important, and failure to observe it may cause much confusion later on 
(see Ex, XIX, lb and le). 

For our last example, let us consider the equal,ion 

X + 3". (2) 

Although this equation cannot be “solved” for y in terms of x in any simple 
way, yet it is readily seen from the graph (Fig. 1 ) of this (uiuation tlait, for 

each value Xo of x, there exists exactly one value yo of y such that tlu' pair 

of numbers (xq, yo) is a solution of (2). [Each line x = m(H‘t,s t.lu' gra.ph 
of (2) in exactly one point.] Hence, (2) determines a, dehnitc^ valu(‘ of y 

for each value of x, that, is, ( 2 ) d(*t(‘r- 
mines y as a single-valiu'ii implicit 
function of x defined for all values of 
X. We denote the valii(‘ of y corre- 
^ spending to the value r = a by ?/(a), 
^ and we read this symbol “th»' valii(‘ of 
y when a; = a.” Thus/y(l) ”” 0 , //(o) = 
2, and y(--|) = — 1. If wo think of 
^ • y, not only as a variable having values, 

but also as a symbol denoting a func¬ 
tion of X [viz., the function that would be obtained if ( 2 ) could sonudiow b(i 
solved for y in terms of rc], then the notation y(a) has exactly tlu^ same 
significance as the notation/(a) in the preceding example. 

If a variable has two or more values for each valve of x in some 
set D of real numbers^ then this variable is called a multiple-valued 
function of x. Thus, cos“^ Xj tan“^ a;,.and the other inverse trigo¬ 
nometric functions are multiple-valued functions of x. Again, 
the equation x^ + = 1 determines y’ as a multiple-valued 

function of x. (If xq is any number such that < 1, 

the line x = Xo meets the graph of the equation x- + y- = 1 in 
two points.) A given multiple-valued function may be repre¬ 
sented by two or more single-valued functions, so that the 
properties of the multiple-valued function may be determined 
by analyzing the properties of the respective ^single-valued 
functions. Hence we shall be particularly concerned in this 
chapter with single-valued functions. 

If / denotes a single-valued function of x, and if Xq is a value of x 
at which / is defined, then the pair of numbers [a;o, /(xo)] may be 
regarded as the rectangular coordinates of a point in a plane. 
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If xo is regarded as ranging through all values of x at which, f 
is defined, then the set of all points [xo, /(xq)] is called the graph 
of /. Thus the number f(xo) is represented by the ordinate up 
to the graph of / erected at the point x — xo on the a>axis. Wo 
may state this idea in another way: the significance of eacli point 
P on the graph of / is that the two coordinates of P always repre¬ 
sent a value xq of x and the corresponding value f(xo) of /. 

If / is a single-valued function of x, and if Ax (I’cad delta x^^) 
denotes the change in the value of x in going from a value xo to 
another value Xi, so that Ax = xi — xqj then /{xq -f- A-x) — f^xo) 
represents the change in the value of f in going from x = Xq to 

X = a:o + A:r. Furthermore, — represents the 

Ax 

ratio of the change inf to the change in x, or the ynemi change inf per 
unit change in x, or the mean rate 
of change of f with respect to x, in 
going from x = xo to x == Xq + Ax. 

(By the mean change in / per 
unit change in x is meant the 
change / would undergo per unit 
change in x were f changing at 
a constant rate from the value 
f{xo) to the value f{xQ + Ax), 
that is, if in Fig. 2 the graph of 
/ were the chord PQ instead of the curve shown.) It is evident 
that f{xQ + Ax) — f{xQ) is represented by the line segnunit RQ 

in Fig. 2 and that represents the sloi)e of tlu^ 

chord PQ. 

EXERCISES I 



1. lifix) find/(O),/(I),/(-I), Jikxo). Ufixy) denotoH 

the result of substituting xy for x in the formula for/, find f{xy) and f{x) •/(//), 
Are the results equal? Find f{x 4- y) and f{x) -j- /(//). th(‘ n'selts 


equal? Find/(a;/2/) and/(a;)//(?/), 

If fix) = find /(a + 6), /I 

x — a f(a — h) 



and/(i + i 
\a 0 


What is the domain of definition of /? 


3. If fix) == ic + “, find/(a) + -J- and 
a: fia) 
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4. If/(a;; = show that 

ma + b)]^ + |/(a - 5)12 - 2f{a^ + 5^) + 8/(a5). 

5 . If fix) = i—where e = 2.718 . . . , show that 

filoge iu + • 

® ^11 “f“ wX 

6 . If fix) , show that/( - log«;;- I = w. 

+ e~® \2 1 — u/ 

7 . If/(a:) = loga Xj show that/(a;) +/( 2 /) = fixy). If fix) = n^, show 
that /(rc) /(?/) = /(a; -f y). 

8 . If i^(a;) == 2a;Vl - show that ^^(sin d) = F(cos 6?) = sin 20. 

9 . If Fix) = 2 a ;2 — 1 , show that F(co& 6) = cos 29, 

10. Find the value when fix) is given by tiie follow- 

Aa; 

ing formulas: 


(a) a ;2 — 3a;. 

(c) -s/S — 2 a: 2 . 
(e) cos X. 

(g) logio X. 

(i) 2*. 


3a; 

(d) x^^ — a^“. 

(f) sin^ (1 - 3a;2). 
(h) log 6 tan 2 a;. 

(j) 


Graph formulas (a), (b), (c), (e), (g), and (i). Represent/(.To ),/(a:() -f Aa:), 


fixQ + Aa;) — /(a;o), and 


fjxo H- Aa;) - fjxo) 
Ax 


on these graplis wlum Xu = 1 


and Aa; = §. 

11 . (a) If T is the temperature of a certain quantity of gas in degrees 
Fahrenheit and if piT) is the unit pressure of the gas in pounds per scpiare 
inch at temperature T, give the complete physical interpretation of the 


quantity 


p(To + AT) 


AT 


p(^T ) 

-, i.e., state the meaning of piTo), ’p(To -+■ AT), 


sents the unit pressure at the temperature To and 


piTo + AT) — p(To), and the given fraction. [For example, rei)re- 

p(T() H- AT) - piTo) 

at 

represents the mean change in unit pressure per degree change in temperaUire 
in going from the temperature To to the temperature 2\) 4- AT. 1 

(b) If X represents distance in centimeters along the filament of an X-ray 

tube and if Tix) is the temperature of the filament in degr(a\s (amtigrado 
at the point x, give the complete physical interpretation of th(^ (piantity 
Tixo + Aa;) ■“ Tixo) . 

- - -. (The fraction itself represents the mean <‘hangc in 

temperature per centimeter along the filament from the point Xo to th(‘. point 
iCo 4“ Aa;.) 

(c) If a; represents distance in inches along a radio antenna and if Dix) 
is the density of electric charge at the point x, give the complete physical 

• j. X j.' £ xx. x'x ^i^o 4” Aa;) — Dixo) 

interpretation of the quantity -. 

Aa; 
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(d) If p represents unit pressure in pounds per square inch and if E{p) 
is the voltage needed to make an electric spark jump 1 in. in air afc pressure 


p, interpret 


jg(po + Ap) - E{pq) 
Ap 


completely. 


(e) If t represents time in seconds and if A(t) is the number of grams of a 

. . . -^(^0 Ai ) — A (/.()) 

chemical substance existing at time interpret 


At 


pletely. 

(f) Give three other physical examples of functions and discuss them in 
the manner indicated in the preceding parts of this question. 

12. Does the equation = 5 determine p as a single-valued function 

of X? If so, what is the domain of definition of p? Find '/y(0), p(l), and 
2 /(- 2 ). 

13. If Sin"^ p -b Tan”^ y — x, find p(0) and pC Jtt), remembering that 
Sin“i p and Tan"^ p, written with capital letters, denote prin(uj)al value's. 
What is the domain of definition of p when detennined as a funcl.ion of x 
by this equation? 

14. For what values of x does the equation x + if = 2p dehn(‘ p as a 
single-valued function of re? 

15. Graph the function / when f(x) = \/sin ttx, showing the portion of 
the graph between x = —4 and a; = 6. What is the domain of definition 
of/? 

16. Graph the function / when 


fix) 


! 


—2rc 


when rr ^ 0, 
when rc < 0. 


Does the symbol f(x) denote x^ or —2x or both of these formula,s simul¬ 
taneously? Describe a physical situation in which / is involved as some 
physical quantity. 

17. Graph the function/ when 

|(7r -b x) when —tt ^ re < 0, 

/(rc) == 0 when rr = 0, 

Htt — rc) when 0 < rc ^ tt. 


It is possible to represent / by the single formula 


fix) = 


, sin 2rc sin Zx 

. . . 


where the symbol | 1 denotes “numerical value of'' and whore only values of 
X in the interval — tt ^ rc ^ tt are considered. If 


gix) 


S Ut + rc) 
(Ut-x) 


when 

when 


-TT ^ rc ^ 0, 
0 ^ rc ^ T, 


then g may be represented by the single formula 
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where Although the values of / and g differ at only t.lu* single- 

point X - 0, yet / and g are represented by different forinuiaa and must he 
regarded as distinct functions. 

18. Graph the function / when f{x) = --+ --- What is t,he 

. JL X jj 

domain of definition of /? If g is represented by the formula <j{x) = 1 
for all values of x, are / and g the same function? 

This exercise illustrates the following fact: If two function.'^ f and g have 
different domains of definition, thenf and g must he regarded as distinct, even 
though f and g have the same values wherever both functions are defined. 

19. If D is the domain of definition of the function / and if E is (lu' domain 
of definition of the function g, what is the domain of definition of tlu' func,- 
tion/ + Of the function / • g? of //<;? [Recall that division by z(to is 
never permitted, so that the symbol/(a)/^(u) is meaningless wlu-n gin) ~ 0. j 
For what values of x is f[g(x)] defined? (Note that/[r/(a)| is meaningless 
unless a is such a value of x in E that g{a) is a number in D.) 

3. The Limit of a Function. We now wish to dov(dop an 
accurate formulation of the concept ^dimit of a function.'’ We 
first give two simple examples. 

The function (sin x)/x has no value at x = 0, 0/0 not Ix'ing a 
number. But if we tabulate values of x and (sin x)/x as x gets 
close to 0, and plot the resulting data, we obtain the following 
results: 




sin X 

X 

sin X 

— 


'4* 


X 


-6-.^ 0.5 

0.47943 

0.9589 


0.3 

0.29552 

0.9851 


■0.99 N. 0.2 

0.19867 

0.9933 


-0.98 ^ 

0.09983 

0.9983 


0.05 

0.0499792 

0.99958 


0.01 

1 , , ^ 

0.009999983 

0.9999983 

-0.2 -0.1 

1 0.1 0.2 0.3 1q 

-0.009999983 

0.9999983 

^ -0.05 

-0.0499792 

0.99958 

-0.1 1 

-0.09983 

0.9983 


It would appear from the table and the graph that, as x 
approaches 0 (x being either positive or negative), the value of 
(sin x)lx approaches the number 1. (It will be proved in Ex. 
IV, 21 that this surmise is correct.) If we use the symbol to 
denote “approaches,” then the value of (sin x)lx -»■ 1 as a; -4 0. 





Sec. 3] 


DIFFERENTIAL CALCULUS 


9 


(This result, of course, depends on the fact that we have measured 
X in radians.) 

As another example, we note that the function (1 
has no value at a; = 0. But it would seem from the table and 
graph below that the value of (1 + —> 2.718 • * * as 

x-^0, (It will be proved in Ex. IV, 23 that this surmise is 
correct.) The student will do well to compute more values of 
this function, using a large table of logarithms. 


X 

(1 + 

1 \ ' 


0.1 

2.5938 1 \ 

■3 

0.03 

2.6786 j 1 

^.718- 

0.01 i 

2.7048 1 


0.001 

2.7169 1 

— -- 

0.0001 

2.7181 -j- 

-1 

r—i 

o 

O O 1-1 

o o o 
odd 

1 i i 

2.7184 _rt 

2.7196 

2.7320 

1 2 3 4'* 

Kui. 4. 


These examples show that if / is a function of x and if the vahu^ 
of X is approaching a number a, then the value of/ may approju^h 
a number A. (In the preceding examples, a = 0 and A is n^spcn^- 
tively 1 and 2.718 • • • .) We wish to analyze the nu'aniiig 
of this statement in detail, and we first raise thc^ (pu'stioii, what 
is meant by the word approach? 

A. We define the word approach^^ to mean become atid remain 
arbitrarily close to” 


We give two examples to show why it is neoessary to say “IxH'oriu^ mul 
remain arbitrarily close to.” Suppose the indepeiuUuit va.ria,l>le x is nia{l(‘ 
to vary as follows: x decreases from J to 0.1 (taking on all valii(\s in 
increases back up to decreases to 0.01, incrcas(‘s haek up to .1, (l(uu'(*a.H(^s to 
0.001, increases back up to i, decreases to 0.0001, etc. While x getii a.rl)i- 
trarily close to 0, it does not remain there, and one would not say that; x 
approached 0 in the sense intended. 


Again, consider the function (cos x) 



whoso graph is shown in 


Fig. 5. This function has no value at a; = 0 and is such that its graph 
oscillates infinitely many times in the neighborhood of a: = 0. Whiles the 
value of cos x cos (1/a:) gets arbitrarily close to 1 (and also to —1) as a: 
approaches 0, it does not remain there, and one would not say that the 
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value of cos x cos (1/a:) approached 1 (or -1) in the sense intended when 
X approaches 0. 

It is often thought that a variable 7, when approiiehing a 



number A, can never attain the 
value A. While tliis is some¬ 
times the case, as with (sin x)/x 
and (1 + wlum x is a])- 
proachiiig 0, it is not always so. 

B. When we say that a vari¬ 
able V is approa-ching a N umber 
A, there is no implication that V 
can never reach or e(fual .1, nor h 
there any implication that V 
must eventually attain the va lue. A . 


For example, it is readily proved that the graph of x- cos (l/.r) oscillates 
between the two parabolas y ~ and y = —the number of oscilla,lions 
becoming infinite as x approaches 0. It follows that the value of x- cos (1 /x) 
becomes and remains arbitrarily close to 0 as x approaches 0. H()wev(n-, 
as x^ cos (l/x) approaches 0 in this manner, it actually reaches and tjiki\s 
on the value 0 infinitely many times. 



Again, suppose x varies as follows: x decreases from 1 to —0.1 (taking 
on all values in between), increases to 0.01, decreases to —0.001, increases 
to 0.0001, etc. Since x becomes and remains arbitrarily close to 0, it is 
approaching 0; but in approaching 0 in this manner, it takes on the value 0 
infinitely many times. This manner of approach is illustrated physically 
by a pendulum coming to rest. 

In considering the behavior of a function / as a; —»a, we have 
always allowed x to approach a in an arbitrary manner so long 
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as X remained in the domain of definition of the function /. 
The following example shows the desirability of restricting the 
manner in which x may approach a. Suppose 


f(x) = isin X + 


sin 2x . sin Sx 


+ 


(See Ex. I, 17.) This function is defined for all values of x and, 
in particular, has the value 0 at a; = 0. (This value is indicated 
in Fig. 7 by the large dot at the origin.) If x approaches 0 in 
the manner indicated in the preceding paragraph, then we 



cannot say that the value of / approaches t/2 as x-^0, for the 
value of / does not become and remain arbitrarily close to 7r/2. 
But if we deliberately exclude 0 as a possible value of x as x 
approaches 0, then the value of / approaches 7 r /2 as x 0. 
Thus, as X a, it is possible for the value of a function / to 
approach a number A when x remains different from a but not 
when X is free to take on the value a. It follows that, by restrict¬ 
ing x to remain different from a, we can more fully analyze th(^ 
behavior of a function / “near” x = a. Hence w(^ lay down 
the following principle: 

C. In considering the behavior of a Jmiction f as x —> a, we 
restrict x to remain different from a. 

It is evident from Fig. 5 that the value of the hinction 
cos X cos (1/x) approaches no number A as x 0. Ag;iun, as 
,x 0 (but remaining 0), the value of the function 

|sin X + I sin 2x + • • 

approaches a number which is different from the valium of this 
function at x = 0. Thus, 

D. As X —» a, the value of a function f need not approach any 
number A ; if the value of f does approach a number A as a, 
and if f is defined at x ^ a, then A and f{a) may be distinct 
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We have an immediate corollary from C and D: 

E. In considering the question as to whether or 7iot the value of a 
function f approaches a number A as x a, it is immaterial 
whether or not f is defined at x = a^ and if f is defined at x = a 
it is immaterial what the number f(a) may be. 

We are now in a position to define the limit of a fiin(*ti()ii. 
Definition 3.1a. If the value of a function f approaches a 
number A as x approaches a (but remaining 7^ a), then this number 
A is denoted by the symbol lim f(x) which is read ‘^the number 

x—^a 

approached by the value of f as x~-^a,” The ivmnber lini /(.r) 

x~-*a 

is referred to as the limit of f as x a. 

For example, lim (sin x)/x = 1, i.e., the number approiK^hcHl by 

a ;—>0 

the value of (sin a:)/a; as a; —> 0 is 1. Again, 

lim (1 + xY'^ = 2.718 • • • , 

lim |sin x + | sin 2a; + = 7r/2, and lim [cos x • cos ( 1 /x)] 

x—^O X—>0 

does not exist. 


EXERCISES 11 


1. The graphs of a number of functions are shown below. In each case 
state whether or not lim f(x) exists, and if it does, state its value. 
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1 when X 
rational 

0 when x is 
irrational 


ii) 





x^ when x is 
rational 

0 when x is 
irrational 





O') (k) 


f 


1 ^ 




(Z) 


2. The graphs of a number of functions are shown below. Tii each case 
state whether or not lim f{x) exists, and if it does, estimate its value. 

x-*a 



3. Graph the function [x], where [a;] denotes the largest int(^g(a- not. gr(‘ater 
than X. For what values of a does lim [a*] exist? 

X —►a 

4. Show that the function / such that f{x) = 1 when x is ra,tional and 
f{x) = 0 when x is irrational, may be represented by tlu^ singh^ formula 
f{x) = lim [cos2{7r(w!)a;S], where [ • * • ] denotes “greatest iiit(‘ger eon- 

n—> 00 

tained in” (see Ex, 3). What formula represents the fuud.ion in Ex. Ij? 

The two functions mentioned in this exerciser, as well as functions like 
(—2)® and cos (l/x), illustrate the fact that it may be impossible to repre¬ 
sent accurately the behavior of a function by means of h graph. 
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5. Give examples of functions to show that, of the two numbers /(a) and 
lim/(a;), both, either, or neither may exist for a given value of a; moreover, 

if both these numbers exist, they may be the same or distinct. 

So far we have been relying largely on the graph of a function 
to indicate the existence or nonexistence of the number lim f(x) 

x--+a 

in any given case. But this procedure is very limited in scope. 
In particular, (1) a graph gives only an indication^ and not a 
proof, of the existence of the number lim/(.r), and (2) the method 

x—^a 

fails completely when the graph of a function cannot be drawn 
with sufficient accuracy. For example, does 

.. /. 1,1. 2,1. 3, \ 

exist? To meet these difficulties we must restate Definition 
3.1a in a more technical form. 

Let us recall that |a;| denotes, and is read, the numerical value 
of X. Thus, |3| = |— 3| = 3; |a;| = x when x ^ 0 and |x| = — x 
when a; < 0; |a; a| = a: — a if a; ^ a and |a; — a| = a — a; if 
X < a. It is evident that \x — a\ represents the distance between 
X and a. To say that rr — 3 < 0.1 does not prevent x from Ix^ing 
any number less than 3, such as —SO, but if \x — 3| < 0.1, then 
the distance from a; to 3 is less than 0.1 and 2.9 < x < 3.1. 
To say that x—^ a means that x varies in such a manner that 
\x — a\ becomes and remains less than any assignable pOvsitive 
number 6, however small 5 may be, whether 0.1 or 10’“^^^ or 
or less. (We say that a number is positive only whim 
it is actually greater than 0, 0 itself being regarded as neithcu* 
positive nor negative.) Again, |/(a;) — A\ denotes the nunuu'ical 
difference between A and the value of / for any value of x, and 
the condition \f(x) — A\ <0.01 is equivalent to the condition 
A — 0.01 < f{x) < A + 0.01. It is evident that Definition 
3.1a can be put in the following form: 

F. If \f(x) — A\ becomes and remains less than any assignable 
positive number e when x varies in any manner so that — a\ 
becomes and remains less than any assignable positive number 8 
but without ever becoming 0, then A = limf(x), 

x-^a 

We wish to simplify this form of the definition of a limit so 
that we do not need to think of x as actually varying in any 
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particular manner and so that we do not need to use the words 
“become and remain.” Let / be a given function, such as th(> 
one whose graph is shown in Fig. 8a, let e be a giv(ui small i)osif ivt^ 
number, say 0.01, and let the lines y = A — e and = .1 + 6 
be drawn. It is evident that, for values of x near x = a, 1,1h^ 
graph of f remains within the horizontal strip formed by tlu'sc^ 
two lines. In fact, there exists a small positive numlK;r 5, 
indicated in Fig. 8b, such that the following assertion holds: 
If we consider only that portion of the graph of f lying in the vertical 
strip between the lines x = a — 5 and a: = a -|- S but not on 
the line x = a, then this portion of the graph of f remains within the 



horizontal strip between the lines y = A — e and y = + e. The 

fact that X is restricted to be different from a and to lie between 
a — 5 and a + 5 is expressed by the condition 0 < |x — a| < 5; 
the fact that, for these values of x, the graph of / remains between 
the lines y = A — € and y = A + € is expressed by the condition 
|/(a;) — A\ < €. Hence the italicized assertion may be expressed 
by the formula 

|/(a:) — AI < 6 for all values 

of X such that 0 < |a; — a| < 3. (1) 

[Note the similarity between (1) and paragraph F.] 

It is evident that, the smaller is the given number « in (1), tlu^ 
smaller must 5 be taken for (1) to hold; in other words, tiu' 
narrower is the given horizontal strip in Fig. 8a, the narrower 
must be the vertical strip in Fig. 8b. Again, the more irrcigular 
is the graph of / near x = a, the smaller mu.st bo 5 for any given 
number «. In short, formula (1) holds for a given number 
6 only when 5 is sufficiently small. We now raise a fundamental 
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question: However small e may be in (1), does there always 
exist a sufficiently small positive number 8 such that (1) holds? 
It is seen in Fig. 9 that, no matter how small 8 is taken, (1) 
cannot hold for the number e shown. Hence, for some functions 
/ the answer to our question is negative. We now show that 
G. lim f{x) = A when, and only when, the answer to the above 

x-^a 

question is affirmative. 

Suppose first that the function/is such that the above question 
is answered affirmatively. Let e be an arbitrarily small })()sitivt^ 
number. By hypothesis, there exists a positive number 8 such 
that (1) holds. As x approaches a, \x ~ a| ultimatdy heconuis 
and remains less than 8. By (1), \f(x) — A \ ultimat(‘ly iK^conies 
and remains less than €. Since e was arbitrarily small, lim f{x) 


y^A+€ 


y=A-€^ 

2 ^ 




exists and is A. 

Now suppose the function / is such that the al)Ov<‘ (lucvstion 
is answered negatively, tliat for 
some number e there (exists no positive 
number 8 sufficiently small so that (1) 
holds (see Fig. 9). In this event there 
exist values x of x arbitrarily dose 
to a and distinct from a siidi that 
|/(f) — A| > €. If X approa<*hes a in 
such a manner as to take on tlu^se 
values X, then \J{x) — A\ cannot become and remain less than e, 
that is, the value of / does not approach A as a limit. This 
completes the proof of Theorem G. 

Because (1) does not involve the idea of approacdp it is (ms- 
tomary to use (1) to define lim/(re). Theorem G shows that the 


x=a 
Fig. 9. 


following definition is equivalent to Definition 3.1a. 

Definition 3.1b, Let f be a real single-valued funciimi of x 
and let A and a he real numbers. If, for each positive number e, 
however small, there exists a positive number 8 such that 


[/(rr) — AI < € for all values 

of X such that 0 < jrr — a| < 5, (1) 

then A is denoted by either lim f(x) or lim f{x), and A is referred 

X—>a 

to as ^Hhe limit of f at x — a.” 



Sec. 3] 


differential calculus 


19 


— 01 < e when 0 < |a; — 01 < 


where n = — e 


If e ^ 1, 12“^^®* — 01 < € for all x 9^ 0. 

Example 6. Show that lim cos 0 = 1. 

d -^0 

Let € be any positive number ^2. Let 0 be the 
center of a circle of radius 1, let BC be the chord per¬ 
pendicular to the radius OA at the distance efrom A, and 
lets = AAOB, It is evident that Icos ^ — 1| < ewhen 
1^ _ 01 < 5. If e > 2, then Icos 0 — 11 < e for all 6. 



EXERCISES III 


Show that the following limits exist and have the values indicated: 

1. lim (1 — 4rc) = —7. 

x—*2 

2. lim (ax + &) = ac + bj where a 0. 

3. lim h =h. 
x—*c 

4. lim dx^ »= 12. 

x~^ — 2 

5. lim (2x^ — a;) =15. 

6. lim (2a; — 3a;^) = — 1. 

a;—vl 


7. lim a/S = \/5- ( Write \'\/x — \/51 

x-^5 \ 


a; — 5 




■) 


8. lim a/3:c — 1 = 

a ;-»2 

9. lim x^ — 8. 

x^2 

10. lim cos 6 = cos a. 

$—^a 

11. lim sin 6 = sin a. 

12. lim X cos - = 0. 

x—*0 ^_ 

13. lim x'^'s/ a;(4 

a :—>0 

14. lim l/x = 1. 

a :—>2 

15. lim l/(3a; + 2) = 

X —J'l 


■v/5. 


{\ 

1 


COS - 

Vi 

x 

= 

= 0. [ 


^ 1 for all a; 0. 


x) = 0. [Find the maximum value of \/a;(4 — a;).] 


16. In connection with Example 2 above, show e and 6 on the graph of a;*. 

17. By applying Definition 3.1b, examine each of the functions in Exs. 
II, 1 and 2 for the existence of a limit at the points indicated, (In each case 
draw the lines y — A ± e and the corresponding lines a; = a ± 5.) 

We close this section with two general theorems about limits. 



20 


HIGHER MATHEMATICS 


ICiiAP. I 


Theorem 3.1. A function f can have at most one Uniit at a 
point X a. 

Suppose / had two different limits A and .4' at x = a. If ^ 
is taken to be less than ||A — A'\, then it is inipossihI(‘ for ( 1 ) 
to hold for both A and A', i.e., the graph of / cannot romain 
within both of the horizontal strips bounded by tin^ pairs of 
lines y = A ± e, y = A' ± €. 

Theorem 3.2. Iff and g are functio'ns such that lim /(.r) and 

X -+« 

lim g{x) existj then 

z-*a 

(a) lim [f(x) ± g(x)] exists and equals lim f(x) ± lim g(x). 

x—*a x—Ki X 

(b) lim [/(a:) •g'(a;)],= lim fix)-lim g(x) {where, in writinq 

x-~^a x—*a x~*a 

“ = we imply the existence of the first limit), 
fix) 

iis ”• 

x—^a 

We first note that, if a and jS are real numbers, 

la + /Si ^ |a| + |/3| (10) 

and 

|a^| = |a| • l/Jj. (1 n 

Let lim fix) = A and lim gix) = B. To prove part (a) wc; 

x—*a x—^a 

must show that, if e is any positive number, there exists a posit i\’o 
number 5 such that 

ILfW + gix)] — (A ± B)1 < € when 0 < ja: — a| < 5. (12) 

By ( 10 ), 

llfi^) ± gix)] - (A ± j5)| 

= ![/(a:) - A] ± [gix) - i3]| g |/(x) - A| + \gix) - B\. (13) 

By hypothesis, e being given, there exist positive numbers Si and 
Si such that 

Ifix) - A 1 < I when 0 <-la: - o| < Si and 

|sr(a;) — B| < | when 0 < [a; — a| < Sj. (14) 

Let S denote the smaller of Si and 82 . Then (12) follows fronn 
(13) and (14). 
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To prove part (b), we must show that, if « is any posiUvti 
number, there exists a positive number 8 such that 

|/(x) • g{x) — AB\ < € when 0 < |z — a| < S. (15) 

By (10) and (11) 

.|/(x) • g{x) - AB\ = \Kx)[g(x) - B] + B[/(t) - .1]| 

^ |/(x)l • |^(a:) - B| + |B| • |/(^) - /1|. (10) 

Suppose B 0. By hypothesis, € being given, there exists a 
number > 0 such that 

[/(x) - A\ < when 0 < |x — a| < 6 i. (17) 

Hence, if M = \A\ + follows that 

|/(x)| < M when 0 < \x - a\ < di. (18) 
By hypothesis, there exists a number ^2 > 0 siu^h that 

\g(x) - -^1 < ^ when 0 < |a: - a| < 5.>. ( 10 ). 

Let 8 denote the smaller of Si and 52 - Then (15) follows from 
(16), (17), (18), and (19) since 

\f(x)\ ■ \gix) -B\ + [B| • 1 /( 0 ;) - dl < = e 

when 0 < la- — a\ 8. 

We leave it to the student to consider the case B = 0 (see 
Exs. Ill, 12 and 13). 

By part (b), 

lim [fi^)/gix)] = lim [f(x) ■ l/g{x)] = lim/(j) ■ lim l/( 7 (a;). 

z—^a x—>a X —►a 

Thus, to prove part (c) we need only to show that 
lim l/g{x) = 1 /lim 17 ( 2 :), 

Z—>a X—>a 

provided that lim g(x) 9 ^ 0 ; that is, we must show that, if is 

z-^a 

any positive number, there exists a positive number 5 siudi that 
^ <6 when 0 < |o: - a| < 8 , where B 9 ^ 0 . (20) 
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By (11). 

1 \B - g(x) _ |gf(x) - B\ 

^ B-g& |Bl-|?(x)|- 


( 21 ) 


Since 5 0, jS] > 0. By hypothesis, there exists a number 

52 > 0 such that |g(a:) — B\ < \B\J2 when 0 < |a: — fl| < 52. 
Hence 

|g'(a:)| > ^ when 0 < |a: — a| < 52. (22) 


By hypothesis, e being given, there exists a number 5^ > 0 such 
\g{x) — S| < ^ when 0 < (x — a| < (23) 


Let 6 denote the smaller of and Sg. Then (20) follows from 
(21), (22), and (23), since 


\g{x) - J5 ^ \g{x) - £| ^ Bh/2 ^ 
\B\^\g{x) ^ \B\^\B\/2 ^ \B\-\B\/2 


when 

0 < |a: — a| < 5. 


Parts (a) and (b) of this theorem may evidently be extended 
to any finite number of terms or factors. For example, 


lim [f{x) • g{x) • hix)] 


may be dealt with by letting F{x) = f{x) * g{x) and quoting 
part (b) twice. 

In all of these proofs we have assumed that / and g arc defined 
over some interval I about x — a (except perhaps at x = a 
itself) and that all of the 5^s are taken small enough to remain 
within I. (See Ex. IV, 27.) 

4* Continuous Functions. As mentioned above, a function / 
may have neither a value nor a limit at a point x = a, A 
particularly important situation arises when / has both a value 
and a limit at a; = a and these two numbers are the same. 

Definition 4.1. If f denotes a real, singlet-valued function 
of X, and if at x = a; (1) /(a) exists; (2) lim f(x) exists; and (3) 

lim f(x) = f(a), then f is said to be continuous at x — a. If f is 
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continuous at each poinF^ x — a of some set D of real numbrrs, then 
f is said to be continuous over D, If f is not continuous a I x = a, 
then f is said to he discontinuous at x a, and a is called a point 
of discontinuity of f. 

The outstanding property of a continuous function is giv{>n by 
Theorem 4.1. If a function f is continuous at x = n, then 
lim fix) exists and may be evaluated directly as f{a); or in brief. 

x—^a 

lim f{a + Lx) = /(a), where a + Lx = x. 

It is this property that the student is prone to assume unjusti¬ 
fiably when he first studies the concept of a limit. 

Theorem 4.2. A function f is continuous at x == a when, a.nd 
only when (1) /(a) exists, and (2) for each positive number e there 
exists a positive number d such that 

|/(x) — /(a) I < e when x a < 8 . 

The proof of this theorem is left to the student in Ex. IV, 1. 
It should be observed that in this theorem x is no longer r(\strictcd 
to be unequal to a. In simple language, this th(X)r(nn means 
that if / is continuous at a; = a, then the value of / difhu’s from 
f{a) by an arbitrarily small amount so long as x does not g(d, too 
far from a. 

Theorem 4.3. If f and g are functions of x continuous at 
X = a, then'f ± g and /• g are continuous at x = a, and f/g is 
continuous at x = a provided that g(a) 9 ^ 0. 

By hypothesis, lim f{x) = f(a) and lim g{x) = g{a). By 

x—^a x—^a 

Theorem 3.2a, lim [f{x) ± g{x)] exists and equals f(a) ± (j(a). 

x—^a 

Hence / ± ^ is continuous at a: = a. The other parts of this 
theorem are proved in a similar manner. 

Theorem 4.4. Let g be a function of x continuous at x = a and 
let f be a function of u continuous at u — A, where *4 = g(a). 
If u — g{x), thenflgix)] is continuous at x = a. 

Since/(4) exists and since g{a) = A, f[g{a)] exists. W(' must 
show that, if € is any positive number, there exists a positive 

* We use the word point because of its suggestivcaiess in conntMdion witJi 
the graph of/. Strictly speaking, point should be regarded as HynouyniouH 
with real number. But it is often helpful to think of a number as repre¬ 
sented by a “pointon the a;-axis. 
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number 3 such that 

l/to(a;)] - /[g(o)]| < e when \x - a\ < 8. (1) 

By hypothesis, e being given, there exists a positive number rj 
■such that 

\f{u) — f(A) \ < e when u — J l < rj. (2) 

Likewise, corresponding to this number rj there exists a positive 

number d such that 

\g(^) — qM\ < V when |x -- a| < 5. (3) 

If we now think of u as determined by the relation u = g{x), 

then (2) becomes 

|/[s(^)] -/[fl'(a)]l < « when IgCa:) - gia)\ < r,. (4) 

But by (3), \g{x) — g{a)\ < r\ when \x — a\ < d. Hence 

(1) obtains. 

We now give a number of examples to illustrate the concept of 
continuity. 

Example 1. If is a positive integer, and if f{x) = rc”', then / is con¬ 
tinuous at every value of x. 

Let a be an arbitrary value of x. Then /(a) = a"', so that f(a) exists. 
By Theorem 3.2b, 

lim/(a:) = lim x‘^ = lim x • lim x .lim a: - a • a • • • a - = /(a). 

x-*a x—*a x-^a x—^a x—^a 

Hence / is continuous at a; = a. Since a is arbitrary, / is everywhere 
continuous. 

Example 2. If n is a positive integer, and if f{x) = x^^>\ wluire a; ^ 0, 
then / is continuous at all values of a; ^ 0. (In order that / may l)c single¬ 
valued, we regard x^^^ as denoting the positive real nth root of x.) 

Let a be an arbitrary non-negative value of x. Then/(a) = so that 
/(a) exists. By the identity 

( 1 1\ / 7^ n~2 1 1 n.-2 n-l \ 

g" - ” + a ” g” + • • • + » + g ” j 

^ ° / 71—1 n —2 1 I 77 — 2 77—1 \ 

L ” + a " ;8" + - ■ ■ 4- + h ” / 

' n-l ( 5 ) 

a + 4. ^ n 


where a ^ 0, /3 ^ 0, and a and ^ are not both zero, it follows that, if ^ is 
any positive number, if x ^ 0, and if a > 0, then 
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1 1 

__ fjTi 


X — a 


n—1 n—1 

la; ^ + + a ” 


X — a . 

, < £ when 

n — 1 


n — 1 

a; — a! < € • a 


Thus / is continuous at a; = a. In the case where a = 0, 

\x^/n _ o| == \x^^^\ < € when [a; — 0| = |a;l < 

Hence / is continuous at a: = 0. 

It is evident that if n is an odd positive integer, then is defined and 
continuous for all values of x. 

Example 3. If is a positive rational number m/n (in lowest tt'rms), 
and if f(x) ~ x^, where a; ^ 0, then/is continuous ar all valu(\s of .r ^ 0. 

Since f{x) = it follows by Examples 1 and 2 and Theonun 1.4 

that / is continuous at all non-negative values of x. 

It is evident that if n is odd, then /is everywhere continuous. 

Example 4. If is a rational number, and if f{x) = x^’^, where x > 0, 
then / is continuous at all positive values of x. 

The case where N is positive has already been considered in Example 3. 
If AT is negative, let N ~ —M. Then/(a:) = 1/x^. The cont inuity of / 
follows from Theorem 4.3 and Example 3. If A^ = 0, then / has tlu^ con¬ 
stant value 1 and hence is continuous. 

This result may be extended for special values of N as indi(‘atod in 
Examples 1, 2, 3. 

Example 6. If p{x) — uo 4- ctix -f a^x^ anX^\ wh(‘r(‘ n is a 

nonnegative integer, where ao, ai, . . . , a„ are real constants and when* 
an 7 ^ 0, then p is called a polynomial of degree n. If f{x) ~ ]){x)/q{x), 
where p and q are polynomials, then/is continuous at all values of x exc.cpt 
those at which q has the value 0. 

This follows immediately from Example 1 and Theorem 4.3. 

Example 6. If/(x) = cos x and g{x) = sin x, then / and g are continuous 
at all values of x. 

This result follows immediate^'' from Exs. Ill, 10 and 11. 

Example 7. If fix) = log;, x, where x > 0, 6 > 0, and b 9 ^ I, then / is 
continuous at every positive value of x. 

We here consider the case 6 > 1, leaving the case 6 < 1 to Ex. 12 below. 
We first show that lim logi u = log& 1=0, using the fact that 

u—*l 


log6 a. < logb iS when a < jS 

If e is any positive number, then 

|log6 u — log6 11 = \iogb < € when 

i.e., 

when logb “ < logi u < log6 6* ^since logt ~ 


and h > I, (6) 

— € < logb w < «, 




€ and log& 6^ 
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i.e., 

when ^ < u <¥ [by (6)1. 

0 ® 

But 1/6® < 1 <6® since 6 > 1. Hence 1 — (1/6®) > 0 and 6® — 1 > 0. 
If w.e take 5 as the smaller of 1 — (1/6®) and 6® — 1, then u meets the condi¬ 
tion 1/6® < u <6® when |w — 1] <5. Hence 

|log6 u — log6 11 < € when • 11 <5. 

It follows that logs u is continuous at m = 1. 

Since u — x/am continuous at a; = a, it follows by Theorems 3.2 and 4.4 
and Ex. Ill, 3, that 


lim logb X = lim logs = lim log6 a + lim log;,- ~ log;, a, 

a:—>a a—\ x—*a x—^a O, 

where a > 0 but otherwise arbitrary. This proves the continuity of log?, x 
when 6 > 1. 

Example 8. A function is discontinuous at a; = a when it fails to meet 
any one of the three conditions in Definition 4.1. Thus, the functions 
{x^ — 5)/2a;, (sin x)/Xj ctn x, and (1 A -are discontinuous at x = 0 
because they are not defined at a; = 0. The function [.'c] is discontinuous at 
every integer value of x because this function has no limit at these values of 
X. The function |sin x + J sin 2a? + sin 3a? 4- • • *1 is discontinuous at 
a; — 0 because its value there is not the same as its limit there. 

We conclude this section with an extension of the concept 
of a limit. 

Definition 4.2a. If, as x-^a (but remaining 9 ^ a), the 
value of a function f becomes and remains greater than any assignable 
number N, however large, then f is said to increase without bound. 
This behavior of f is indicated by the notation lim f(x) + co, 

x—>a 

which is read ^Hhe value of f increases without bound as x 

This definition may evidently be put in the alternative form of 

Definition 4.2b. If, for each 'positive number N, however 
large, there exists a positive number d such that 

f{x) > N when 0 < ]a? — a| < 6, 
then this situation is indicated by the notation lim f(x) + a?. 

x--*a 

Example 9. It is evident that lim l/(a?-~4)2->-|-oo. But it is not 
the case that lim l/(a? — 2) + 0 ° nor is it the case that lim tan a? -H «>. 
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EXERCISES IV 

1 . Prove Theorem 4.2. (First show that if a function / meets the condi¬ 
tions in Definition 4.1, it also meets those in Theorem 4.2. Then show tiuit 
if / meets the conditions in Theorem 4.2, it also meets those in Definition 
4.1.) Illustrate the meaning of Theorem 4.2 by a graph. 

2 . Show directly by Theorem 4.2, and without quoting any other theonun 
or example, that the following functions are continuous at x == a, where a is 
any value of x at which the respective functions are defined. State explicitly 
the values of x at which these functions are continuous. 

(a) 5x + 4. (b) 6xK (c) x^ -5x + 7. (d) Via. 

(e) Vl - 2 a. (f) (g) (h) 1 ;*|. 

3/ i- 4 X“ 


3. (a) For each of the functions in Ex. II, 1 , state whether or not tlie 
function is continuous at a: = 0 . 

(b) For each of the functions in Ex. II, 2, state whether or not the fuiKh-ion 
is continuous at a; = a. 

(c) State whether or not the following functions are continuous at a: =0: 
\x cos U/x) when a; 7 ^ 0 , 

(1 when a; = 0 . 


( 2 - 1 /®^ when a: 7 ^ 0, 
f 1 when a; = 0. 

(5) Kx) = (1 +a;)^/- 


(3) Six) = 


(1) Six) 

COS (1/a;) when a; 7 ^ 0, 

(0 when a; = 0 . 

-fM - J a; 7 ^ 0 , 

^ ^ /1 when a; = 0 . 

(1 + rc)^/® when a; 7 ^ 0 , 
when a: = 0 . 

(7) fix) = j -TT ^ X SO, (See Ex. I, 17.) 

i Htt — x) when 0 ^ x ^ir. 


mm - jf 

-u 

t 2 

+ 3 when a; ^ 2 , 
( 8 ) m = h - 1 when < 2. 


(9) Six) = 


1 


_ 1 _ . 


1-2® 1 - 2-® 


( 10 ) fix) - \x\/x. 


( 12 ) fix) = 


2 - 1:^1* 


(11) f{T) = \ X 

^ (0wlicna;-0. 

(13) fix) = i^'^vhen a: > 0, 

^ ~2a;whoii:K <0, 


4. Do the following limits exist? If so, prove and evaluate. 


(a) lim 


5a: 


V 1 — 2a: 


Solution. The functions 5a: and 1 - 2 a: are continuous at all values of x 
and the function uA is continuous at all values of u. By Theorem 4 . 4 , 

” 2 a: is continuous at a: = 1 . By Theorem 4 . 3 , — is con- 

VI - 2a: 
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tinuoHS at a: = 1 since the value of V 1 2a; at x = 1 is not 0. Hence, by 

bx 5(1) 

Theorem 4.1, lim - ...- —.- == --r-;===: = — 5. 

•^l -2x -^1 - 2(1) 

(b) lim (c) lini (®os a;)^/1 — (d) lim (cos a:)\/— 1. 


a;^ + 4 


jc—>3 


a: + 1 

(e) lim logio cos x. (f) lim —--• 

x~^o x->2 x^ — 4: 


x—>3 
(g) lim sin^ |a;|. 

x—t’O 


5. With the aid of the theorems and examples in Sec. 4, show that iif{x) 
is continuous at re = a, then 

(a) Lf(a;)]” is continuous at re = a. State the conditions on n and a. 

(b) cos /(re) is continuous at re = a, i.e., 

lim GOsf{x) = cosf lim/(re) 1 = cos/(a), 
a—>a I x—^a J 

(c) sec /(re) is continuous at re = a. State the conditions on a, 

(d) logb /(re) is continuous at re = a, i.e., 

lim logb/(re) = logb [ lim/(re) 1 = log 5 /(a). 
x-^a J 


State the conditions on re, a, and h. 

6. If a function / is defined only for values of re > a then, as remarked 

after Definition 3.1b, lim/(re) does not exist because/ is not defined on })oth 
x~^a 

sides of re = a. Yet in some cases it would seem natural to ascribe a, limit 
to / at a; = a. To meet this situation we introduce one-sided limits and 
one-sided continuity. 

Definition 4.3. //, for each positive number e, however small, 

there exists a positive number 6 such that 

|/(a;) — A] < e when 0 < x — a < 

then A is denoted by limf{x) and is referred to as the right-hand, limit 

* a:—+a+ 

of f at X a. 

This definition is applicable even when / is defined for values of .t < a. 
Define the left-hand limit of / at rc — a. Define the right and left con¬ 
tinuity of / at rc = a. Discuss the functions of Exs. II, 1 and 2, as to ono 
sided limits and one-sided continuity. 

Show that if lim/(rc) and hm/(rr) exist and are equal, then lixn/(a;) exists 

x—^a^ x-^a— x-i-a 

and has the common value of the one-sided limits. 

The concept of one-sided continuity allows us to introduce the following 
definition: 
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If a Junction f is dcfmed only over the interval a ^ x ^ h, we say that f is 
cmitinuous over this interval if f is continuous at each interior point of the 
interval and if f is right continuous at a and left continuous at b. 

7. Show tha,t J^ofinit.ions 4.2a and 4.2b are equivalent. 

8. Define the notation liiu f(x) —> — oo. 

9. Ph^aluate: 


(a) lini l/x^. 

x -^0 

<•)jl.“3 i:r+V‘- 

(‘OS X 

(e) lim —:-— 

a:->l V 1 — 

(g) lim logio (x- ~ 4), 

X —>• “ 2 

(i) lim (]/.r‘‘*) cos^ (1/^). 

X —^0 

(k) lim tan (1 /x). 

a;—*0 


(b) lim- 

-i 2x +1 

_ N 

1 . 

+ COS I 




(d) lim 

X —>0 

(f) lim-- 

I -.2 (x - 2)Hx + 1) 

(h) lim (l/i^) cos (1/®). 

X—>0 

(j) lim CSC X. 

X—^0 

(1) lim (1 

X—»- — l 


10. The following definition is frequently useful: 


Definition 4.4. If, for each positive number e, however small, 
there exists a sufficienthj large positive number N such that 

\f(x) — AI < € when x > N, 

then A is denoted by lim f{x) and is referred to as the limit of f as x 

x--> 4 - 00 

increases without bound. 


Define the symbol lim f{x). Define the symbol \\mf{x) —^ -f- co. Give 

X—y — 00 X—> 4* « 

examples to illustrate th(\se definitions fully. Show that lim / (x) exists when 

X—+04“ 

and only when lim <p(y) exists and that these limits are equal, where y == 1/x 

y —^ 00 

and <p(y) — JA / y ). State and prove the analogue of Theorem 3.2 for the 
case where a; -h . Evaluate: 

lim 2“®; lim x sin x; lim x esc x) lim x(l -j- cos^ x). 

X—* 4” X“"^ 4" x~+ 4” X”~+ 4~ 

11. Prove relations (10) and (11) following Theorem 3.2. 

12. Complete the proof of Example 7 by discussing the case 0 < & < 1. 

13. Extend Theorem 4.4 to the case where g merely has a limit A at 
X ^ a. Extend the results of Ex. 5 by means of this result. 

14. If fc is a constant, show directly that lim k - fix) — k lim f(x) without 

quoting Theorem 3.2. 
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15 . If lim f{x) = 0 and if there exist numbers M and t] such that 

x —s-a 

M > |^(:c)i when 0 <\x — a\ <Vy show that lim [/(a;) • g{x)] = 0. 

X'-^a 

Give an example to show that this theorem need not hold when there 
exist no such numbers M and 97. 

16 . (a) Show that lim = 0 when and only when lim \fix)\ + co. 

x—>a J (^) X — 

f(x') 

(b) Show that lim—^canexist only whenlim/(a;) — 0. Give an example 

X —^■O ^ X —►O 

to show that lim -—- may fail to exist even when lim f{x) == 0. 

X —>0 ® a;-->0 

17 . If lim f(x) and lim {f(x) + g(x)] exist, show that lim <7(2;) exists and 

x—*a x—^a x—>a 

evaluate it. If limf(x) and lim lf{x) • g(x)] exist, under what condition docs 

z-^a 

lim g{x) exist? 

X—>(L 

18 . lifix) ^ g{x) ^ h(x) over some interval about rc = a (except perhaps 
at a; = a), and if lim f{x) == lim h(x)j then lim g{x) exists and equals lim f(x). 

X~^Cl , X~~^0> X~^CL X’^Ct 


State and prove an analogous result for the case a; + 00 . 

19. Show that if F and G are functions of x which may be represented in 
the form F(x) = <p(x) -/(a;), G(x) = (p{x) • g{x), where ip{x) 7 *^ 0 in some 

f[x) 

interval about x — a except perhaps at a; = a, and if lim --- exists, then 

x—*a 


lim —- exists and equals lim —- • 
x-^aG(x) x-^a 9w 


F(x) 

[It must be remembered that and 

Gix) 


f{x)/g{x) are not always equal ii <p{a) = 0 .] 

r. I XI, r X- - 4^ + 3 0^: - 3)(a; - 1) 

For example, the fraction „ « . ^ may be written as --—., 

x^ -lx-^12 ^ {x - S)ix - 4y 


and by the preceding result, lim 


— 4a; + 3 


= lim • 


1 


- - 2 . 


->3 x'-^ — 7x + 12 X ~ 4 
20 . Show that if / is a function of x and if lim f{x) exists and is >0, then 

x-^a 

there exists an interval I about x — a over which the value of / remains >0 
except perhaps at a; = a itself. A similar situation exists when lim /(.^’) < 0. 


21 , Show that lim- 1 when $ is measured in radians. 

e-^0 & 

Solution. In Fig. 11 let AB be an arc of a circle with center 0 and radius r, 
and let BC and AD be perpendicular to OA. Suppose 0 == AAOB is such 
that 0 < «9 < t/2. Since area aOCB < area sector OAB < area aOADj 
it follows that 


^2 ^2 

— sin d cos e < --e < — tan 9, 

z 22 


If we divide this inequality by the positive number (r^/2) sin 6 we see that 




Sec. 4] 


DIFFERENTIAL CALCULUS 


31 


cos 0 < . < sec 6. (7) 

sill 0 . ^ ^ 

It is readily shown that (7) also holds when -x/2 < (9 < 0. If we take 
reciprocals of tlui (luantities in (7) we find 
that 

sin 0 

sec 0 > ^ ^ > cos 0 . (S) 

By Example 0 and Ex. oc, cos 0 and 
sec 6 are continuous at 0=0. Ilinice, 
if 6 is any positive nuinlicr, there exist positive numbers 5i and 8i such that 

sec 0 — 1 < e when |6> — 0| < 5i, and 1 — cos 0 < 6 when — 0| < 52 . (9) 

By (8) and (9), 

Isin 0 

— 1 <6 when 0 < \d — 0\ < 8j 



where 5 is the smallest of 5i, 5-, and 7r/2. 

22. Evaluate lim (sin 0)/0 when 0 is measured in degrees. 

0 —^0 

23. Show that lim (1 -j- = e, where c = 2.718 • • • . 

z —>^0 

Solution, Lot us first consider the case where x — } In, n being a positive 
integer. By the binomial theorem, 



n\ 


and 



(n + l)I 
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Since each term of (10) is less than or equal to the corresponding term in 
(11) and since (11) has one more (positive) term than (10), 



n + 1/ 


1 

Thus the value of ( 1 H— ) increases with n. Let e be the*suin of tiie (‘oii- 

' 71 / 


vergent infinite series 


11 1,1 

« = i + i+^+^+-+^ + 


^ 2.71828 18284 5904.1 


( 12 ) 


Since each term of (10) is less than or equal to the corresponding term in 

( 12 ), 



(13) 


for every positive integer n. We shall now show that 
lim ( 1 + 1 

71—y “H CO ^ 

even though, for all large integer values of n, the latter terms of (10) are 
very small compared with the corresponding terms of (12). Lot 



and let 


Sn,m = 1 + 1 H--h 


-S™ = l + H-i+^+i+ 


ml 


(m ^ n) 


i.e., SrL,m is the sum of the first (m -b 1) terms of (10). For any positive 
number e, however small, there exists an integer mo such that 


-s„. 


^ 2 


For this number mo there exists a value no of n so large that 






€ 



(14) 


(15) 
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By (14) and (15), c - < e, and as 


By (13) aud the fact th; 


"‘(■+0 

-(-01 


ineroilsos with n, 


< e when n > 7^o, 


that is, hill I 1 -h 

/i~> + \ 

Now u‘{ //1)(‘ any rc'al luunlxu* > 1 and h'l, n he tlie greatest integer contained 
in ?/, h - 1//|. Tlu'u 

n. ^ // < n -1- 1, 

1 1 1 
1 + - ^ 1 H- - > 1 4- -“VT’ 

n. ij iL + J 


1 + 


0”d-0 


> \ 1 + - 
n + 1 


and ther(‘fore 


But 


+ 0 ^(—0 


liin ( 1 H— ) 

r}~4-~}- ce \ u/ 


liin 

n—++ oo 


= liin [ 1 + 

7t—< 


liin f 1 

71 "->4- c V 


1 

likewise liin ( 1 +- I = liin 

n + 1/ 71—»>-j- 00 


(- 0 "(- 0 ] 
lY ii,„ (. +1) 

u/ 71—>-(- 00 \ -n/ 

( 


1 

n + 1 
1 

n H- 1 


e • 1 = e; 


a. Hence it 


may he shown by the method of Ex. 18 that 


lim 
j/—>"f" ®® 



exists and 


equals e. By Ex. 10, lim (1 + = e, where x = l/y. 

x-^0+ 
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Finally, let y be any real number < — 1 and write y — —z. Then 



Hence lim (1 + = e, and by Ex. 6 and the prcccdiiiji; i)!i.ra,graph, 

X —> 0 “- 

lim (1 -{- exists and is e. 

x —^0 

24. The following definition has many important applications: 

Definition 4.5. If f is a single-valued function of x, if R is 
the set of all values of /, and if, for each value of y in R, the equation 
y = f(x) has exactly one solution in x, then this equation determines 
X as a single-valued function of y over B, say x = <p{y)j and ^ is 
called the inverse of f. 

(a) Illustrate the meaning of this definition graphically. In how many 
points can a line y = A meet the graph of f ii <p is single-valued? Which 
functions of Exs. II, 1 and 2, have single-valued inverses? 

(b) Show that if / is defined and continuous over the interval a ^ x ^ h 
and has a single-valued inverse <p, then <p is also continuous. 

Hint: I^et M and m be the maximum and minimum values of / for values 
of X in the interval c — Because/is continuous, it takers on 

every value from m to M as a; varies from c — e to c + e (s(k^ Th(‘or(un 8.5 
of Chap. IX). Establish the continuity of ^ at ?/ = C == f{c) by (dioosing 5 
with reference to m and M and using the fact that <p is single-valued. 

25. For each of the following functions <p, state the domain of definition 
of <p, graph <p, and show by the preceding exercise that <p is continuous at 
each point of its domain of definition. 

(a) Cos""^ X. (The capital letter C indicates that we are considering only 
principal values of this function.) What is the domain of definition of tfie 
inverse of this function? 

(b) Sin"i X. (c) Tan“i x. (d) 6®, where 5 > 0 and h 9 ^ I, 

(e) Extend the results of this exercise as indicated in Ex. 5. 

26. Show that if lim log&/(a;) exists and is A, then limf{x) exist s and is 

x-^a 

Hint: Write/(a:) = and use Exs. 25d and 13. 

27. Suppose we alter condition (1) in Definition 3.1b to read 

lf(x) — .41 < e for all values of x at which f is defined 

such that 0 < ja; — a| < 5, (1') 

so that it is not implied, as with (1), that / is defined for all values oi x 9 ^ a 
in some interval about x — a. Then Definition 3.1b has a much wid(^r appli- 
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cation. For example, liin -s/x sin (l/a;) exists and is 0. But Theorem 3.1 

x —>0 

is false, for if / is defined at only the single point x == a, that is, 
f(x) = - a)2, 

then every number A meets condition (!'). Again, Theorem 3.2 fails when/ 
and g an* (i(dined at no c.ommon point so that f •j' g and / • do not exist. 
To meet t hese difficulties we introduce 

Definition 4.6. Let D he a set of real numbers. If the number 
a is such that every interval about a, however smalls contains at least 
one number in D other than a, then a is called an accumulation 
point of D. 

For examphs 0 is an acunimulation point of the set of numbers l/n, where 
n is a positiv(‘ int(‘gcir, and also of the set of numbers 0 ^ a; ^ 1. It is 
immaterial w}u‘th(‘r a belongs to 1) or not. 

Give examples of sets having accumulation points. Show that a finite set 
can hav(‘ no aeeumulation point. Restate and prove Theorems 3.1 and 3.2 
using 

Definition 4.7. If f is afu7iction of Xj if a is an accumulation 
point of the domain of definition of /, and if for each e > 0 there 
exists a 0 > 0 such that (!') holdSj then A is denoted by limf(x). 


Genendize the <‘oncept of (‘.ontinuity, showing that it is unnecessary to 
use the ideji of a,n accumulation point. Review Sec. 4 and the above 
exercises with 1 h(‘s(* generalizations in mind. Note that we tacitly assumed 
a generalization of Definition 4.4 in lOx. 23. Discuss the function 



X when x is rational and 0 ^ a: ^ 1, 

2 — X when x is irrational and 1 < a; < 2 


in connection with lOx. 24b, noting that / is continuous with a single-valued 
inverse. 


5. The Derivative of a Function. Let / denote a function of x. 

As was point(‘d out in Se<!.. 2, tixe quantity 

represents the mc^an rate of change of the value of / with respect 
to X wlum X varies from x ^ Xq to x — a:o + Arr. We now wish 
to study further tlic propertiiis of this quantity. 

Since Xo is constant, is a function of the one 

variable Ax, and as such is subject to the discussion of the 
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preceding sections. In particular, 


/(a;o + Ax) - /(xq 
l^X 


is dis¬ 


continuous at Ax = 0 because its value is not defined at Ax = 0. 


Moreover, lini 

Az—^O 


f(xe + Ax) — fjxg) 
Ax 


may or may not exist. For a 


given function /, this limit may exist for some values of xo, 
but not for others.* Suppose for the present that Xq takes on 
only those values for which this limit exists. Let f denote that 
function of x whose value, for each such number Xo, is the number 

f(xo + Ax) recall that the symbol /'(xo) 


lim 

Ax —>0 


Ax 


denotes, and is read, the value of /' for the value xo of x, then, 

for each such number xo, f(xo) = lim - 

Ax-^O Ax 


With this discussion in mind, we may introduce 

Definition 5.1. Let f denote a real, single-valued function of x. 
The derivative of f with respect to x is that function /' of x such 
that 


f{x(y) = lim 

Ax—^-O 


/(xq + Ax) /(.Xo) 
Ax 


( 1 ) 


at all points Xo where the limit exists, and such that f is defined 
for no other values of x. 

According to the second remark after Definition 3.1b, /'(xo) 
cannot exist unless / is defined over some interval about x = xo. 
Hence we shall regard the existence of f'{xf) as implying that 
/ is defined over some interval about x = Xo. See Exk. IV, 27, 
and V, 5. 

In this definition of we use Xo, rather than naerely x, to 
emphasize the fact that only Ax is to vary in the limit (1); 
the limit (1) would be meaningless if both x and Ax varied 
simultaneously. 

If there is no value xo for which the limit (1) exists, then the 
function / is said to have no derivative. 

To differentiate a function / is to find its derivative f. A 
function f is said to be differentiable if it has a derivative, and it 
is said to be differentiable oi x = Xo if /'(xo) exists. 

* In case the student has acquired the idea that this limit “almost always ” 
exists, it should be mentioned that, for most functions /, this limit exists 
for no value of Xo; it is only when/is a very “simple” function, like a poly¬ 
nomial, that this limit exists for all values of xa, 
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Various other symbols for/' are in common use; for example, 
S' = fx = Dxf = df/dx = lim Af/Ax, where Af is defined by the 

Aa;—>0 

relation 

Af = /(^o + Ax) - f{xo). 

The following example illustrates the way the derivative of a 
function may sometimes be determined: 

Example 1 . Find/' = DJ wlien/(rc) x ^/(3 - 2 x), x 9^ 

Solution. By Definition 5.1, 


Hence 


+ Ao:) - f(xo) 

f {xo) — lim --- (provided this limit exists) 

Ax 


= lim 

Aa:—>0 


(Xo + Ax) 2 

3 - 2(Xo + Ax) 3 




Ax 


(where Xo and xo + Ax are 9 ^ f) 
2x2 4- 6 x 0 — 2xoAx + 3 Ax 
"ax-oIs 2a:„)[3 - 2 {x„ + Ax)] 

—2x2 4* 6 x 0 , 

= - --when Xo (by Theorem 4.1) 

(o — jiXo)‘‘ Z 


6x — 2x2 3 

^■"3 - 2x (3 - 2x)2' ^ ^2 


The following formulas of differentiation may be derived by 
the method illustrated in Example 1. In these formulas g 
and h denote differentiable functions of x. 


Table I 


(1) DxC = 0, where c is a constant. 

(3) DAg • h) + D^g. 

(5) If g is a function of Uj and if u 
(5a) DuV = 1/D,u. 

(7) Dx cos h = —sin h ■ Dxh. 

(9) Dx sin h = cos h • Dxh. 

(11) Dx tan h = sec2 h • Dxh. 

(13) Dx C0S“^ h -- yArrir-rADxh. 

Vl - 

(15) £>» Sin-i h = 

V1 - 

(17) D«Tan-i* r-TT.^A 

14*^ 


(2) Dx{g ± h) = Dxg ± Dxh. 

(4) dI = ^ - g • 

h 

h(x)j then Dxg = Dug • DxU. 

(6) Dxih)^ = n(/i)«-i • Dxh. 

(8) Dx sec h — sec h • tan h • Dxh. 
(10) Dx CSC h = — CSC • ctn h • Dxh. 
(12) Dx ctn h == — csc2 h • Dxh. 

(14) Ds Sec-i h =- ■■ - -r D:,h. 

hVh‘ - 1 

( 16 ) Dx CSC-I h = - , l:-==:- Dxfe. 

hVh’‘ - 1 

( 18 ) Dx Ctn-i h = -7-7—n. A. 

1 + a-® 
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(19) Dx logs h = }Dxh. (20) log. h = ^ loga e ■ D^h. 

h ^ 

(21) • DJi^ (22) log., a • DJi. 

More complete lists are found in various mathematical tables. 
By way of example, we shall derive a few of the above formulas. 
We first prove the following theorem which will be needed for 
these derivations: 

Theorem 5.1. If f is a function of x, and if f' is defined at 
X = Xq [i.e.j if f'(xo) exists], then f is continuous at x = x^. 

If / were not continuous at a; = xo, then the quantity 


f{xQ + Ax) 
would not approach 0 as Ax ■ 


• fM 


■ 0 and lim 

Ax —^■O 


/(.Xo + Ax) - f(xo) 


could not exist (see Ex. IV, 16b). 

The converse of this theorem is false, for there exist fun(*tions 
/ which are continuous at x = Xo, but such that f{xo) does not 
exist. For example, if /(x) = |x| (see Ex. II, Ig), then /'(()) 

does not exist, tor E + . !.£]. 

But = 1 when Ax > 0 and = 

Ax Ax 


•1 when Ax < 0. 


Hence lim does not exist. On the other hand, it follows 
Ax 

directly from Theorem 4.2 that |x| is continuous at x = 0. In 
fact, there are many functions known which are everywhere 
continuous and have a derivative nowhere. 

Theorem 5.2. If /(x) = g{x) • h{x), and if g\x^ and h'{xo) 
exist, thenf'(xQ) exists and equals ^(xo) * h\xf) + h{x{) • ^'(xo). 

By Definition 5.1 


,f'(xo) = lim 

Ax-^Q 


f(xo + Ax) ~ /(xo) 


Ax 


(provided this limit exists) 


g(xo + Ax) » h(xo + Ax) — ^(xo) • h(xo) 

Ax—^o Ax 

g(xQ + Ax) • A(xo + Ax) — g(xo + Ax) • h(xo) 


= lim -- 

= lim I ^(xo + Ax) 


+ g(xo + Ax) » A(xo) - f7(xo) ■ /i(xo) 


Ax 

h(xQ + Ax) h(xo) 


Ax 


+ h(xo) 


g(xo + Ax) -- g(xo) 


Ax 


( 2 ) 
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By hypothesis, g'ixa) exists, so that g is continuous at a; = xo- 
By Theorem 4.1, lim g{xo 4- Arc) exists and is g(xa). By hypothe¬ 


sis, lim 

Ax—>0 


h{xQ + ^x) ~ 1 i{xq) 


g(xQ + Aa;) - g(xo) 


Ax 


By Ex. Ill, 3, lim h(xo) 

Ax—>0 


and lim '’-xii-J—jrxir/ exist. 
Ax-^0 Ax 

h(xo). Hence, by Theorem 3 . 2 , the 


limit ( 2 ) exists and may be written as 


f'ixo) = lim g{xo -h Arc) ■ lim ^ 

Ax—>0 Ax —^•O Ax 

+ lim hix„) . lim 

Ax—»-0 Ax—>0 Ax 

= g(xo) ■ A'(rcn) -t- /i(rco) • fi-'Crco). 

If follows from thi.s theorem that formula (3) in Table I is 
valid at each value rco of rc where D^^g and D^h are defined. 

Theorem 5.3. If fix) = gix)/h{x), if hixf) 0, and if g'ixf) 
and h'ixo) exist, then fix,)) exists and equals 

K^o) • g'C^o) — gi xq) • h’ixo )_ 

[hixo)]- 

By Definition 5.1 

/'(rco) = lim- ——- (provided this limit exists) 

gixo Arc) gjxp) 

_ hjxo + Ax) A(rco)_ 

Ax—>>0 Ax 


where* by hypothesis h(xQ) 7 ^ 0 and where by Theorem 5.1 and 
Ex. IV, 20, h{xo + Ax) 7 ^ 0 for \Ax\ sufficiently small. It 
follows that 


f(xo) = lim 

Ax-vO 


h(x^)g^o + Ax) — g(xQ)h(xQ + Ax) 


= lim s 

Ax—>0 \ 


h{xo)h{xQ + Ax) Ax 

1 


h{xo)h{xQ + Ax) 


"A(rCo)^+ ~ 


gi^o) 


Ax 

h ( xo + Ax) — h(xo) 
Ax 


I 

/■ 


* This remark is necessary in order to show that the preceding fraction has 
a definite value for each value of Arr considered. The student must be ever 
on his guard against lusing notation which may appear to be meaningful, but 
which is actually meaningless for some or all values of the variable involved; 
in particular, he must be certain that the denominator of a fraction never 
becomes zero. 





40 


HIGHER MATHEMATICS 


K'm.\i>. I 


An argument similar to that used in the preceding proof sliows 
that this hmit exists and has the value stated in tiie tiieortau. 
It follows from this theorem that formula (4) in the above table 
holds wherever f, g', and h' are defined. 

Theokem 5.4. If f(x) = [h{x)Y, where n is a posil/ve integer, 
andifh'ixo) exists, thenf'{xo) exists and equals n[/j(x,,)J'‘ ^ • h'(xo). 

We first note that if a and |3 are real nurnber.s, and if n is a 
positive integer, then 

— P”’ z= (^a — + ol”~~P -|- • • • + (•!) 

By Definition 5.1 

f(xo) = lim' ^^^° (provided this limit (‘xisf s) 

2\a:->0 

- lim ~ 

Aa;—>0 

lim p(^° + ^^) .. - - ^^?°) {[A(a;o + Ax)]'‘-i 
Az-^0 L 

+ [h{xa + Lx)Y-%{xo) + • + [ACxo)]"-’} I (by (3)). (4) 

By hypothesis, lim oxists. Since i.s 

Aa;—>0 Zi5/ 

continuous at a; = Xo, it follows by Ex. IV, 5, and TiHiornn 4.1 
that lim [h{xo + lim [h{xQ + Ax)]''”"-, ot(*., (‘xist and 

A®—>■0 Ate—t-O 

equal [/i(xo)]''"“b etc., respectively. By Tlieorein :>.2, 

the limit (4) exists and may be written as 

f(xa) = lim + Ax) - ;t(xo) j 

+ hixo) ■ lim [h(xo + Ax)]"-- + • • - + [/i(x„)l’‘“ ‘ [ 
h\xo)mxo)Y-^ + [h{xo)r-^+ • • • +[h{xo)r-^}. 

Since there are n terms in the second factor of this last expression 

/(xo) = n[h(xQ)]^~W(xQ). 

It follows from this theorem that, for positive integer values of n, 
formula (6) in the above table is valid at each value xo of x at 
which DJi is defined. This theorem may be extended by the 
methods illustrated in Examples 2, 3, and 4 of Sec, 4 to llie cast* 
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where n is any rational number (see Ex. V, le and 5). In the 
special case where h is merely x, formula (6) evidently reduces 
to 

Because students often have difficulty understanding the 
significance of formula (5) in Table I, we have carried out the 
preceding derivation without the use of this formula. Hence 
we may use formula (6) as an illustration of formula (5) in the 
following way. If, in formula (5), g denotes then (5) assumes 
the form 

= DuU^' • Dj:ll = 

But this is just formula (6) when written in terms of ii instead 
of h. 

In tlie |>rc(*(‘(ling theorem, we considered the nth power of a 
function h of x. L(‘t us now (consider an arbitrary function g 
of the furc'tion h; for exam])Ie, g may denote a trigonometric 
or logarithmic function of k. The following theorem provides 
a general method for finding DxgQi). 

THEOiiKiM 5.5. Suppose g is a fmiction of a variable ti, and 
suppose u = ]i(x). Let f(x) = If h\xo) and g'(uo) 

exist, where uo = h{xQ) and g' = Dag, then f{xf) exists a?id equals 
g'(no) • A'Cm). 

By the nmiark following Definition 5.1, there exists an interval 
no — € < // < no + c over which g is defined. By Theorem 5.1, 
h is continuous at :r = .ro. Hence there exists a d > 0 such that 

\h(x) — ?/o| < € when 0:01 < d. 

By Ex. I, 19, defined when \x — .ToI < By Definition 

5.1 

f'(xo) ™ lijii - . (provided this limit exists) 

^ lini - Q[K^'o)\ 

Ax —^0 ^X 

{It may liclp to understand this notation to think of g[h{x)] as 
cos h{x) or log h{x),} Let no + An ==/i(a;o + Ao;), where 
no = h{:xf). Then 


An = h{xQ + Arr) — h{xf) 


( 5 ) 
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and 

g[h(xo + Ax)] - g[h(xo)] _ g(uo + Au) - gM _ 

Ax Ax ^Ax 

where 

■ g{uo + Au)-g J ^o ) 

^(Au) = <^ Au ( 7 ) 

^'(^o) when Au = 0. 


[While Ax is arbitrary and may be restricted to be 0, Au is 
determined by (5) and cannot be supposed 9 ^ 0. Hcnuio in 
defining <p we must allow for the case Au = 0. See Footnote, 
p. 39.] It follows that 


f(xo) = lim 

Ax-^O 


<p{Au) 


Au 

Ax 


(provided this limit exists) 


( 8 ) 


Since h is continuous at x = Xq, Au is a continuous function of Ax 
and 0 as Ax —> 0. Hence, <p being continuous at Au = 0, 
it follows by Theorem 4.4 that lim (p{Au) = = g'(uo)> 

Aa:-->0 

By (5), lim AujAx = /i'(xo). Hence the limit (8) exists and 

Ax-*0 


f{xo) = lim <fi(Au) • lim — = g'(uo) • h’(xo). 

Az —>'0 Arc—>0 

Formula’(5) of Table I follows from this theorem. 

Theorem 5.6. If f(x) = cos h(x)j and if h'(xo) exists, then 
f'(xo) exists and equals —sin h{xo) • h'{zo). 

Let u = h(x) and let g{u) = cos u. By Definition 5.1 

'(uo) = lim — (provided this limit exists) 

Au—^■o 


lim CQS ('^o + Au) — cos Up 

Au —>0 Au 
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By Example 6 of Sec. 4 and Theorem 4.1, 

lim sin 

Aw—>0 

- 

sm 

By Ex. IV, = 1. By Theorem 3.2, the limit (9) 

exists and equals —sin uq. Hence 

Du cos u = —sin u. 


(uo + = si 


sin uq. 


If we now apply formula (5) of Table I 

Dx cos u = Du cos u • DxU = —sin u • DxU. 

This is formula (7) written in terms of u instead of h. 

Theorem 5.7. If f(x) = log6 A(x), and if h'{xQ) exists, then 

f(xo) exists and equals TT~\h'(xo) log6 e. 

Let u = h(x) and let g(u) = log6 u. By Definition 5.1, 

g^{uo) = lim — ^ (provided this limit exists) 

= lim M 

Aw—+0 

T Til ^^o + Aw 

= hm — log6- 

Aw—>^0 L Ai"^ ^ 

= liin[-log6(l + —• 
Aw—>0 L ^0 \ ^0 / 

Let At = Au/uq, Then Ai-^0 as Aw^O and this last limit 
becomes 


- lim I - 

Aw—»0 I *^0 


g'iuo) = — lim logfi [(1 + (10) 

^0 Ai->0 

From Ex. IV, 23, lim (1 + = e. By Ex. IV, 5 and 13, 

M-fO 

(10) may be written as 

g'iuo) = — log6 flim (1 + AO^^‘1 = I logt e. 

Wo L^~+o j ^0 
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Formula (20) of Table I follows from this result witii the aid of 
formula (5). Formula (19) is the special case of ( 20 ) arising 
when we take & = e. Because of the simplicity of (19), it is 
customary to use e as the logarithmic base. Logarithms to tlie 
base e are called natural logarithms. Whenever w(^ write a 
logarithm without indicating the base, as log a:, it is assumed 
that the base is e. 

Theorem 5.8. If y = fix), if f is single-valued, continuous, 
and has a single-valued inverse <p, so that x = (fiy), and if fix o) exists 
and is 9 ^ 0, then fiyo) exists and equals l//'(:ro); where ?/o = /(.ro). 
This result is summarized in the formula DyX = l/D^ij- 
Let 2/0 + Ay = fixo + Ax), where yo = fixo). Then 

Ay = fixo + Ax) - fixo). (11) 

Moreover, xo = <piyo), Xq Ax = <piyo + Ay), and 

Ao; = cpiyo + Ay) - ^(yo). (12) 

By Definition 5.1 and ( 12 ) 


<p'(yo) = lim g 
Ay-*0^y 

1 

= lira. . ,. > 
AJ/-.0 ^y/ 


(provided this limit (ixists) 
(13) 


where Aj/ is assumed 9 ^ 0 and where it follows that Aa; 9 ^ 0 since 
/ is single-valued. [If Aa; = 0 in (12), then <p ha.s tlu> same 
value Xo for two values of y, i.e., / has two value.s y for this xailue 
Xo.] By Ex. IV, 246, (p is continuous at t/ = yo, and by ( 12 ), 
Ax—>0 as At/— >-0. By hypothesis and (11), lim Ay/Ax exists 

Aa:-vO 

and is 7 ^ 0. Thus, (13) may be written as 


<p'(yo) 


lim^ /'(^o) 

Aa;—j’O AiC 


Theoeem 6.9. If fix) = Cos-' A(x), and if A'(x) existf:, then 

f'(x) exists and equals , h ~h'(x). 

a - [A(x)]=' ^ 

Let u = hix) and let v = Cos-' u. Then u = cos v. Since 
D® cos V exists, it follows by Theorem 5.8 that D„ Cos-' v exists 
and is given by 



Sec. 5] 


DIFFERENTIAL CALCULUS 


a/I — cos^ V 


45 


Du Cos“^ u = DuV 


1 

DvU 


1 -1 

D^ cos V sin v 


Vi - 

where sin z; = +a/ 1 — cos^ v since 0 ^ ^ t. Formula (13) of 

Table I follows from this result with the aid of formula (5). 

The derivative of the derivative of a function / is called the 
second derivative of /. If a function is differentiated n times, 
the result is called the nth derivative. Thus 

D.m{x)] = Dif(x) = r (x) = £-jix), 

Dmm] = DiKx) =r{x) = 

and in general 

DADr^Kx)] = D^Jix) = = ^/(x). 

EXERCISES V 

1. Find tlie derivatives with respect to x of each of the followiiig func¬ 
tions, using the fundainenlal method illustrated in Example 1: 


(a) - 2r. 


(c) 

(d) V^. 

(0) \/h(x). 

(f) 


2. Derive all the formulas in Table I Avhieh have not already been 
discussed. 

Suggcsti<ms. For formulas (1) and (2), see Theorem 5.2; for (9), see 
Theorem 5.0 and use th(i formula sin ck — sin jS = 2 cos sin 

for (S), (10), (U), and (12), express the respective functions in terms of 
cos h and sin h, and use (3) and (4); for (14)—(18), (21), and (22), see 
Theonuu 5.9; for (0), where n is any real number, let ?/ = [/i(‘^)]”- Then, 
if* hXx) > 0 

y = CHOK'D ^71 logc/da;)_ 

and Dj.// may be computed by (19) and (21). If h{x) < 0, then [h{z)]^ 
may have either sign; in either case let h{x) = —k{x). Give an example 
to show that if h-ixa) = 0 and n is not a positive integer, then y'ixd) need 
not exist. 

* We do not use the well-known device of computing Dx log« y by (5) 
because (5) presupposes the existence of Dxy. 
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3. Find the derivative with respect to x of each of the following functions: 


(a) (2 ~ Sx^y. 
(c) — x\ 


h - X 

Vi 


Ai 

(g) x^ CSC 3a; + ctn^ 7x. 

(i) sin mx. 

(k) e-»=Tan-i 

a: + 1 

X ^ax + h - \/h 

(m) log - /_ 

V h V ax + h 'Vb 


(b) (a;2 -h 1)4(1 - Sxy, 
sin2 Tra; 

(d) -- 

1 + cos X 

(f) tan^ 7x — Cos“^ 3a;. 
(h) sec (Sin"“i 2a;)- 
(j) log sin 


(i-4 


(1) 


(n) 


b{ax “j“ b) 


1 , ax +b 
- log- 

b^ X 


^^a;\/a^ + a- Sin-^ 


(o) 


- ; log tan ax + tan“ 

aVb^ + c2 2V 




gas J - - 

(p) - — {a sin bx — b cos bx). (q) x Cos”^ ax -V 1 — aV‘ 

(r) logic logic ax. 

(s) a;®^^ (Let y — a;®^^ ^ and find Dx log y.) 

(t) log* {x + 4). (Use the formula log6 a = (logc o)/(logc h). 

(u) Derive the formula Dxf{x) — /(a;)Da:log/(a;). Use this formula to (*heck 
your results in (d), (e), (k), (s). 


4. Interpret Dxf as an instantaneous rate and illustrate witii physical 
examples (see end of Sec. 2 and Ex. I, 11). 

5. Extend Definition 5.1 and the preceding theorems as indicated in 
Ex. IV, 6 and 27. 

6. Find the second and third derivatives of the functions of Ex. la, c, i, j, 
and r. 

7. Show by mathematical induction that 


D” cos X = cos 



(14) 


Solution. The proof consists of two steps: (1) show that (14) holds when 
n = 1; and (2) show that if (14) holds for some value k of n, then (14) holds 
also when.w = fc + 1. 

(1) By the relation 



it follows that 
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Hence (14) holds when n = 1. 

(2) If k is a value of n such that D* cos x 



then by (15), 


1)^+^ cos X = Dx{Dl cos x) = 





(16) 


Hence (14) holds when n = ^ + 1. 

That this argument constitutes a proof of (14) may be seen as follows: 
by step (1) we may set /c == 1 in (16) and conclude that (14) holds when 
n = 2. We may now set fc = 2 in (16) and conclude that (14) holds when 
n = Z. We may now set A: = 3 in (16), etc. This process may evidently 
be repeated arbitrarily many times. 

Show by mathematical induction that 

(a) Dl sin x = sin 

(_l)ri-l(^ - 1)! 

(b) Dl log (1 + a:) = ^ (0! = 1) 

(c) 

(d) Dliax + 5)* = • k(Jc - l)(/c - 2) (/c -* ri + 1) • (aa; + 5)^-^ 

8. (a) By induction prove Leibnitz^s theorem that 



Dl(u ‘ v) = D^u • V + nDl hi • DxV + - 


• Db + 


4- u • DJy. 


(b) Using this result, find the second and third derivatives of e® sin x and 
log X. 

(c) Generalize Leibnitz’s theorem for products of three or more factors, 
9. Find the ??th derivative of 

(a) e®® sin bx. (b) — xK [Write this as (a +■ xY'^ia — xY^'^K] 

(c) Tan”! X. f Dx Tan-^ x ^ 

L x^ + I 

-— = (a; 4- i)~^ {x — i)~\ where ^ = \/ —1.1 
4- 1 J 


10. soppo«/w - ] ; I (S.P in, 12.) 

Calculate + , zJS ^ and show thatf(O) docs not exist even though/ 

Ax 

is continuous at a; = 0. 

11. Find DxV from the relation ar® — xy^ — — 1. 

Solution. This problem is discussed in detail in Sec. 19. For the present 
it IS sufficient to perform the following steps: 
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(1) Regard y as denoting that function of x which would be obtained if 
the given equation were solved for 2 / in terms of x, 

(2) Differentiate both members of the given equation with respect to x 
and equate the results. 

(3) Solve the resulting equation for Bxy. 

If we follow this procedure we find that 


Dxix^ — xy^ — y^) == Dxl, 
Zx^ - [x • Dxy^ -h y^ ■ (1)1 - Dxy^ - 0, 
dx^ - X’ 2yDxy - y^ - * D^y = 0, 


3a;2 _ yi. 

2xy + Sy^ 


Find Dxy from the relations 

(a) z “ +y^ - 4:. (h) zsiay -jry sin rr = 1. (c) y = cos xy 

12. Find Dly from the relations 

(a) ax^ -f- ^hxy + cy‘^ = 1. (b) + 2 /® == Zaxy. (c) = x. 

13. (a) If a? « <p{u) and y = and if y is determined as a function 
of a;, 2 / = S{x)i show that 


stating the conditions under which this result holds (see Theorem 5.5). 

(b) By differentiating the preceding result with respect to x, show that 


Ely = 


DujDuy/Dux) Dly • - D^y • Dlx 


DuX 

(c) Show that the formula 


{Dux)^ 


Dly 


Dlx 

\Dyxy 


results as a special case of part (b) when u — y. 

(d) Starting from the relation D^y = Dzy • DxZ, show that 


Dly ^Dlz^Dzy^A-iDxzy^Dly. 

14. Find D^y and Dly if 

(a) X == a(ct^ 4- 3a: + 3), 2 / = 3a(a -f- 1). 

(b) X = a cos 6, y — b sin 6. 

(c) X aid - sin d), 2 / = a(l - cos d). 

15. Make the indicated change of variable in each of the following 
equations: 
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<!)’ 


(a) (1 - +yy±) + (1 - y^)^ =0; ^ = cos .. 


, d'^z 


d^y 2 x dy y 

J„9! 1 I «.2 /I t ~2\2 ^ tH<n Z, 


dx^ l-^x^dx (li-x^[ 


Ans. ^+2/=0. 


d^V dv 

(c) (1 ~ “ 22 :— + n{n + l)y = 0; x= sin 6 . 


(d) (1 - x^) 



l/d 

-Y 

_dx^ 

i\d. 



dy 

+ 2/ = 0; y = e\ X = cos e. 


16. If a = r cos 6 , y = r sin 6 , and if r = F{ 6 ), show that 
dr 


^ sin 0 - 7 - H- r cos d 

dy do 

dx dr 

cos 6 - - r sin B 

do 

I 

/ ' 


p. 


'h 

6. Interpretations and Applications 
of the Derivative. Slope. Let / be a _ 

/ 

I ^ 

+ 

function of x, and let [xo, f(xo)] and 


"0 X 


[xa + Lx, f{xo + Aa;)] 


be two points P and Q ^the graph of /. With reference to Fig. 
12 it is evident that_DQ = A/ = /(lo + Ax) - f{xa) and that 
the slope of the chord PQ is tan a' = Af/Ax, where a is the angle 
of inclin atio n of PQ. If the chord PQ approaches a limiting 
position PT as Arr -> 0 and Q-^P, then the slope of the line 
PT is 


A/ 


tan a = lim ^ = f{xo), 

Ax—*0 


where a is the angle of inclination of PT. If we call PT the 
tangent line to the graph of/at P, then we may state the following- 
result: 

If f is a functio7i of x, then f{xf) represents the slope of the 
tangent to the graph of f at the point [a;o, /(^o)]. 

We define the slope of a curve at a point P to be the slope of 
the tangent line to the curve at P. 



50 


HIGHER MATHEMATICS 


[Chap. I 


Since the equation of the line through the point (xq, ijo) with 
slope m is y - yo = mix - xo), it is seen that the equation of 
the tangent to the curve y = f{x) at the point (xo, yo) is 

y - Vo ^f(p^o){x - xo). 

The fact that/'(a:o) represents the slope of the tangent to the 
graph of / at a: = a:o enables us to solve the following problem: 
Given the graph (? of a function/ for which no formula is known. 
Plot the graph of/'. (This situation occurs, for example, when¬ 
ever a smooth curve is drawn through a series of points plotted 
from experimental data.) 

Suppose the graph G is as shown in the upper half of Fig. 13. 

Let Pi, P 2 , P3, • • • be a number of points 
on G. At each of these points draw the 
tangent to G and estimate its slope. 
Project Pi, P 2 , P 3 , * • * onto the lower 
x-axis and at the points so obtained erect 
ordinates of lengths equal to these estimated 
slopes. Through the ends of these ordi¬ 
nates draw a smooth curve G'. Then G' is 
the graph of /'. (Note that if G has a 
corner Q, then G has no genuine tangent at 
Q, But, by considering separately the 


f « 


4(\\ 


0 

1 1 j 1 

III' 

'll 


\ 

1 

% 

ii 1 I 1 f , 

G' 

1 

1 

1 

t 

12 3 

* 

1 


sible to draw right and left tangents at Q. 
Fig. 13. The slopes of both these tangents are 

plotted.) 

This graphical analysis brings out the following fact: If the 
graphs G and G' of a function / and its derivative /' are plotted, 
the ordinate of a point P' onG' represents the slope of the tangent 
to G at the point P having the same abscissa as P'. 


EXERCISES VI 

1. Find the equations of the tangent and normal to each of the following 
curves at the points indicated: 

(a) y == at (2, 8). 

(b) + 22/2 - 3x2/ + X - 1 = 0 at (1, 1). 

(c) — 4a^(2a — y) at the point where x == 2a. 

(d) Ax^ + 2Hxy -}- By^ 2Fx 4- ^Gy -}- C = 0 at (xi, 2 / 1 ). 

(e) X = (a + 1)^ 2 / = (a — 1)® at a = 2. 

2. (a) Find all the points on the curve y — x^ where the slope is 4. Plot. 







Sec. 6] DIFFERENTIAL CALCULUS 51 


(b) Determine the points on the curve at which the 

tangents are perpendicular to the line a; — 2?/ + 3 = 0. Plot. 

(c) Show that the circle x- = Sax and the cissoid y“{2a — a;) = x'^ 
meet at an angle of 45° at each of two points distinct from the origin. Plot. 

(d) Show that the tangents to the curve = Saxy at the point 

where it intersects the parabola y- — ax are parallel to the ?/-axis. Plot. 

3. Plot the graph of f when the graph of the function / is as indicated 
in the following figures: 



f 



4. Sketch the graphs of the derivatives of the functions of E.xs. 11, 1 and 2. 

5. If (3 is the angle made by a curve y = f{x) or r == F((?) with a line from 


the origin, show that tan (3 


dy 

dx 


H 


X + // 


dx 


dr 

dd 


Increasing and Decreasing Functions. Let / be a function of x. 
We say that / is increasmg at the point x = Xq if there exists an 
interval I about this point such that, for each point Xi of /, 

/ /(^i) > /(^'o) when Xi > xo, and 
\fhi) < f(^o) when Xi < Xo, 

and we say that / is decreasing at x — xo if under the same 
circumstances 


/(^b) < /(^*o) when Xi > Xo, and 
when Xi < Xo. 


( 2 ) 


For example, if /(x) = sin x, then / is increasing at x = tt/G 
since condition (1) is met when I is taken sufficiently small. 
It is assumed in this definition and the following theorem that 
/ is defined over the whole of some interval about x = Xo. 

Theorem 6.1. Let f be a function of x and let Xo be a value of x at 
which f'{xo) exists. Iffix{}) > 0, then f is increasmg at x = x^]if 
fi^o) < 0, then f is decreasmg at x = xo- 

If fixo) > 0, then by Ex. IV, 20, there exists an interval I 


about X 


Xo such that, for each Xi ^ xo in /, ^ 


Af _ fjxi) - fjxo) 


Xi — Xo 
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remains > 0. But when is positive, f{xi) - /(xo) 

Xi — Xq 

and {xi ~ a:o) have the same sign, i.e., condition (1) holds 
when xi is in I, The second part of the theorem is proved in a 
similar manner. 

In geometric language, this theorem states that a function is 
increasing at any point where the slope of its graph is positive and 
is decreasing at any point where the slope of its graph is negative. 

Maxima and Minima, The theory of maxima and minima 
has many important applications in various branches of mathe¬ 
matics and physics. 

Definition 6.1. Let f be a function of x. We say that f has a 
relative maximum at the point x == Xq if there exists an interval I 
about this point such thatj for each point Xi of 7, f(xo) ^ f(xi). 
We say that f has a relative minimum at the point x == xq if there 
exists an interval I about this point such that, for each point Xi of 7, 

/(xo) g /(a:i). 

It is evident that if / is increasing or decreasing at a point 
X == Xo, then / cannot have a relative maximum or minimum at 

X = Xq. 

Theorem 6.2. If f is a function of x, then f has the value 
0 at each point x = Xq where (a) / has a relative maximum or 
minimum, (b) /' is defined, and (c) the domain of definition of f 
extends over some interval about x = a^o. 

Suppose / has a relative maximum at a: = Xq. Then there 
exists an interval 7 about this point such that, for each point 
xi of I, f{xo) ^ /(ti). If f{xo) were positive, then by Theorem 
6.1, (1) and hypothesis (c) there would exist values Xi > Xo 
in 7 such that f(xo) <f(xi). Hence f(xo) is not positive. It 
follows in similar manner that f{xo) is not negative. Therefore 
fixo) = 0. The case where / has a relative minimum Sit x = xq 
is treated in an analogous manner. 

By Theorem 6.2, each value xo of x [meeting conditions (b) 
and (c)] at which / has a relative maximum or minimum is a solu¬ 
tion of the equation f(x) == 0. Hence the set of all values 
Xo of X [meeting conditions (b) and (c)] at which / has a relative 
maximum or minimum is contained in the set of all solutions of 
the equation f(x) = 0. However, the equation f(x) == 0 may 
have one or more solutions Xo at which / has neither a relative 
maximum nor minimum, as is illustrated by the function x^. 
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It follows that the procedure for determining the points [meeting 
conditions (b) and (c)] where / has a relative maximum or mini¬ 
mum is to find the set of all solutions of the equation/'(x) = 0 
and then to investigate the nature of / at each of these solutions 
by means of Theorem 6.3 or 6.4 or some stronger theorem. 

Theorem 6.3. Let fbe a function of x and let xo he a value of x 
such that f is defined in some interval 
about xq. (a) If fixo) = 0 and if f is 
increasing at Xoj then f has a relative 
minimum at xq. (b) If f(xo) = 0 
and if f is decreasing at xq, then f 
has a relative maximum at xq {see Fig. 

14). (c) Iff{xo) = Ojbutf is positive 

(or negative) at every other point of some interval about xo, thenf has 
neither a relative maximum nor minimum at Xq. 

From the hypotheses of part (b) it follows by (1) that 

/'(x) < 0 when x > xo and f{x) > 0 when x < xo, (3) 

where x is restricted to lie in a sufficiently small interval I about 
Xo. Let xi be any point of 1. The slope of the chord through 

the points [xo, /(xo)] and [xi, /(xi)] is By the 

Xi Xo 

theorem of the mean (see Sec. 10), there exists a point x between 
Xo and Xi such that the tangent at x is parallel to this chord, i.e., 

^ ^ Xi - Xo 

If Xi > Xo, then x > Xo, and by (3), f{x) < 0. Hence 
/(xi) — /(xo) and Xi — xo have opposite signs, and because 
Xi > Xo, /(xi) < /(xo). It may be shown in a similar way 
that /(xi) < /(xo) when Xi < Xo. Thus /(xi) < /(xo) wherever 
xi may be in I (other than at xo). This proves part (b). Parts 
(a) and (c) may be proved in a similar manner. 

The truth of Theorem 6.3 is intuitively evident from Fig. 14; 
part (c) of the theorem is illustrated by the function x^ with 
Xo = 0. 

It should be noted that a fxmction may have a relative maxi¬ 
mum or minimum at a point without having a finite derivative 
at that point. For example, the function 2 (x — has a 
relative minimum at x = 3, and yet this function does not have a 



Fig. 14, 
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/ 




finite derivative at a: = 3 (see Fig. 15a). Thus one cannot 
detect all relative maxima and minima by Theorem 6.3. 

Definition 6.1 may be extended to the case where / is defined 

on only one side of the point x = Xo. 
But in this event the point xq may 
be a relative maximum or minimum 
of / even though/'(a;o) 0. For ex¬ 
ample, the function/(a:) = x + 

: which is defined for only nonnega¬ 
tive Xj has a relative minimum at 
a: == 0, and yet /'(O) = 1 (see Fig. 
15b). This example shows that Theorem 6.2 is false when condi¬ 
tion (c) is omitted. 


V 


(c> 


ih) 


Fig. 15. 


Example 1. Find the relative maxima and minima of the function / when 
f{x) ~ 2x^ — Zx^ — I2x -{- 6. 

Solution, fix) = 6(a; — 2)(a; "h 1). Hence fix) = 0 when x = 2 and 
X — —1. Furthermore, f is decreasing at x — —1, since fix) > 0 when 
ic < — 1 and/'(a;) < 0 when —1 < x <2. Thus/has a relative maximum 
at X = —1. Similar reasoning shows that / has a relative minimum at 
X — 2. These results may be checked by graphing /. 

Theorem 6.3 may be put into a more convenient form by 
observing that, according to Theorem 6.1, f is increasing at Xo 
when/''(-^o) > 0 and/' is decreasing at Xo when/"(a;o) < 0. If 
we incorporate these results into Theorem 6.3, we obtain 
■ Theokem 6.4. Leif be a function of x and let xo be a value of x 
such that f"{xQ) exists, (a) If f(xo) = 0 and if /"(.xo) > 0, 
then f has a relative minimum at Xq. (b) If f{xf) = 0 and if 
f'ixo) < 0, thenf has a relative maximum at xq. 

With reference to the graph of /, it is seen that /" is positive 
wherever the graph is concave upward, and/" is negative wherever 
the graph is concave downward. 

In Example 1 above, f'{x) — 6(2a; — 1), and/' is shown to be 
decreasing at a; = —1 by the fact that/"( — I) < 0. 

Theorem 6.4 sometimes fails to locate a relative maximum or 
minimum that may be detected by Theorem 6.3. For example, 
if f{x) = x\ then f'(x) = 0 only when a; = 0. But f"(x) = 0 
when a: — 0 and Theorem 6.4 provides no information. On the 
other hand, f'{x) > 0 when a; > 0 and f(x) < 0 when x < 0. 
Hence /' is increasing at a; = 0 and Theorem 6.3 shows that / 
has a relative minimum at a; = 0. 
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Inflection Points, We define a point of inflection on a curve 
to be a point at which the slope of the curve has a relative 
maximum or minimum. If the equation of the curve is of the 
form y = f(^), then the points of inflection may be found by 
maximizing and minimizing /'. We leave it to the student to 
discuss the exceptional cases, such as that arising when the 
maximum slope is infinite. 


EXERCISES VII 


1. Locate all ruaxiinuin and minimum points (if any) on the graph of 
each of the following functions. Justify your results by giving conclusive 
tests. Plot. 


(a) H- 9x + 1. 

(c) (\ogx)/x. 

(e) {X + - 5)“. 

(g) x^ — 3a; + 7. 

(i) 


(b) x^{x -h 4)2. 

(d) sin X + cos 2x. 
(f) xiC - a;2). 

(h) xl{x^ + 

(j) 


2. In a certain triangle two sides are given. What should the value of 
the angle between them be in order that the area of the triangle may be a 


maximum? 

3. Find the altitude of the right circular cylinder of maximum volume 
that can be inscribed in a given right circular cone. 

4. Find the altitude of the right circular cone of maximum volume that 
can be inscribed in a given sphere. 

5. A fisherman is at A which is 3 miles from the nearest point B on a 
straight shore LM. He wishes to reach in minimum time a point C situated 
on shore 6 miles from B, How far from C 

should he land if he can row at the rate of 4 
miles an hour, can walk at the rate of 5 miles 
an hour and he loses 5 min. in docking his 
boat? 

6. Let OM and ON be two straight tracks 
intersecting at right angles at 0. A rod AB 
of length I moves so that A slides along OM 
and B slides along ON. A second rod PS is 
rigidly attached to OM at P so that OP = a and PS is parallel to ON. Both 
AB and PS are grooved and a pin Q slides along these rods at their point of 
intersection. Find the position of AB such that distance PQ is a maximum. 
(See Fig. 16.) 

7. In the preceding problem let PS rotate about P and let the pin Q 
be fixed on PS at a distance PQ — 6. Find the position of AB such that 
the angle OPS is a maximum. What are the conditions on a, 6, and I under 
which this mechanism will work? 

8. Find the minimum distance from the point (3, 1) to the parabola 
2/ = a;2. 



O 

Fig. 16. 
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9. A water tank stands on level ground and the water surface is H ft. 
above the ground. A jet of water issues from a small hole in the side of the 
tank, the hole being h ft. below the water surface. For what value of h will 
the range of the jet be a maximum? (The lateral velocity of the jet is \/2^. 

The jet falls according to the law s = 

10. The speed of light in air is vi and in glass 
is t> 2 . A ray of light starts at A in air, meets the 
surface of a plate of glass at J5, and is refracted to 
C within the plate. Show that the position of B 
must be such that 

C i sin 9i _ Vi 

Fig. 17. sin 82 V 2 


in order that the time of travel from A to C be a minimum. 

11. A light ray AC is bent by a prism. Using the law of refraction given 
in Ex. 10, show that the angular deflection is a minimum when 6 = \p. 

12. Find the points of inflection of: 

(a) y — -r 2x^ — I2x^ + 7a; — 9. 

(b) y By + 7. 

(c) y “ 8ay{x^ -h da^). 

(d) y ~ sin^ x. 



Fig. 18. 


7. Velocity, Acceleration, Radius of Curvature. Suppose a 
point particle P is moving along a path C, suppose s is the distance 
along C to P from some fixed point F on C, and suppose s is 
determined as a function of the time t by the relation s = f(t). 
If So = f(to) and So + As = f{to + Ai), then 



Fig. 19. 


As = f{to + At) - f{to) 

is the distance traveled during the 
interval of time At. Hence the 
mean speed of P over the interval 
As is As/At and the instantaneous 
speed of P at ^ = ^0 is 

lira = Dts. (1) 


Thus, the speed of a point P is the rate of change of the distance s 
between P and a fixed point on the path of P. It is immaterial 
whether the path (7 of P is straight or curved so long as s is 
measured along C. If s is measured in feet and t in seconds, then 
BtS is measured in feet per second. 
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When P moves along a plane curve, its rectangular coordinates 
X and y are given by equations of the form 

^ = <p{t), y = ( 2 ) 

We shall assume that (p and \p are differentiable. It is evident 
that Dtx is the speed of the projection Pi of P upon the x-axis 
and Dty is the speed of the projection Pz of P upon the y~axis. 
We speak of DtX and Dty as the rr-component and y-component of 
the velocity of P. We write 


Vx = Dtx = x' = X, Vy = Dty = y' = y. 

The vector* V whose x and ^/-components at any time t are Vx 
and Vy is called the velocity vector of P. 

Theorem 7.1. The length (or mag¬ 
nitude) V of the velocity vector V of a 
'point P is the speed of P at any tune t, 
and the direction of V is always along the 
tangent to the path of P. 

Let 5 , X, and y have the significance 
indicated above, let equations (2) re¬ 
present the path of P, and let Ac be the length of the chord 
through the positions of P at ^ and t = U + At. 

Then 

(Ac) 2 = (Ax)^ + (A2/)2, 


ly 

.s P 




AX 

i Xq Xo+dX X 


Fig. 20. 


(As) 


and 


/-Y 

\AsJ 


{Axy~ + (Ayy, 


(3) 




1 (this 


If we assume the path of P to be such that lim Ac/As 

A«-+0 

assumption being met by most curves occurring in practice), 
and if we let At 0, then 


(Dts)^ - (Dtx)^^ + (Dty)^ 




(4) 


It is evident that Dts is the length v of the vector V, 

To show that the vector V has the same direction as the tangent 
line at any point of the curve (2), let 0 be the inclination of V 


* By a vector we here mean merely a directed line segment. 
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to the :i:-axis (see Fig. 21). Then by Ex. V, 13a, 
tan ^ = — = ^ = D^y = tan 

Vx DtX 

where (p is the inclination of the tangent to the curve (2). Hence 
V lies along the tangent at each point of the curve (2). 

It should be noted in passing that Vx — v cos d and Vy = v sin B. 
It is readily seen that lim Av^/M = DtVx = Dfx represents 

the rate of change of Vx with respect to t and that DtVy = Dfy 
represents the rate of change of Vy with respect to t. We write 

ax == DtVx = Dfx = a;" — x, = DtVy = Dfy == y" = 

The vector A whose x- and ^-components at any time t are ax 
and Qy is called the acceleration vector of P; the length (or magni¬ 
tude) a of A is called the acceleration of P; and ay are called 
y the X and ^/-components of acceleration of P. 

It is evident that the acceleration a of P is 
\/al-]r af and that the direction of A is 
^ ^ given by the relation tan a = ay/ax. Example 

” ^ 1 below shows fchat the vector A does not 

always lie along the tangent to the path of P. 
(For a more detailed treatment of this topic, see Ex. X, 9 of 
Chap. VI.) 

Let I be a half-line rotating about a fixed point 0, let Iq be a 
fixed half-line through 0, and let ^ be the angle of rotation from 
Zo to I measured in radians. We call Dtxf/ the angu¬ 
lar velocity of I and Df-^/ the angular acceleration of 1 . 

Example 1. A particle P moves around a circle of radius O 
T with the constant speed of 2 revolutions per second. Find Fig. 22. 
the velocity and acceleration of P at any time i. 

Solution. The position of P may be represented parametrically by the 
equations rc = r cos 2/ == ?* ^in Then (see Fig. 23). 

= —r sin Vy — r cos i/ • Dti'. 

But Dtj / ~ 47r, so that Vx = —Arr sin % = 47rr cos The speed v of 

P is -\-vl = Arrr^ and the direction angle 6 of the velocity vector V 
is given by the relation 

tan 6 — — = — ctn 1/. 

Vx 


Again, 


dx = — IGttV cos tpj 


ay — — IOttVsih^. ^ 
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The acceleration a of P is *%/+ aj = IGrV and the direction angle a 
of the acceleration vector A is given by the relation tan a = ay/ax = tan \p. 
Thus A is directed toward the center of the circle. The values of v and a 
may be combined to show that a = v^/r. 

The quantity DtV = D^s represents the rate of change of the 
speed V and is called the tangential acceleration of P. This name 
is justified by 

Theorem 7.2. If At is the component of the acceleration 
vector A along the tangent to the path of P, then the magnitude Ut of 
At i^ PfS' 


Fig. 2.3. Fig. 24. 

With reference to Fig. 24 it is seen that 

aT — a cos {pL — 6) = a (cos a cos B + sin a sin B) 

-- cos — sin ^ ) = aa: cos B ay sin B. 
a a / 

On the other hand, 

Dfs = DtV = DtVvl + = - -L —+ VyOy) 

Vn + 4 

V • V 

= ax"^ “b ^ Ox cos B ay sin B. 

These results show that ar = 

An immediate corollary of this theorem is that A is- per¬ 
pendicular to V whenever DtV — 0, i.e., whenever the speed of P 
is constant. The com])onent An of A normal to V may be 
thought of as arising from the change of direction of V along 
the path of P, and An need not be zero even though the magnitude 
y of V is constant. (See Ex. IX, 3.) It is seen that 

Un = {l/'o) (ayVx — axVy). 

If the path of P is a straight line, then a = Dfs, for if we choose 
the x-axis along the path of P, Vy ^ ay = 0, so that On = 0. 
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Example 2. A line I is rotating about the point (1, 3) (coordinates being 
in feet). Let A and B be the points of intersection of I with the x- and y-axes. 
If A is approaching the origin 0 at the rate of 10 ft. per second, find the speed 

of B when OA = 2. 

Solution. The solution of this problem is based on two fundamental 
principles: (1) Represent the speed of each point by a derivative according 
to the remark following (1); and (2) To evaluate a derivative, say Dty, 

get an equation in y and differentiate it with respect to t. _ 

Following the first of these principles, let OA = r and let OB = s. Then 

= —10 (Dtr is negative because r is decreasing) and Dts is the quantity 
to be found. Following the second of these principles, we must get an equa¬ 
tion in s to evaluate DtS. In this case we have a pair of similar triangles and 
r/1 — s/(s — 3). This equation simplifies to rs — 3r — s == 0. If we differ¬ 
entiate this equation with respect to t, we find that 

r • Dts -}- s • Dtr — ZDtr — DtS = 0. 

But Dtr = —10, and at the instant in question, r = 2 and s = 6. Hence 
DiS = 30 ft. per second. 

EXERCISES VIII 

1. A point {x, y) moves according to the relations x = y ~ 2t, where 
X and y are measured in feet and the time t in seconds. Find, when t = 2 sec., 
(a) the coordinates of the point reached;’ (b) the magnitude and direction of 
the velocity vector; (c) the magnitude and direction of the acceleration 
vector of the point; (d) the tangential and normal accelerations. 

2. The motion of a projectile is given by the equations 

X — voCcos d)t, y = z;o(sin d)t + 16^^, 

where is the initial speed of the projectile, 6 the angle of projection with 
the horizon, and t the time of flight in seconds. At ^ = 2 sec., find the magni¬ 
tude and direction of the velocity and acceleration vectors, if vo == 100 ft. 
per second and 6 = 30°. Show that the path of the projectile is a parabola, 

3. A point P is moving along the parabola y — that Dtx - 5. 

Find Dty and the speed of P at the instant when re = 2. Also find the 
angular velocity of OP at this instant, 0 being the origin. 

4. A point P is moving along the hyperbola x'^ — y^ 7 with speed 5. 
Find Dtx and Dty at the instant when P is at (4, 3). Also find the angular 
velocity of OP at this instant. 

5. Two straight railroad tracks cross each other at right angles, one 
track running north and south and the other track east and west. At a 
certain instant, a train is traveling east 40 m.p.h. 10 miles east of the inter¬ 
section 0, while another train is traveling north 50 m.p.h, 8 miles north of 0. 
Find the rate at which the trains are separating from each other at the 
instant under consideration. 

6. A rod of length 30 ft, is constrained to move in such a manner that its 
ends A and B follow perpendicular tracks OE and ON, respectively. If the 
end A is pulled away from 0 at the rate of 3 ft. per minute, find (a) how fast 
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B moves along ON when A is 18 ft. from 0; (b) at what position A and B will 
be moving at the same rates; (c) at what position B will be moving 6 ft. per 
minute. 

7. A wheel of radius r rotates about its center with an angular speed of 
0) rad. per second, while the center moves along the x-axis with speed v ft. 
per second. Find the velocity vector of a point on the perimeter of the 
wheel. 

8. A car wheel of radius a rolls along a straight track. A point P on the 
circumference of the wheel then describes a cycloid with equations 

X = a{<ty - sin <^), y = a{l — cos <j>)j 

where <j> is the angle through which the wheel has rotated. Find the magni¬ 
tude and direction of the velocity and acceleration vectors of the point P. 


QS 




L P 

Fig. 25. 


-B 



Fig. 26. 


Show that the velocity vector always lies along the line joining P with the 
highest point of the wheel. 

9. A man M is walking along a straight path PQ toward Q at the rate 
of 5 ft. per second and casts a shadow S on the wall AB from the light L, 
How fast is S moving when M is 20 ft. from the wall, if PQ = 60 ft. and 
L? - 40 ft.? 

10. The end A of a connecting rod in an engine slides along a straight 
track and the end B is carried by a rotating crank. If vi and 
V 2 are the speeds of A and B in their paths, show that 

sin i(p -h e) 

Vi = - V2. 

cos (p 

(Since the connecting rod is not changing length, the com¬ 
ponents of vi and V2 along AB are equal. These components 27 . 

may be computed directly by trigonometric relations.) 

11. Solve Ex. 5 without the use of derivatives. (By trigonometry, find 
the components of the velocities of the two trains along the line joining the 
trains.) 

12. A man M walks across a circular stage 100 ft. in diameter at the rate 
of 5 ft. per second. He casts a shadow S on the wall from a light L as shown 
in Fig. 27. Find the speed of S along the wall when M is three-quarters of 
the way across. (Find Dtcc using aOML, Note that i3 = 2a. Express s 
in terms of |3.) 

13. Starting from (3), derive the following relations: 
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1 = iPsxY + {DsVY. (5) 

{B^sY = 1 + iPxVY- ( 6 ) 

(DysY - iPyxY + 1. (7) 

DxS == sec a, DyS - CSC c (8) 

D,x = cos a, BsV = sin c (9) 


State the functional relations between x, y, and s in each case. (The time t 
is not involved in these formulas.) a is the inclination of the tangent to the 
curve C along which the point {x, y) moves. What assumptions are made 
in (8) and (9) as to the direction in which s is measured along the curve C? 
When would minus signs be needed in (8) and (9) ? 


Let C be a curve in the a; 2 /-plaiie, let B be the inclination of 
the tangent to C at any point on C, and let s denote the arc 
length measured along C from some fixed point 
on C. Then A^/As represents the mean change 
in direction of C per unit of distance along C 
and DsS is the rate of change of B with respect 
to 5. The value of DsB at any point P on C is 
called the curvature K oi C sAP. It is evident 
that C is flat when the curvature is small and 
Fig. 28. Q bends sharply when the curvature is 

large. Since B = tan“^ it follows by Ex. V, ISa, and (6) that 



X = D,B = A(tan“i Dxy) = 

^ Ply 


— -Pa;(tan~ ^ Dxy) 


DxS 


Ply 


1 + iPxvY Vi + {DxyY [1 + 


If C is a circle of radius a, then K may be computed directly 
from Fig. 28 as follows: since the central angle at 0 is Ad and 
since As = aAB^ we have at once that AB/As = 1/a. Thus 
AB/As is constant and 


K = DJ = - 
a 

The circle whose radius is 1 /K and which is tangent to the 
concave side of a curve C at P is called the circle of curvature 
of C at P, and the radius of this circle is called the radius of 
curvature fi of C at P. It is evident that R = 1/i^. 

EXERCISES IX 

1. Find the curvatures of the following curves: 

(a) y (b) 2/ = log x, (c) y = e®. 


(d) y = sin x. 
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2. If the equations of a curve are x ip{t), y = where t denotes 
time, show that 


K 


[x'^ + y'" 


(See Ex. V, 13b.) 

3. If a point P moves along a path C with constant speed, i.e., 

D'ls = Dtv = 0, 

show that the acceleration a of P is a === v^/R, 

Suggestion. Let P be an arbitrary point on C 
at P and a;-axis along the tangent to C at P. 

By the remark following Theorem 7.2, a = y" 
atP. Moreover, ?/' = 0 at P. The desired 
formula follows from Ex. 2. 

4. Find the curvature of the cycloid 
X — a(6 — sin 6), y — a(l — cos 6). In partic¬ 
ular, what is the curvature at the point where 
e = 30°? 

8 . The Differential of a Function. Let / be a function of the 
independent variable x having a derivative at a: = xq. We define 
the symbol df by the formula 


. Choose axes with origin 



df = f'(xo) • Ax, 


and we call df the differential of / at a: = Xq. 

It is seen from Fig. 29 that 

RQ' = (tan a) Ax = fixo) • Ax. 


Hence df = RQ', or in words, df represents the change in the 
ordinate up to the tangent line at x ^ xo arising from the change 
Ax in X. 

Since 




where Af = /(xo + Ax) — f{xf), it follows that Af/Ax is ‘^approxi¬ 
mately” equal to fixf) when \Ax\ is small. Hence Af is “approxi¬ 
mately” f(xo) ‘ AXj that is df is approximately Af when |Aa;| 
is small. Thus/(a;o + Ao;) is “approximately”/(a;o) + df. 


Example 1. Find by means of differentials the approximate change in 
value of 3x2 when x changes from 10 to 10.1. Also find the actual change 
in value of 
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Solution. Let a;o — 10? Aa; = 0.1, and/(a;) — 3a;^. Then 
f{xQ) = 6xq — 60, 

and df = f{xo) • Aa; = 60(0.1) = 6. Again, 

A/ = S(xo + Aa;)2 ^ Sxl = 3(10.1)2 - 3(10)2 - 6.03. 

In the case where/(a;) = x, then/'(a;) = 1, and 
(jlx = f(x) • Ax = 1 • Ax = Ax. 

This proves 

Theohem 8.1. The differential of an independent variable x is 
equal to the increment of the variable; i.e., dx = Aa:. The differ¬ 
ential of f is df = f(x) dx. 

Suppose y = f(x) and x = <jf>(0, where t is an independent 
variable. Then y = f[<j>{t)] ^ F{t) is a function of t. If f(x) 
and <j)(t) are differentiable functions, then we find by formula 
(5) of Table d, that F\t) = f(x) • ^'(0- Hence the differential 
of 2 / is 

dy = F'(t) • At = f(x) • <i)\t) • At. (1) 

But the differential of x is equal to dx = (^>'(0 * Therefore 

dy = f{x) dx. (2) 

This proves 

Theoeem 8.2. The differential of f is equal to df = f{x) dx, 
irrespective of whether x is the independent variable or not. 

From (2), we have 


fix) 


df(x) 
dx ’ 


that is, the first derivative of / is equal to the ratio of the differ¬ 
ential of f to the differential of x. This property motivates the 
use of the symbol df{x)/dx for the derivative/'(x). 

EXERCISES X 

1. By means of a differential, find approximately the change in the value 
of + IQx^ when x changes from 13 to 12.98. Find the actual change in 
the value of this function and find the error of the approximation. 

2. Find approximately the amount by which x may change from 12 in 
order that the value of -h 5z — 7 may change by no more than 0.2. 

3. Find an approximate value of f(x) = 2xl'\/x^ + 16 when x = 3.02. 
[Note that/(3.02) is approximately/(3) -h df.] 
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4. Find an approximate value of sin 31°. 

5. Find an approximate value of loge 1.05. 

6. If y = and if a; = 4^^, find dz when t = 2 and dt = 0.01, and use 
this result to find dy. Check the result by expressing y in terms of t and 
computing dy directly. 

7. Show that the volume of a thin spherical shell is approximately the 
area of either its inner or outer surface multiplied by its thickness. 

8. Show that the volume of a thin cylindrical shell is approximately the 
area of either its inner or outer surface multiplied by its thickness. 

9. Find an approximate formula for the volume of a thin conical shell 
bounded by two circular cones having a common vertex, a common axis, 
and equal heights. 

9. Roile’s Theorem. The following theorem is needed to 
prove the Theorem of the Mean in Sec. 10. 

Theorem 9.1 (Rollers Theorem). If f is a function of x defined 
and continuous over the interval a S x ^ b, if f is defined over the 
interval a < x < b, and if /(a) = /(6) = 0, then there exists at 
least one value ^ of x, a < ^ < b, such that f'{i) = 0. 

By Theorem 8.3 of Chap. IX there exists a value ^ of 
a < ^ < &, at which / has either a relative maximum or a relative 
minimum. By hypothesis, /' is defined sA x = ^ and / is defined 
in some interval about x = By Theorem 6.2, /'($) = 0. 

We leave it to the student to state and interpret Theorem 9.1 
geometrically with the aid of a graph. We give some examples 
to bring out the significance of the hypotheses in this theorem. 

Example 1. If /(x) = 0 < a; =: 1, there exists no 

value ^ of a: such that/'(^) == 0. The difficulty is that/is discontinuous at 
a; = 0, even though the hypotheses of Theorem 9.1 are met in all other 
respects. 

Example 2. If f{x) = — 1 when —1 ^ a; ^ 1, then there exists no 

value ^ of X such that/(^) = 0. The difficulty is that /' is not defined at 
a; = 0. 

Example 3. If f{x) == a: sin 1/a; when 0 < a; ^ € and /(O) = 0, where 
€ is any positive number of the form 1/nx, then there exists a value ^ of a;, 
0 < I < €, such that/(^) = 0. It is immaterial that /'(O) does not exist. 

Theorem 9.1 illustrates nicely the fact that the hypotheses of a theorem 
must be carefully stated in order that the theorem may be valid. 

10. Theorem of the Mean. We now take up a theorem which 
has many important applications. 

Theorem 10.1 (Theorem of the Mean), If f is a function of x 
defined and continuous over the interval a S x ^ b, and if f is 
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defined over the interval a <. x <. b, then there exists at least one 
value ioj x,a < ^ <h, such that 


m) = 


f(b) -fja) 

b — a 


We observe from Fig. 30 that, if y is the function whose graph 
is the straight line PQ, then f — y has the 
^ value 0 at a; = a and x — b. We shall 
show that the present theorem results 
when Rolle’s theorem is applied to the 
/function j — y. Let 


V = /(«) + 


m -fia) 

b — a 


{x - a) (1) 


'-{x - a). 


■ (the formula for y being constructed by 

finding the equation of the line PQ) and let us construct the 
auxiliary function E so that 

E{x) = f{x) - y = f(x) - f(a) - (2) 

It is evident from Theorem 4.3 that E is defined and continuous 
over the interval a ^ x ^ b. Since E'(x) == f(x) — 
jB' is defined over the interval a < x <b. Moreover, 

E{a) = EQ)) = 0. 

Hence E meets the conditions of Rolle’s theorem and there 
exists a value | of rc, a < ^ < 6, such that E%^) = 0, that is, 

m - »»■ 


over the interval a ^ x ^ b. Since E'(x) == f{x) — ' 


Thus our theorem is proved. 

In geometric language, Theorem 10.1 states that, if / meets 
the given conditions, then there exists a point a; = J on the graph 
of / between the points x = a and a; = 6 at which the slope of 
the tangent is equal to the slope of the chord through the points 
where x ^ a and x = b. 

Theoeem 10.2. If f(x) = 0 for all values of x in the interval 
a S ^ S bj then f{x) is constant over this interval. 

Since f is defined over the interval a S x ^ bj it follows by 
Theorem 5.1 that / is continuous over this interval and meets 
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the conditions of Theorem 10.1. Let Xi be any value of x such 
that a < xi ^ b. By Theorem 10.1, there exists a value ^ of 
X such that 

f'(t) = /(^i) ~ /(«) , 

^ Xi — a 

where a < ^ < Xi. By hypothesis, /'(^) = 0. Hence 

= f{o). 

Since Xi is arbitrary, / has the constant value/(a) over the interval 
a S X S b. 

Theorem 10.3. If g and h are functions of x such that 
g'{x) - h\x) 

for all values of x in the interval a ^ x ^ h, then g(x) — h{x) is 
constant over this interval 

Let/C'r) = g{x) — h{x). Then/'(a;) = 0 for all values of x in 
the interval a ^x Sb. By Theorem 10.2, f{x) is constant 
over this interval. 

The construction of indefinite integrals in Chap. II is based on 
this theorem. 

EXERCISES XI 

1. Give the geometrical interpretations of Theorems 9.1, 10.2, and 10.3. 

2. Find ^ so that/(^) = in the following cases: 

h — a 

(^) f{x) = 6 = 2. 

(b) Kx) = '\/x- 4:; a = 2j h = d. 

(c) f{x) = sin 2x; a = 0, 6 = 7r/4. 

(d) f{x) = <3®; a = 0, 6 = 1. 

3. Construct examples similar to Examples 1 — 3 of Sec. 9 to show the 
significance of the hypotheses of Theorems 10.1 and 10.3. 

4. Show that Theorem 10.1 may be written in the form 

f(fi) =/(a) H- (6 - a) -/'(a + (9 (6 - a)), 

where ^ is a number such that 0 < 0 < 1. 

5. Prove Theorem 10.3 when g'(x) = h'{x) over the interval a < x <h 
or over an infinite interval. 

11. Indeterminate Forms. If/(rc) = g{x)/h(x) and if 
g(a) ■= h(a) = 0, 

then the function f is said to assume the indeterminate form 
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0/0 at a: = o. We wish to develop a method for evaluating 
lim g{x)/h{x) when this limit exists. We assume that the student 

X— 

is already familiar with the elementary method indicated in 
Ex. IV, 19. 

Theorem 11.1 (Cauchy’s Theorem). If the functions g and h 
meet the conditions of Theorem 10.1, if there exists no value Xi of x, 
a <Xi<b, such that both g'{xi) and h'(xi) are 0, and if 

h(h) - h{a) ^ 0, 

then there exists at least one value ^ of x, a < ^ < b, such that 
h'(^) 7 ^ 0 and 

g'ii) ^ ff( b) - g(a) 

h'(i) 'h(b) - h(a) 


The auxiliary function 

E(x) = g(x) ~ g(a) - I - /^(«)] 


meets all the conditions of Rollers theorem. Hence tiiere exists 
a value ^ oi x, a < ^ <hj such that = 0, that is, 


- 


gQ)) - g(a) 
h{b) - h(a) 


h '(0 = 0 . 


If were 0, ^'(^) would also be 0. But by hypothesis, 
g'{^) and h'{0 are not both 0. Hence A'(^) 9 ^ 0 and the theorem 
follows at once. 

Theorem 11.2 {UHdpitaVs Rule), Let g and h he two f unctions 
of X such that there exists an interval I about x = a over which 
(1) h(x) 7 ^ 0 when x 9 ^ a, (2) g and h are continuous, and (3) 
except perhaps at x = a, g' and h' are defined and do not vanish 
simultaneously. If g(a) = h{a) = 0, and if lim g'(x)/h'(x) 

x—*a 

exists, then lim g{x)/h{x) exists and equals lim g^(x)Jh'{x), 

x-^a x—*a 

If in Theorem 11.1 we set g(a) = h{a) = 0 and h = a;, it follows 
that 


- alMl 

h(x) h'(^) 


! a < S < X, or* a: < $ < a; a: in 7 and a. 


* The case x <{< a results by interchanging b and a in Thcorcni 11.1 
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The theorem results immediately from the fact that | o as 
x-^a and that lim A'(|) exists. 

>-a 

It is evident that 

if lim g'{x)/h'{x) then lim g(x)/h{x) —>■ ± «. 

It follows from this theorem that if g' and h' are continuous 
at x = a and if h'{a) 0, then lim g{x)jh{x) = g'{a)/h'{a). If 

x-*a 

however, g'{a) = h'{a) = 0, then we may apply Theorem 11.2 
to the function g'{^)/h\^) and (with suitable hypotheses) obtain 
the result that lim S''(f)A'(Q = lim 9 "iv)/h"i'n). If fit" and h" 

are continuous at a: = a and A"(a) 9 ^ 0, then 
lim g'{^)/h'{i) = g"{a)/h”{a). 

5—►a 


But if g"{a) = h"{a) = 0, then Theorem 11.2 may be applied 
again to evaluate this limit in terms of the third derivatives. 
This process may be repeated as many times as necessary. 


Example 1, Find lim 

2{X' 
log 


log 


1 ) 


The function 


2(a;2 


1 ) 
log x^ 


assumes the indeterminate form - at a: = 1 . 

0 


Z/x 


By Theorem 11 . 2 , lim ~ ^ lim 

2(a;2 - 1) 4a; 


_j_ g—3x — 2 

Example 2. Find lim- 

5x2 

g3x _}_ g-3x _ 2 , . 0 

At X = 0, -—- assumes the form -• 

5x2 0 


By Theorem 11 . 2 , 


lim 

x-~+0 


4- c 


2 

-- = hm — 

X —>0 lOx 


3e- 


At X = 0, - 77 ;- assumes 


5x“ x-^o lOx ' lOx 

the form 0/0. If we apply Theorem 11.2 again, we find that 


g3x ^ g-3x _ 2 3 e 3 » - + 9e"3» 9 

lini —-——- : hm-- = lim- 7 -- = — 

X —>>0 OX a ;“^0 lOx a ;—*0 I^ 5 

We give a few examples to show how other types of indeterminate forms 
may be evaluated by the preceding method. 

Example 3. If lim ^(x) — 0 and lim \hix)\ +oo, then the product 

a;—>a X—>a 

q{x) ■ hix) is said to be of the indeterminate form 0 • « at x - a. It is 
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sometimes possible to evaluate lim [g{x) • hijxi)] by writing it in the form 

lirn ^ » where /" r is of the form — at a? a. Thus, 
l/Hx) l/Kx) 0 

- 27) CSC {x - 3) 

is of the form 0 • oo at a? = 3, and 

a;3 - 27 Sa;^ 


lim [(rc^ — 27) esc {x — 3)] = Hm 

a:—♦S 


iiiix . . lim ■ 27, 

a ;_^3 sin {x — 3) 3 COS (a: — 3) 


, where ^ is between a;i and x. 


Example 4. If lim |^(a;)l-> + « and lim |/i(a;)|-> + oo, then the 
a—>a x—^a 

quotient g{x)/h(x) is said to be of the indeterminate form oo/oo at a; = a. 

It is sometimes possible to evaluate lim g{x)/h(x) by writing it in the form 

>a _ 

l/hix) , 1/Hx) . , 0 ^ ctnVa:. 

hm - -j where-is of the form - at a; = a. Thus,-is ot the 

_ 0 ctn a: 

00 ctn \/a; ... tan x .. 2'\/a: sec/-* x 

form — at.a; = 0 , and hm- = lim- z- — lim- -^=~ — 0 . 

« x-H-o ctn x x-^0 tan v x sec ^ v x 

Example 6. If lim jg^Crr)! cc and lim |/i(a;)| —> + oo, then another 

x—*’a . x-^a 

method for evaluating lim g(x)/h(x) is as follows: let a; be a point between 

x-i-a 

xi and a. Then (under suitable hypotheses) we may write Theorem 11.1 
in the form 

g(x) - g(xi) _ g(x) 1 - [g(xi)/g(x)] _ g'(^) 
h(x) — h{xi) h(x) 1 —[h{xi)/h{x)] 

Hence, 

g(a) ^ y'(^) _ 1 - [h{xi)/h{x)\ 
h(x) h'ii) 1 - [&(3:i)/^(a;)] 

Suppose lim ^'(^)//i'(^) exists and equals A, Since ^ is always between a;i 

$—>a 

and a, it follows that, by taking aji sufficiently close to a, g'(^)/h'{^) will 
remain arbitrarily close to A no matter how x varies 
Xi “J"* a between xi and a. With Xi so determined and fixed, it 
Fig 31 follows that by taking x sufficiently close to a, |f 7 (:c)| and 
|/i(a;)| can be made arbitrarily large so that the fraction 

— j" can be made arbitrarily close to 1 (see Ex. IV, 16a). Hence 

1 - [g{xi)/g{x)] 

g{x)/h{x) can be made arbitrarily close to A, that is, 

lim exists and equals lim 77 ^* 

x—*ah'w 

This result may be regarded as an extension of L'HbpitaFs rule. It is 
evident that if lim g'{x)/h'{x) “>± 00 , then lim g(x)/h(x) —+± 00 . 

X—>a X—>(i 



DIFFERENTIAL CALCULUS 


Sec. 11] 


71 


If Six) = X log X, then / is of the form 0 • w at a; = 0. If we write / as 
X 0 

to put It in the form it turns out that L’H6pitaFs rule is of no help, 
log X 00 

But if we write / as to put it in the form —. then the preceding result 
shows that 


log X l/x ^ ^ 

lim —— = hm — — = hm {-x) = 0. 

*—*0 1 /^ I —>0 — \/ x ^ I —.0 


Example 6. To evaluate lim g(_x)/h{x) when g(x)/h(,x) assumes either 

X—* 00 

the form 0/0 or the form oo / oo, let a; = 1/y, where y > 0. It follows by 
Theorem 11.2 and Example 5 that 


lim 

x—^ 00 


gjx) 

h{x) 


aO-ly) 


== lim 

H^/y) 

g'(x) 

= i™ 

a—> 00 rl {Xj 


Thus 


= lim ^ y 9'(^/y) 

y-^O-j- h'il/y) • (- 1 / 2 / 2 ) h'{l/y) 


T V 2a: 1 ^ 

lim “ = hm -a ' ^ - hm —„ = 0. 

X~^ 00 6 X~~^ 00 ’ XiX X~~^ 00 6* 


Example 7. The indeterminate form m - oo may sometimes be evalu¬ 
ated by reducing it to the form 0/0 or oo/oo. Thus, ( 2 a:/ 7 r) sec a; - tan a; 
assumes the form oo — oo at a; — x/2, and 


.. /2a: \ (2a:/7r) 

hm I — sec x — tan a: J = hm - 

E-^7r/2\7r / x-^ir/2 CO! 


Sin X 


— lim 

X—*‘Tr/2 


cos X 
(2/7r) — COS X 


-sin X 


2 

TT 


Example 8. The indeterminate forms 0°, 1“, and may sometimes Iv 
•reduced to the forms 0/0 or oo / oo by taking the logarithm of the given 
function. Thus, lim Cl -f- 3/a:)® is of the form 1*. But 

X—* 00 


lim log 

X—*' 00 



= lim X log 




X 


3 
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By Ex. IV, 26, lim ( 1 + - ) exists and equals 
Example 9. Algebraic devices are sometimes useful. Thus, 


lim 

X—* 00 


2 x — S 

X 1 


2 


3 


= lim 

X—> 00 


X 

1 

1 +- 
X 


= 2. 


EXERCISES XII 


1. Evaluate the following: 


(a) lim---• 

a ;—^ 1 

1 + sec 2 x 

(c) lim ——-- 

X — >ir/ 4 : tan 2 x 

(e) lim (1 + 

a;—>0 


(g) lim xK 

x-^0 

(i) lim X log2 X, 

(k) lim n > 0 , 

x-^O 
(m) lim 

X-^ 00 


(o) lim sin x • log x, 
x-~^0 

gp + + (i2x^ + 

^ Z-* eo 2>0 4’ blX + b 2 X^ + 

2. Find/'(0) when 


(b) lim 
e~^0 


sin a$ 

he * 


(d) lim x^/e^j n > Q. 

X —)• 00 

(f) lim (1 + 2 x)^^. 


X) 

(l \ 

i[ -CSC a: 1 . 

3 V / 


(h) lim I 

x—^0 y , 

(j) lim X log^ X, n > 0. 

x—^0 

(1) lim (7* - 5^)/x. 

2—*0 

(n) lim log a;/ctn x. 
x-^0 


(p) lim 


«—y 00 


X COS 1/x 
X 4- 1 


--» where 0, hn 9 ^ 0. 

4- hnX^ 


(a) fix) = 


sin X 


when X 0, 


1 when a; = 0. 


(b) Kx) = I 


(1 4" >vhen a; 0, 
e when x = 0. 


3. Why is it that lim (sin^ x)/co 3 ^ x cannot be evaluated by I/Hdpitars 

a;—> 00 

rule to obtain the result —1? Does this limit exist? Can L'Hopita.rs rule 
foe applied to evaluate lim x^/\sm x\j even though |sin a;| has no derivative at 

X'~A’0 

a; — 0? Find this Hmit. 

4 Give a geometric interpretation of Cauchy’s theorem and of the func¬ 
tion E used in the proof of this theorem. 

5. Show that the hypotheses in L’Hdpital's rule may be altered in the 
following way when h'ia) 9 ^ 0: if gia) = hia) = 0, and if g'ia) and h'ia) exist 
with h^ia) 7*5 0, then lim g{x)/hix) = g'ia)/h'(a), 

35—♦a 

Suggestion, Show that gix)/hix) may be written in the form 
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g{a + Arc) - g{a) 

g{x) _ g{a Ax) _ __ 

h{x) h{a + Aa;) h{a + Ax) — h{a) 

Ax 


where x — a Ax, 


and apply Theorem 3.2c. 

The only advantage of the more complicated form of L’Kopital’s rule is 
that it sometimes enables us to deal with the case where h'{a) is 0 or does not 
exist. 

6. Using the notation of Definition 3.1b give in complete detail the proof 
sketched in Example 5. (Cf. the proof of Theorem 3.2b.) 

12. Infinitesimals. If the value of a variable is approaching 
zero, then the variable is sometimes called an infinitesimal. 
Thus, if the value of x is approaching 1, then log x and ctn iirx 
are infinitesimals. If the function / is continuous at a: = Xq, 
then A/ = f{xo + Ax) — f(xo) is an infinitesimal when Ax —> 0. 

It is sometimes desirable to compare two infinitesimals. Let 
be such a function of a that lim ^{a) = 0. Then is said to be an 

a~^0 

infinitesimal of the same order as a if lim ^/a exists, is finite, and 

a-->0 

is not zero. If lim /3/a = 0, then /3 is said to be an infinitesimal 

ce -->0 

of higher order than a (the intuitive idea being that is approach¬ 
ing 0 ^^more rapidly’^ than a), and if lim a//3 = 0, then /3 is said 

to be an infinitesimal of lower order than a. If lim exists 

ce—>0 

and is not zero, then./3 is said to be an infinitesimal of the nth 
order relative to a. 


Example 1. When x —^0, x and sin x are infinitesimals of the same order, 
for by Sec. 11, lim (sin x)/x = lim (cos x)/l == 1. 

a :—->0 X —>0 

Example 2. When a; —> 0, sin a; — a; is of higher order than x, for 
lim (sin a: — x)/x = lim (cos a; — 1)/1 =0. In fact, sin a; — a; is of the third 
x —^0 x -~*0 

order relative to x, for 


sin a: -* a; 
lim 
a:->0 


lim 
a;—+0 


cos a: — 1 
3x^ 


—sin X —cos X 

hm — - - = hm ■ 

X —►O X —^■O o 


6 


If two infinitesimals a and /3 are of the same order with 
lim a/jS = 1, then evidently one may be used to approximate 

a —*0 

the other. It is for this reason that infinitesimals have been 
used to so great an extent in the applications of calculus to 
problems in geometry and physics. Thus, the student may 
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have frequently replaced sin xhy x for purposes of approximation 
(when X is small and measured in radians), such as in studying 
the motion of a pendulum when the oscillations are small. 

EXERCISES XIII 

1. Let PQ be an arc of a circle and let a be the central angle (measured 

in radians) subtended by PQ. _ 

(a) Show that a and the length of the chord PQ are infinitesimals of the 
same order when o: —> 0. 

(b) Show that the difference between the arc length and chord length from 
P to Q is of the third order relative to a when a —> 0. 

(c) If the tangent line is drawn to the circle at P and if a line ia drawn 
from Q perpendicular to this tangent and meeting it at T, tlum QT is an 
infinitesimal of higher order than the arc PQ when a —> 0, and the leiigf.h of 
the tangent PP is an infinitesimal of the same order. 

(d) Let M be the intersection of the tangents to the circle at P and Q, 

and let the line joining M and the center of the circle meet the chord PQ 
at S and the arc PQ at R. Find the order of MR — RS relative to a when 
q: 0. 

2. In the triangle ABC, suppose that the angle i? at A is an infinitesimal, 
and suppose that the sides AB and AC differ by an infinitesimal of the 
same order as 6 . 

(a) If the area of the triangle is approximated by the formula i>(AP)2 . e, 
what is the order of the error relative to 

(b) If the area of the triangle is approximated by the formula 
i{AB)(AC) • $, what is the order of the error relative to 

3. Find the order of infinitesimal neglected when the volume of a s}.)herical 
shell is approximated by the formula dTrr^/i, where h is the infinitesimal thick¬ 
ness of the shell and 

(a) r is the inner radius. (b) r is the outer radius. 

(c) r is the mean radius. 

4. Let a and /S be two infinitesimals with (3 a function of a. Also, let 
a' and be two infinitesimals w^hich differ respectively from a and (3 by 
infinitesimals of higher order than on and jS, respectively. Show that if 
either lim ^/a or lim /?'/“' exists, then both limits exist and are equal. Show 

o£—^0 a'—^O 

that if either ^/a or increases without bound as « —> 0 and a' 0, 
then the other does also. Generalize this result. 

13. Taylor's Theorem. It is evident that if 
F, ^x) = Ao + - a) + ^(z - aY 
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where Ao, Ai, . , . , An, and a are real numbers, then 

Pnix) = Ai + Aiix - a) + • ■ • + 

P':{x) = A, + • • • + - a)'-^ (2) 


= A„. 

By (1) and (2) we have the very useful result that 

P„(a) = Ao, Pn{a) = Ai, P;'(a) = A 2 , 

P7(a)=A3, P<;>(a) = A.. (3) 

Let / be a function of x having n derivatives at a: = a (such as 
cos x), and in (1) let us take Ao = /(a), Ai = /'(a), A 2 = f'{a), 

• • • , A„ = /('‘>(a). Then 

Pn{x) = f{a) +'^y(.'c - a) +'^(^ - 

+ • • • +^^{x-aY, ( 4 ) 

and by (3), 

Pn{a) ^f{a), P'n{a) ^ f{a), 

P::{a)==na), =/^”>(a). (5) 

Thus, at rc = a, the values of Pn and its first n derivatives are 
respectively equal to the values of / and its first n derivatives. 
(Cf. Examples 1 and 2 below.) We raise the following funda¬ 
mental question: How close does the polynomial Pn in (4) 
approximate the function / in the neighborhood of x = a, that is, 
how close are the graphs of Pn and / near x = a? One might 
expect the approximation to be good, since, by , (5), the two 
graphs have the same ordinate and slope at x = a, the slopes 
are changing at the same rate at x = a, etc. 

To determine the accuracy of Pn as an approximation of /, we 
shall derive a formula for the difference /(x) — Pn{x), Suppose 
/ has n + 1 derivatives defined over the interval a g x g 6. 
Then, since a polynomial has arbitrarily many derivatives, the 
auxiliary function 


= /W — Pn(x) - X(x — 


(6) 
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has n + 1 derivatives defined over the interval a ^ x ^ b, where 
in (6) we choose X as that constant such that <p(b) = 0, that is, 
such that 

<p(h) = m - Pr.{b) - Hb - = 0. (7) 

By Theorem 5.1, <p and its first n derivatives are continuous. 
Moreover, by (5), 

<p(a) = 0, <p'(a) = 0, <p"(a) = 0, • • ■ , 

^(n)((j) = 0, and <p{b) — 0. (8) 

We shall now apply Rolle’s theorem to the function tp and its 
successive derivatives. Since <p(a) = <p{b) = 0, there e-rists a 
value Cl of a:, 0 < Cl < b, such that <p'(ci) = 0. Since 

= <p'(ci) = 0 , 


there exists a value Ci oi x, a < cz < ci, such that <p"(c 2 ) = 0. 
Repetition of this argument shows that (p'''(x), • • • , 
and vanish at values Cs, • • • , Cn, and ? of such that 

a < ^ < Cn <•• ■ < Cz < C 2 < Cl < b. Upon differentiating 
(6), we find that 

^(-+«(x) = /("+«(a:) - 0 - (n + 1)!. X. (9) 

But = 0 for some value | of a: between a and b, so that 

jf(n+i)(Q _ + 1);. X = 0, a < I < 6. (10) 

If we solve (10) for X and substitute in (7), we find that 


fib) - P„(6) - - «)’•+' = 0. (11) 

If we evaluate P„(6) by (4), we obtain the result that 


M) 


'/(«)+^(6-a)+^(6-a)2 


+ 




nl 


(n + 1)!' 


«)"+!, ( 12 ) 


where a < ^ < b. Formula (12) is known as Taylor’s formula or 
theorem. It is readily shown that (12) holds when b < a, ^ being 
such that b < ^ < a. 



Sec. 13] DIFFERENTIAL CALCULUS 77 

It is convenient to denote the last term of (12) by Rn, that is, 


The expression Rn is called the remainder and represents the 
error made when Pn(b) is used to approximate /(6), // we can 

show that lim Rn = 0, then, and only then, do we know that Pn(b) 

n—+ 00 

can be made to approximate f{b) arbitrarily closely by taking n 
sufficiently large. In this connection, it is a matter of practical 
importance to know how large we must take n in order that Rn 
may be numerically less than a given ^'allowable errore. Sup¬ 
pose there exists a number M such that ^ for all 

values of ^ between a and b. [While it is usually impossible to 
determine ? in (12), it is often a simple matter to determine such 
a number M.] Then Rn is numerically less than 


^ 16 — a 

(w + l)r ^ 

M 

If we can choose n so that < e, then Pn(b) 

approximates f(b) to within an amount less than e. 

Taylor’s theorem may be written in many ways; for example, 
if in (12) we replace b by x, we have 

fix) = fia) +^-^ix - a) +^-^ix - a) 

+ +f^ix-a)’^ + Rr., (14) 

where 

Rn = ~ 0 ^)"+*, ^ between a and x. (15) 

If in (12) we replace 6 by a + a; and $ by a + 9x, where 
0 < 9 < 1, we find that 

fia + x)= fia) + 

+ • • • + + Hr., (16) 
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where 


Rn = 


_^(n+l)(a + to) 


(n + 1)! 


;”+i, 0 < 0 < 1. 

(Lagrange’s form of remainder) (17) 
If a = 0 in (16), we have Maclaurin’s formula or theorem: 


/'(O). , /'(O) 


where 


2 ! 


+ 


""“(n + l)! ’ 




0 < e < 1. 


(18) 


(19) 


Example 1. Expand by Maclaurin's theorem. 

Solution. It is seen that 

jix) = = 2e^-;f"{x) - 2%^- • - • , 

m - (0) = 2;/"(0) - 2^; • • • ;/^-)(0) = 2- 

fU+l)(^0x) = 2”+le2(0a:)^ 


By (18) we have 

2 22 

^2® = 1 + “(c + “a;2 + 


2n 


0 < ^ < 1. (20) 


(2^)?i-i 

Let X be assigned a value h. Then Rn = , , Since 0 < 0 < I, 

(n -f 1)! 

it follows that < M, where M = ii h > 0 and M = 1 if h < 0. 

(2&)^+i 

Thus, for a given value of n, -— tttM uj)per bound of the luinuu-ical 

(tz. + 1)1 

value of Rn. For example, if 6 = 0.05 and n = 4, we know that the 


remainder is not larger than 


0.00001 

-e 

120 


If we replace i)y a larger 


quantity whose decimal value we know, such as a/c = 1.64, we know that 
the remainder is not larger than (0.00001/120) (1.64) < 0.0000002. Hence, 
by (20) with x = 0.05 and n = 4, 

e0.i = 1 4- 2(0.05) + 2(0.05)2 + f (0.05)3 + f (0.05)^ = 1.1051708 

to within 0.0000002. 

To show that |i2ni can be made arbitrarily small by taking n sufficiently 
large, let us consider the factor (26)"+V(n + 1)! in Rn. Let 7 h be such a 
positive integer^that \2b/no\ < |. When n > ?zo, all factors in the product 
(26)--^! 


(n + 1)! 


(f Xf) ■ © ■ • (?X.-fi) - 


the Tiotli are 
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numerically <|. Hence |(26)™'‘'V(^ + 1)-1 < \Tb/l\ • • • \2h/no\{i)^+^-^^a 

wKen n > Uq. But lim (-J)«+i-«o == 0. Therefore lim 0. 

(n + 1)! 

Because the factor never exceeds M, it follows by Ex. IV, 15, that, for 
any given value of 6, n can be taken suffici¬ 
ently large that I22n| becomes arbitrarily 
small. However, the larger is b the larger I ^Ifj ^ 

must we take n to make |A2n| less than a \ // 

given number e. In other words, it is im- \ 

possible to find any one value of n suffi- ^ \ p. 

ciently large that |i2„| < e simultaneously for ^ ^ 

all values of 5. This kind of a situation will * 

be discussed in detail when we take up the 
concept of uniform convergence, ^ 

In Fig. 32 are shown the graphs of 
}{x) == and of the polynomials Po, Pi, P 2 , and P 3 . The manner in which 
Fn approximates / more and more closely as ti m is clearly indicated. 
Example 2. Expand sin x about a = t/ 6 rad. by Taylor’s theorem. 
Solution, It follows by Ex. V, 7, that 


f{x) == sin x^ 


f’{x) = cos a: = sin I rc + 


i’'{x) “ — sin a; = sin {x + tt). 


r{x) = 


sin 1 a: + ■ 


/(Ti)(a;) ~ sin [ a; -f 


y(n+i)(2.) = sin ( a; + 


By (14) we have 


—= sin 


1 Vi/ 

i+—U 


+ + ■ ■ 


(-i)” 


+ ij», (21) 
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where 


Rn ~ 


( n + 1 \ 
sm + —xj 


('■ 5 ) 


> ^ between - and x. 


(n -h 1)! 

Since the sine function cannot be numerically greater than 1, 


\Rn\ ^ 


TTi 


X — - 


6 



(n + D! 


As in the preceding example, |i?n| can be made arbitrarily small, for a given 
value of X, by taking n sufficiently large. 

Formula (21) may be used to approximate the values of sin x to any (l(^gree 
of accuracy. Thus, sin 31° may be computed to as many decimals as d(‘sired 
by setting x = 31(7r/180) radians in (21): 


sin 31° 


= sin 


180 


1 , ^ 

2 2 180 


where 



li^nl ^ 


(7r/180)^+^ 
(n -f 1)! ‘ 


-h Rn, 


If we take n = 4:, Rn ^ 0.000,000,000,01, and sin 31° = 0.515,038,0749 
correct to ten decimals. 



In Fig. 33 are shown the graphs of 
f{x) = sin X and of the polynomials 
Po, Pi, P2, and P3. 

The next example illustrates tlu' case 
where Rn does not approach z(‘ro as 

^ 00 . 

Example 3. Expand the function / 
about a; = 0 when 


Fig. 33. 



when j' 0, 
when j: 0. 


Solution, It is evident that / is continuous at x = 0 (see Sec. 3, Examples 
4). Moreover,/'(a;) = (2/.T3)e-i''®“ when x 0, and 


/'(O) = Km - M = liuj (^JLg-x/(A,)» 

Aa;->0 Aa; Aa;->0\A£i: 

By Ex. XII, Ik, this last limit exists and is 0. Moreover, by Ex. XII, Ik, 
LLm/(a;) = 0, Hence/' is defined and continuous at all values of .r. 

«c-^0 
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We shall prove by induction that 


/Cn)(^) 




0 


when X 9 ^ 0 , 
when a: = 0, 


( 22 ) 


where Qn is a polynomial of degree less than 3n (see Ex. V, 7). 

We have already shown that (22) holds when n = 1 . Let W be a value of 
n for which (22) holds. We shall show that (22) holds when w = AT + 1. 
If in (22) we set n = iV and differentiate, we find that 


/(V+l)(^) = 


^3(V+1) » 


Z 9^ 0, 


where Qn+i{^) = (2 — 3N'z^)Q,v(z) -h x^Q'j^(x). Since Qw+i is a polynomial 
of degree less than 3(iV + 1), (22) holds for the case = N + 1 when a: 9 ^ 0. 
But by Ex. XII, Ik, 


fCN+l)(fl) 


= lim 

Aa:->0 Ax 


CAr(Ax) 


= lim 

Aa:-.0(AX)3^VH-1 


.g-l/(Axj2 


= 0 , 


so that (22) holds when n = iV + 1 and x = 0. Thus (22) is established 
for all positive integer values of w. 

If we expand / by Maclaurin’s theorem about x = 0, we find that 


f(x) = 0 + 0 • X + 0 • x^ + • • + 0 • X” + En. 


Thus, "for every value of n and x, the 
remainder is equal to the value of the 
original function / itself, and P«, for all n, 
is identically zero (see Fig. 34). 

Our next example shows how the re¬ 
mainder may behave in different ways for 
different values of x. 



Example 4. Expand \/x about a = 1 by Taylor’s theorem. 
Solution. It is seen that 


X 


fix) = xy^, 
fix) = ix-y^, 
fix) = ii-h)x-y\ 


/(i) = 1, 

/'(1) = i 

/"(i) = K-l), 


/“"'w -i(-0(-|) ■ ■ ■ 


1/ l\ / 2n - 3\ 

=- 2 ( 4 ) • • • 

/ 2« - A 
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By (14) we have 


r- 1 11 X 1 ‘ ^ 1/ 

= 1 + -(a; _ 1) _ - . -(a: - 1)2 + — • -(s - 1) 


1- 3•5 1 

2- 4-6 '8 


(® - 1)^ 


1.3 • 5 • • • (2n - 3) 1 , 


R. = (-1)"+ 


.1 • 3 ■ 6 (2n - 1) 1 

2 • 4 ■ (2n) 2 ji + 2'’ 


{x - 1)»+S 

^ between 1 and a; 


In (23) let ns set a; ~ b and let us determine the behavior of Rn as n —^ oo. 
Let us write Rn in the form 

1 - 3 - 5 (2n - 1) 1 /-A - A” 

2.4.6 .. (2.) 2.Ti^\-l-j 

1 • 3 • 5 • (2n - 1) 1 ^ . 

Since lim s « . ^ Oj I’t is a question of determin- 

n-^oo 2 • 4 • 6 • i2n) 2n 2 

—-—J • Since ^ is between 1 and h, 

\/^ is between 1 and '\/h. If 1 < 6 < 2, then 0 < 6 — 1 <1, and since 

1 < 0 <-< 6 ~ 1 < 1. Hence lim ( —-— ) = 0, so that 

lim Rn - 0. Again, if §<6^1, then 0 ^ 1 — 6 < J < ^, so that 


0 ^ 1^ < 1. Here also lim Rn = 0. Hence lim Rn == 0 when 

^ 2 n—> 00 n—> oo 

1 & 1 
- <b <2. But if 6 > 2, then ^ may be so close to 1 that —;;— > 1 
'2 '* 


diix.(^y 

n—)■ 00 \ I / 


+ 00. In this case the behavior of Rn as n —> co can 


be determined only by further investigation. Again, if 0 ^ h < ], then 

1 ,7 7 .. 1 7 I& - 1| 

- < jo — 1|, and if I < -, then --— > 1 and the behavior of Rn is 

2 2 ^ 

indeterminate as in the preceding case. However, it can bo sliown, for 
example, that lim ^^^(O) = 0, and since V'o == 0, it follows that lim Rn = 0 

n—^ 00 go 

when & = 0. On the other hand, it can be shown that lim /\(6) does not 

n—>■ 00 

exist when 6 > 2, and since exists, it follow^s that lim Rn docs not exist 


when 6 > 2. 
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In Fig. 35 are shown the graphs of 's/x and Po, Pi, P2, P3, and P4. It 
would seem from the figure that the polynomials Pn approximate 'v /x more 
and more closely as n — > <=0 for values of x in the interval 0 ^ a; ^ 2, but 
not for other values of x. This surmise can in fact be shown to be true. 


EXERCISES XIV 

1. Expand each of the following functions about the values of x indicated, 
and in each case include the remainder Pn- 


(a) €"3^, u = 0. (b) cos x, a = tt/S. 

(c) sin 2x, 0=0. (d) 0 = 1. 

(e) loge (1 +x), a = 0. (f) logio (1 + s), o = 0. 

(g) logs (1 + x)/(l - x), a = 0. (Write log. (1 + x)/il - x) as 

logc (1 + a:) — logo (1 — a;) and use part (e).) 

(h) 6®, h > 0, about u == 0. (i) tan x, a - 0. 

(j) tan X, a = 7r/4. 

(k) sin (1 — x^), a = 1. (Expand sin u about 2^—0, and substitute 

= 1 — a;Mn the result.) 

(l) e“*“, a = 0. (m) log sin x, a = x/2. 


(n) 's /1 — a = 0. 
(p) Sin“^ X, a - 0. 

(r) Co + Cia; + c^x^ + • 

(s) sinh a;, a = 0. 

(u) tanh Xj a = 0. 


(o) Tan-i x,a=0. (See Ex. V, 9.) 
(q) (1 d- x)^, a == 0. 

• + CnX'^ about X — a. 

(t) cosh X, a — 0. 

(v) sinh”^ a;, a = 0. 


See Chap. II, Sec. 5 for the definitions of the functions in parts s, t, u, and v. 

2. (a) How many terms are needed 
to compute e to six decimals if the 
Maclaurin development for e® is used? 

(b) How many terms are needed to 
compute logc 1.5 to five decimals if the 
Maclaurin development for logc (1 + x) 
is used? 

, 3. (a) Compute sin 30' correct to six 
decimals. 

(b) Compute cos 62° correct to six 
decimals. 

(c) Compute Sin""^ 0.1 correct to the 
nearest second. 

(d) Compute Tan“^ 1 and Tari""^ 

From the relation 



= Tan-i 1 4 Tan"! 


1 


Tan-^ 


Fig. 35. 
1 

239 


compute 7r/4 to seven decimal places. How many terms would be needed 
to find Tan"^ 1 to this accuracy by direct computation? 

4. (a) In the result of Ex. Ig, show that the remainder Rn^i is less than 
2x'^ 

—-where in this formula 0 ^ a; < 1. 

n(l - x)^ 
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(b) With the aid of the preceding result, compute loge 2 correct to five 
decimals. (Use a; = -J in Ex. Ig.) 

(c) How many terms would be needed to find loge 2 to this accuracy by 
Ex. le? 

(d) Compute loge | correct to six decimals by Ex. Ig. 

5. (a) From the Maclaurin expansion for (1 + xy, where p is any real 
number, show that 


\Rn\ < 


p(p - 1) ■ ■ • (p - n) 
(n + 1)! 


when a: > 0 and n + 1 > p, 


and 


p(p - 1) ■ • • 

(p — n) 

in + 1)! 

(1 + 


when —1 < a; < 0 

and n + 1 > p. 


(b) Compute 'x/102 correct to five decimals. 

(c) Compute ^251 correct to five decimals. 

6 . (a) Find the Maclaurin development of the function / when 



sin X + 
0 


when 

when 


X 9^ 0, 
X = 0. 


(b) Find lim Rn and discuss the behavior of as n —> oo. 

n--4 00 

7. By considering the auxiliary function 


<p{x) = Fix) 




m, 


where 


F{x) = —/(6) -\-fix) 4-*^^(5 ~ x) — a;)2 -1- . . . 


_j-j-(5 __ 

nl 


where n is a positive integer, and where p is an arbitrary positive number, 
show that 


/(b) - /(a) +■^^(5 — a) +--- ^ \ h — a)^ -{- • • • 
where 

■” a <h. (Schlomilch's form.) 
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8. From Ex. 7, obtain Lagrange’s form of the remainder 


/■(»+!) ft) 


Cauchy^s form 


/(»+!)/ 

Rn = - «)(^ - a<^<b, 


and the following modified forms: 

fn+i)r^ 1 Q}^\ 

0 < « < 

/(»+i)(a + tfA), 

E» =-;-^A»+i(l - «)”, 0 < e < 1. 

n\ 


9. Write the remainder in four different forms in the case where sin x 
is expanded about a = 0. 

10. Show that 


(1 + a;)* = 1 + Y^x + — + • 


+ 


k(k - 1) 


(k — n 4" 1) 


nl 


X’^ + Rn. 


where 


k{k — 1) {k — n) (1 — 0)«-i»+i 

p(n!) (1 H- 0 < 0 < 1, 

for all values of x when n <k - I, and for all x such that -I < x when 
n > k — 1. 


PART B. PARTIAL DIFFERENTIATION 

14. Functions of Several Variables. We now take up the 
problem of extending to functions of several variables the con¬ 
cepts and theorems developed in the preceding sections. 

Let X and y be two real variables. We shall speak of a pair 
of values of x and 2 / as a 'point. We shall denote a point x = a, 
2 / = 6 by the symbol (a, b), where in this symbol it is understood 
that the first value a relates to x and the second value h relates 
to y. If values of x and y are represented by rectangular coordi¬ 
nates in a plane, then a point, as we have defined the word, is' 
represented in the usual way by a geometric "'point.'" We shall 
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use the word point interchangeably in both the geometric sense 
and in the sense just now defined. By the a^^Z-plane we shall 
mean the set of all points {Xj y), w^here x and y are assumed 
independent.' 

Let us recall from Sec. 2 that a real variable is a symbol having 
real numbers for values. Thus, the formula x- — Sxy is a real 
variable in that it is a symbol having real values when x and y 
have real values, that is, — 3xy has a defi nite re al value at 
each point (x, y). However, the variable y is defined 

at only those points (x, y) such that x + y ^ 0] the variable 
loge [1 — + y^)] is defined at only those points (a:, y) such 

that 1 — > 0, that is, at only those points inside the 

circle x- + ?/- = 1; and the variable y^ is defined only if either 
?/ > 0 and X is arbitrary, or ?/ = 0 and x 0, or ^ < 0 and x is 
rational with an odd denominator. With these examples in 
mind, we may define a function of x and y. 

Definition 14.1. Let x and y be two real variables. If a 
variable has exactly one real value at each 'point (x, y) in some set 
D of points (x, y), then this variable is called a real single-valued 
function of x and y defined over D. 

If X and y are independent variables, so that x and y may be 
assigned all possible pairs of values, and if D is the set of all 
points (x, y) at which a function of x and y is defined, then D 
is called the domain of definition of this function. 

Thus, for example, the domain of definition, D, of the function 
loge [1 — (x^ + y^)] is the interior of the circle x'-^ + y- = 1. 

In Definition 14.1, x and y need not be independent, but they 
may themselves be functions of other variables. 

If f denotes a function of x and y, then /(x, y) denotes, and is 
read, the value of f at the point (x, y). 


As an example of a function of two variables, let us consider the tem¬ 
perature at a certain instant of the ''plate” in a three-electrode vacuum 



tube. Suppose the plate is a rectangle ABCD, 2 cm. long, 
1 cm. wide, and of neghgible thickness. Let x and y be 
the rectangular coordinates of a point P in the plate, 
where the origin is at A and where x is measured parallel 
to the length AB of the plate. It follows that T is a 
function of x and y in that T has a definite value at 


each point (x, y) in the plate. We denote the value of T at the point (a, h) 
by T{a, h), and we read this symbol “the value of T at (a, h)P If the 
temperature of the plate (in degrees centigrade) at the center M is 100, 



Sec. 14] 


DIFFERENTIAL CALCULUS 


87 


along the edges is 0, and drops off linearly from the center to each point 
on each edge, then T{1, J) = 100, T{\i J) =» -I) = r(l, f) = 50, and 

f (0, i) = T{2, 1) = 0. This last equation, for example, should be read 
‘Hhe value of T at (2, 1) is 0.’’ The symbol T{x, y) denotes, and is read, 
‘Hhe value of T at an arbitrary point {x, y)” It is evident that 

200 ?/ when (x, y) is in triangle ABM, 
rp, N lOOo; when {x, y) is in triangle ADM, 

^ 100(2 — x) when {x, y) is in triangle BCM, 

. 200(1 — y) when {x, y) is in triangle CDM, 

where we read this relation “the value of T at an arbitrary point {x, y) is 

200 ?/ when {x, y) is in the triangle ABM'' etc. The fact that T is repre¬ 
sented by several formulas in no way contradicts the fact that T is one 
definite function of x and y defined over the entire rectangle ABCD-, it is 
possible to represent T by a single, but rather complicated, formula. 



If / denotes a function of x and y, and if f(xQ, yo) denotes the 
value of / at (xo, yo), where {xo, yo) is a point at which / is defined, 
then the triple of numbers [o^o, yo, /{xq, yo)] may be regarded as 
the rectangular coordinates of a point in space. If {xo, yo) ranges 
over all points at which / is defined, then the set of all points 
[% Vo) f{xo, 2/o)] is called the graph of /. Thus the number 
/(^o, yo) is represented by the length of the line segment erected 
perpendicular to the a;?/~plane at (xo, yo) and extending up to the 
graph of /. 
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If / is a function of x and y, then /(xo + Ax, yo) — f{xo, yo) 
represents the change in the value of / in going from the point 
(a:o, ya) to ,the point (xo + Ax, yo). Furthermore, 

J{xq + Ax, yo) - fjxo, yo) 

Ax 

represents the mean* change in/per unit change in x, or the mean 
rate of change of / with respect to x, in going along the line from 
the point (xq, yo ) to the point (xq + Ax, yo ). It ia evident that 
/(xo -f A-, yo) — /(xo, yo) is represented by the line segment BJB' 

in Fig. 37 and that Several 

other quantities of this sort are discussed in Ex. 4 below. The 
significance of these quantities should be thoroughly understood, 
for the various derivatives of / are defined by means of them. 


EXERCISES XV 

1 . Define a real single-valued function of three real variables x, y, and z; 
of n real variables Xi, Xi, , Xn. Give examples of functions of three 
and four variables, stating their domains of definition. Include examples 
of functions representing physical quantities, such as temperature, pressure, 
density, stress, and potential. 

2 . If Kx, y) ^x^ - xy^ZyS find /(I, 0), /(O, -2), /(-I, 1), and 

/(-3, -1). 

3. \i}{x, y, z) - + y- + and F(x, y, z) = xy + yz + zx, show that 

f(x, y, z) + 2F{x, y, z) = [/(V^, "s/v, Vz)]'- 

4. State fully and precisely the meaning of the following quantities and 
show their representation on the graph of /, where / is a function of x and y: 

f(xo, yo + Ay) -f{xo, yo); f{xo + Ax, yo + Ay) - f{xo, yo); 

fjxo, yo + Ay) - Jjxp, yp) ^ f{zo-}-^x, yo + Ay) - f(xo, yo)^ 

"V/ {Ax)^ -f (A2/)2 


[note that {Ax)’^ + {Ay)"^ is the distance between the points (xo, yo) and 
f{xo + Ax, yo + Ay) - /(xo, yo) 

Ax 


(xo -h A:r, yo -f Ay)]; 


5. State the physical meaning of each of the quantities at the end of 
Sec. 14 and in Ex. 4 when/(x, y) represents: 

(a) the elevation at (x, y) on a topographical map, where x, y, and eleva¬ 
tion are measured in feet. 

(b) the temperature at {x, y) over a portion of the xy-plane, where x and 
y are measured in inches and temperature in degrees centigrade. 


* See the end of Sec. 2 for the significance of the word mean. 
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(c) If pj V, and T denote the unit pressure, volume, and temperature of a 
certain quantity of gas (pounds, inches, and degrees centigrade being the 
units) and if p is a function of v and T, so that pivo, Tq) denotes the unit 
pressure when v ~ Vo and T = To, state the physical meaning of the various 
quantities analogous to those discussed in parts (a) and (b), 

(d) If R is the resistance in ohms of an electric arc, if I is the current in 
amperes through this arc, if g is the number of milligrams of metallic vapor 
in this arc, and if 12 is a function of I and g, so that R{I, g) denotes the 
resistance when the current is I and the amount of vapor present is g, state 
the physical meaning of the various quantities analogous to those discussed 
in parts (a) and (b). 

* For example, in part (b), denotes the mean 

Ax 

change in temperature per inch along the line from (xo, yo) to (xo + Ax, yo), 
that is, the mean rate of change of temperature with respect to x along this 

line segment. Again, ~77fr denotes the mean change 

Ai 

of unit pressure per degree change in temperature, or the mean rate of 
change of unit pressure with respect to temperature, in going from the state 
(Do, To) (i.e., the state in which v = Vo and T = To) to the state (do, To + AT) 
with the volume remaining at Dq. (Why is this last phrase necessary?) 

6 . Let T{x, y, z) represent the temperature at (x, y, z) at a certain 
instant in a block of ice. State the physical meaning of each of the following 
quantities: T(xo, 2/o, ^o); T(xo + Ax, yo, 2^0) ~ T(xo, yo, zo); 

T{xq 4- Ax, yo, zq) - T(xo, yo, zp) T{xo, yo, Zp + Ag) - T(xo, yo, gp) 

Ax 

T(xo, yo -f Ay, zp + Ag) — T(xq, yo, Zp) 
V (A2/)» + (A«)’- 

7. Find the values of the quantities at the end of Sec. 14 and in Ex, 4 

when (a)/(x, y) = x® - 3xy; (b)/(x, y) = (c)/(x, y) = VSx - y^. 

X - 2y 

8 . A common method for representing geometrically a function / of x 
and y is to show its contour lines in the 
xy-plane. This is done by plotting the 
curves 

/(x, y) = constant 

and attaching to each curve the corre¬ 
sponding value of the constant. For 
example, if /(x, y) = x^ -{- y, the contour 
lines are the curves x^ + y = c. In Fig. 

38 these contours are shown for c — 2, Fig. 38. 

1,0, —1, and —2, The surface z == /(x, y) 

may be visualized by imagining the contour lines placed at the proper 
levels. 
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Draw a contour map for each of the following functions: 

(a) /(ic, y) = iKx + 2 /); (b) J{x, y) ^ y^; 

(c) fix, y) - ix^ + 2 /") /2a;; (d) fix, y) = 2xy/ix^ ~ y^); 

(e) fix, y) = ylix‘^ + 1); (f) fix, y) = x’^ - 2y\ 

Give several examples of the use of such representations of functions in 
engineering and scientific work. 

9 . The function cp is such that 

! l/x when a; < 0 and ^ 1, 

x^ + 3y when a; ^ 0, y 0, and x A-y < I, 
0 when 0 < a; ^ 1 and — 1 ^ t/] < 0. 

Evaluate: 9 ^( 0 , 0); <pi—l, 0); <pi0, 1); <p(i, i); <pii, —J); ^(0, —J). Draw 
a figure indicating the domain of definition of <p. 

10. Define a multiple-valued function of x and y. If 2 = tan“* iy/x), is 
z a multiple-valued function of x and 2 /? Describe the graph of z. Does the 
equation x^ + y^ + — 1 define 2 as a multiple-valued function of x and 

For what values of x and 2 / is 2 single-valued? 

11 , Let p and 6 be the polar coordinates (taken in the usual manner) 
of the point (x, y). Describe the surfaces (a) z = sin 26; (b) 2 = tan 2d. 
Compare this latter surface with the surface of Ex. 8d. 

16 . Continuous Functions. Let d and y be arbitrary positive 
numbers. By a neighborhood of a point (xo, 2 / 0 ) we shall mean 
either the set of all points (x, y) such that 

{x - xaY + {y - voY < s, 

i.e., the interior of a circle with center (a^o, yo) and radius S, or else 
the set of all points (x, y) such that Xo — 5<a;<a:o + 5 and 
2/0 — I? < 2/ < 2/0 + '>?, i.e., the interior of a rectangle with 
center {xa, yo) and edges of lengths 25 and 2ri. It is evident that, 
if V is a circular neighborhood of the point (xo, yo), there exists 
a rectangular neighborhood N' of {xo, yo) within N, and if N 
is a rectangular neighborhood of (xo, yo), there exists a circular 
neighborhood N'. of (xo, yo) within N. Thus it is immaterial 
whether circular or rectangular neighborhoods are considered. 
It is readily possible to introduce other kinds of neighborhoods, 
such as triangular or elliptical, without in any way altering 
the ideas and theorems to be developed below. The only detail 
of consequence is that, if V is any kind of a neighborhood of 
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(a^o, 2/o), N must contain (xo, 2 / 0 ) in its interior, and not on its 
boundary. 

Definition 15.1. If f is a real single-valued function of x 
and 2/, if A is a real number, and if^ for each 'positive number €, 
however small, there exists a neighborhood N of the poiiit (a, h) such 
that \f(x, 2/) — A\ < efor all points (x, y) in N other than {a, b), 
then A is denoted by either lim/(a;, y) or lim/(a:, y), and A is referred 

x—*a x — a 

y—^b y = b 

to as the limit of f at (a, h). 

Definition 15.2. Iff is a real single-valued function of x and 
y, and if at the point (a, b), (1) /(a, b) exists, (2) lim/(a;, y) exists, 

x~-*a 

y—^b 

and (3) lim f{x, y) = f(a, b), then f is said to be continuous at 

-*a 

y—^b 

(a, b). 

Definition 15.3. If f is a real single-valued function of x 
and y, and if f{x, 2/0)5 which is a function of x alone, is continuous 
at X = Xo, then f is said to he continuous in x at (xq, yf). Con¬ 
tinuity in y is similarly defined. 


EXERCISES XVI 


1 , Interpret Definitions 15.1, 15.2, and 15.3 geometrically with the aid 
of the graph of /. 

2. Show that lim f{x, y) = A when and only when the value of / at {x, y) 

x—^a 


y—*-b 

becomes and remains arbitrarily close to .d as a; —» a and ?/ —> 6 in any manner 
whatever, that is, as the point (a;, y) approaches the point (a, b) along any 
path whatever so long as the point {x, y) remains distinct from (a, h). 

3. Extend the theorems, examples, and exercises in and following Secs. 3 
and 4 to functions of x and y. 

4. Extend Definitions 15.1 and 15.2 to a function of 3 variables; to a 
function of n variables. Discuss the concept neighborhood in connection 
with these definitions. Extend the results of the preceding exercises to 
functions of n variables. 

_ j ( 1 /^) sin 20 when r 5 ^ 0 , 

(0 when r == 0 . 

Show that /, when represented as a function of x and y, is continuous in x at 
(0, 0) and also in y at ( 0 , 0), but that/ is not continuous at (0, 0). Sketch 
the graph of /. 


5. Let/(r, B) 


*The subjects called point set theory and topology deal with questions 
such as the following: What are all the geometric figures that may be used as 
neighborhoods of a point (a;o, 2 / 0 ) ? What is meant by the interior of such a 
figure when its boundary is not a simple closed curve? 
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16. Partial Derivatives. Let / denote a function of x and 
and let the point {x, y) move along some path in the xy-pleme. 
As (x, y) moves, the value of/at (x, y) varies, i.e., /(x, y) changes. 
It is our object to find the value at the point (xo, yo) of the rate* 
of change of the value of / at (x, y) as the point (x, y) moves 
along some path in the x?/-plane. To illustrate the meaning 
of this concept, let (xo, yo) be a certain point and let Ci, C2, C3, 
and C4 be different curves in the xy-plane through (xo, yo). 
If f(x, y) represents the temperature at (x, y) at a certain instant, 
and if the temperature is high near P in the 
figure and low along the 2/-axis, then/(x, y) 
increases rapidly as the point (x, y) moves 
along Cl in the direction indicated, /(x, y) 
increases slowly along C2 in the direction 
indicated, /(x, y) is constant along some 
curve C3, and/(x, y) decreases rapidly along 
Ci in the direction shown. Thus, at the 
point (xo, yo) the value of /changes at differ¬ 
ent rates along different curves through this point. It is conse¬ 
quently meaningless to speak merely of ‘Hhe rate of change of/ 
at (xo, yo)” It is always necessary to know the path C of the 
point (x, y) and to say ^Hhe value at (xo, 2/0) of the rate of change 
of/(x, y) as the point (x, y) moves along C.’’ 

In developing a method for determining the rate of change of a 
given function / along a given curve C we shall consider three 
cases: 

Case 1. The curve C is the straight line y == 2/0. 

Case 2. The curve C is the straight line x = Xq. 

Case 3. The curve C is any curve other than a straight line 
parallel to one of the axes. 

Casi 1. Let (xo, yo) be a fixed point on the line y = yo. The 
change in the value of / over a short interval along the line y = yo 
from (xo, yo) to (xo + Ax, yo) is then/(xo + Ax, yo) — /(xo, yo) and 
the mean rate of change of / with respect to x over this interval 

+ AsAx-.0,thepomtfe + Ax,!,.) 

moves along the line y = yo to the point (xo, yo), and 

* This rate may be with, respect to any of various variables. In this 
paragraph it is tacitly assumed that the rate is measured with respect to 
the distance the point (x, y) moves along its path. 



Fig. 39. 
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lim /(a^Q + Aa:, yo) - fjxg, yo) 

Ax—>'0 

represents the value at (xo, y^) of the instantaneous rate of change 
of f(x, y) with respect to x along the line y = y^. 

Definition 16.1. Let f he a real single-valued function of x 
and y. The partial derivative of f with respect to x is that function 
f^ of X and y such that 

Ux,. V.) = lim /fa+ A^.i<.) -/(»..») ( 1 , 

Ax—>0 

at all points {xq, yf) where the limit existsj and such that fx is defined 
nowhere else. 

Inasmuch as y has the constant value 2/0 during the limit 
process involved in ( 1 ), it can be said that, during this limit 
process, / is a function of the one variable x\ this is indicated 
by the notation/(x, yf). If we introduce the symbol 




to denote the value of {djdx) f{x, yo) at a; = Xoj then it follows 
by Definition 5.1 that 


#/fa!/.)l + (2) 

ax Ax->0 

As an immediate consequence of ( 1 ) and ( 2 ) we have 
Theorem 16.1. fx{xo, yo) = {d/dx)f(x, yQ)]x^. 

It follows from this theorem that/x may be formally computed 
by differentiating / with respect to x in the usual way while 
treating y as a constant. 

To illustrate this discussion, letf(x, y) = + Sxy. By ( 1 ), 

. , ^ _ r 3(.To + + 5 (.To + i^x)yo — (3a:§ + bxoyo) 

Jx\Xqj yo) — 11m 

Ax—^O ^X 

= 63:0 + 5 ' 2 / o . 

Again, if we use the elementary differentiation rules and Theorem 
16.1, we find that 


fx(xQ, yo) = ^(3^^ + ^xyo) = 6 x 0 + 5?/o. 


It follows in either case that fx{x, ?/) = 6 x + 5y. 
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The function /* is also denoted by the symbol df/dx. It would 
be natural to use the symbol dj/dx, but it is conventional to use d 
rather than d because / is a function of more than one variable. 
The reason for this convention will soon be seen. The symbol 
fx is most useful when it is desired to indicate the value of this 
function at a particular point, such as /^(xo + Ax, i/o) ; the symbol 
d/dx is often used when differentiation is regarded merely as an 
operation on / to obtain another function. Thus, 

(d/dx) (3x^ + 5xy) == 6x + by. 

EXERCISES XVII 

1. Find /a:, both by (1) and by Theorem 16.1, when / is given by the 
following formulas: 

(a) - 4»/3; (b) ^ (c) Vx® - 3x2/^; (d) sin x cos y. 

2. Define the partial derivative of / with respect to y, i.e., define the 
function/j/ = df/dy. State the analogue of Theorem 16.1 and the formal 
rule for computing/j/. State the significance of fy{xo, /yo) as a rate. Find, 
by two methods, fy for the functions of the preceding exercise. Note that 
this exercise provides the solution to Case 2 above. 

3. State the physical significance of fx(xo, yo) and/,,( 0 : 0 , yo) when/(a-, y) 
represents (a) temperature’at the point (x, y) in the oijy-plane, (b) elevation 
at the point (x, y) on a topographic map, (c) unit pressure at (:r, ;/y) in the 
rr2/~plane. 

4. On the graph of / show the lines whoso slopes are fx{xo, yo) and 
fy{xo, yo); also, show the angles <p and whose tangmits are these numbers. 

5. Using only Theorem 16.1, find d/dx and d/dy of: (a) siiF {x - i/); 

(b) (c) (log x)/(log y); (d) Vl ~ y/‘lx - if; (e) y Sin-i (,y/x); 

(f) Tan-i [(x - y)/(x + y)]; (g) log log^ sec (x^ - y); (h) 

6. Find the partial derivatives with respect to x and y of each of the 
following functions: 

(a) sin (4a:2 - 3y); (d) 

(b) cos {3xy); (e) V(2a; - Svy)^ + 4?/'‘ - fi.'r; 

(c) Sx/{2x - y^); (f) log {Zx^y - y^f'K 

7. If / and g are functions of x and //, express {d/dx){J > g) in terms of 
fx and Qx. 

Solution. When y is constant, / and g are functions of x alone; hence 
/ • is the product of tw^o functions of x alone and may be differentiated with 
respect to x by the ordinary product formula. Therefore, by Theorem 16.1, 

ox dx dx 
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Express d/dx and d/dy of the following functions in terms of fx, fy, Qx, 
and Qy’. 

(a) 3/ + 2^^. (b) /2. (c) / • V7. 

(d) //(/ 4- ^). (e) e-f. (f) / • sin^ g. 

(g) log /• Sin“^ /. 

8 . Define the functions /*, /z,, and when / is a function of a;, 2 /,^and 2 . 
If/fe 2 /j 2 ) represents the temperature of a substance at the point {x, y, 2 ), 
state the physical significance of fx(xoj yo, ZQ),fy(xQ, yo, zq), smdfzixo, 2 / 0 , zo). 
State the analogue of Theorem 16.1 and the formal rule for finding/x, fvi and 
f^. Find fxj fvj and fz when f(x, y, z) = xy — 2yH and when 

j{x, 2 /, z) == xz cos ( 2/2 + 22 ). 


9. Suppose that x^ y, and 2 are independent variables. Evaluate 
dx/dy, dz/dx, df(x)/dy, and d<p(x, y)/dz. 

10 . Let It be a function of x and y^v & function of y and 2 , and lo a function 
of X. Find 


(a) 

(c) 


du^ 

'lx' 

d{u tan v) 

Iz 



(b) 


d{u/v) 

dy 


(d) —{xu + yv^ + zw^), 
dy 


(f) — 
dx 


11 . If 2 = sin [(x — y)/(x + 2 /)], show that xidz/dx) + y{dz/dy) 0. 

12 . If 2 = x^ye^^^, show that x(dz/dx) + y(dz/dy) == 82 . 

13. If and h are functions of x and y such that gx{x, y) - hxix, y) for 
all points {x, y) in the rectangle a ^ x S h, c S y = d, show that 
ffix, y) — h{x, y) is a function of y alone over this rectangle; i.e., show that 
there exists a function <p of y such that 


g{x, y) = h{x, y) + <p{y)^ 

State the analogous result in the case where gy{x^ y) = hy{Xj y). Extend 
these results to the case where g and h are functions of x, y, and 2 (see 
Theorems 10.3 and 16.1). 

i 

17. Higher Partial Derivatives. If / is a function of x and y, 
and if / has partial derivatives with respect to x and yj then these 
derivatives are also functions of x and y, and may have partial 
derivatives which are called the second partial derivatives of /. 
These partial derivatives are denoted by the symbols 

±(^I\ = Jl- = f " 

dx\dxj dx^ dx\dy/ dx dy 

= f ^ 

dy\dx/ dy dx dy\dy/ dy^ ' 
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It should be noted that the symbol fyx indicates differentiation 
first with respect to x and then with respect to y. 

Example 1. If f{Xf y) — — 5 xy^j then 

/x(a:, y) - fxx(x, y) = 6a;, ixy{x^ y) - -10^, 

fyi^i y) = -lOo;?/, fyx{x, ij) = -10?/, }yy{x, y) = -lOa;. 

In this example it happens that jyx ~ fxy. We raise the question, will 
this always be the case for every function /? It is evident that 

/x(a;o, 2/0 + h) -/z(a;o, 2 /o) 

jyxixQ, yo) = lim ■-r- = 

A;-^0 ^ 


, , , + h, yo) - fyixo, 2/o) 

fxy{XQ, 2/o) = lim-7- 

h-^0 ^ 

lf{xo'i'h,yo-hJc)-f{xQ-i-h,yQ)]-lfixoyyoi-k)-f{xo,yo)]\ 

lim \ hm - -h (2) 

A-^aU->o ; 

provided these limits exist. Since the fractions in the right members of (1) 
and (2) are the same, it follows thatfyx(xo, yo) = fxyixo, yo) when, and only 
when, the limits with respect to h and k may be interchanged. The following 
example shows that the order in which the limits are taken cannot always be 
inverted, so that/ 2 /a:(a;o, yo) is not always equal to fxy{xo, yo). 

Example 2. Let 


Kx, 


x y . —— 
x^ -h r 

0 at (0, 0). 


when (Xf y) 9 ^ (0, 0), 


Then 


Aic—>^0 


— yl 

(Aa:)yo^- , ' i - 0 
■ /(O. y<s) ^ __As“ + yl 




Ax 


= -2/0, 


il/Q ““ Ay^ 

0). li. ^ " 

Ay-^O Ay Ay 

It follows from these results that 


= Xo, 


/„(0.0) -11„ . to , _1, 

Aj/~^0 Ay Ay~^0 Ay 

MO,0) .to -/.».») . to .1. 

Ax-^O Ax Aaj-^0 Ax 


Ax 
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Thus/!,i(0, 0) Sxy{Q, 0). The following theorem provides a criterion that 
2/o) 2/o)* 

Theoeem 17.1. Let f denote a real single-valued function of 
X and y. If fyx is defined over some rectangular neighborhood N of 
(xo, yo) and is continuous at (xo, yo), and if Uy{xo, yf) exists, then 
fxy{Xa, yo) = fyx(Xo, 2/o). 

We first observe that, because fy,, is defined over N, U and f 
are also defined over N. Again, the existence of /„^(xo, yf) 
implies the existence of /„(xo, yf). 

We shall evaluate /x„(xo, ya) by means of the right member of 
(2). Let (xo + h,yo k) be a point of N with h 0 and k ^ 0, 
and let (p(x) = f(x, yo -f k) — /(x, yo). Then (p has an x-deriva- 
tive defined from Xo to Xo + A inclusive (A being rectangular). 
By Theorem 10.1, there exists a number X, 0 < X < 1, such 
that 

[/(xo -i-h,yo + k)- f(xo + h, 7/„)] - [/(xo, yo + k) - /(xo, t/o)] 

” t(.Xo ”1“ /t) ip{xo) — h - i^^(xo "T XA) 

= h[fxixQ + \hj yo + k) — + X/i, 2 / 0 )], (3) 

the last result following by Theorem 16.1. By hypothesis, the 
function fx{xQ + X/i, y) of the variable y has a ^/-derivative 
defined from 2/0 to 2/0 + k inclusive, and by Theorem 10.1, there 
exists a number /x, 0 < ju < 1, such that 

k[fx{xQ + X/i, 2/0 + A) — fx{xQ + XA, 2 / 0 )] 

= k[kfyx{xQ + Xft, 2/0 + P'k)]. (4) 

By (2), (3), (4), and the continuity of fyx at ( 0 : 0 , 2 / 0 ), 

St^ixo, yo) = Im |~lim/j,^(a;o + X/i, 2/0 + At/c)J = fyx(xo, yo). 

It is apparent that Theorem 17.1 renaains valid when the roles 
of X and y are interchanged. 

^ Higher derivatives of / are defined in an obvious manner. 
Thus, d^'^^f/d^x d^y denotes the function obtained from / by 
differentiating partially q times with respect to y and p times with 
respect to x. If / and its derivatives are continuous, the order 
of differentiation with respect to x and y is immaterial; for 
example. 
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d^S 1 
d^x dy dx\dx 

—I 

dy dx 


dj \ ^ d/ dY \ ^ / df\ 
X dy) da\dy dx) dx dy\dx) 

4 = 

dx) 


ay 

dy d^x 


EXERCISES XVin 

1. lti(x, y) = tan {y + hx) + (y - kx)^^, show that k-^ ^ 




+ y' 


dy^ 

d^z 


Xj d^z d 

2. If z = 3: Tan~^ - + show that H- 2x^— . ^ 

X dx dy dy 

d^z d^z 

3. If 2 = log (a;2 + 2 / 2 ), show that ^2 ^ 


^ 0 . 


Q2^ - ?/2 

4, Show that ^ when (a) s ' ; (b) z == 

dy dx dx dy 

w dH dH dH 

6. If f(x, y, z) = (ic2 + 2/^ + show that ^ ^ ^ 0. 

d^V 1 dV 1 ( 5^7 

6. If 7 = cos (a log r), show that -— H- t" + -7 —7 = 0. 

dr^ T dr dfh^ 


d^U d^U 

7, If u = 6®*', show that — + — 
dx^ dy^ 


1 / 

u \dx/ ^\dy) 


8. In Example 2 above, find/j/x(0, 0) and/aj^/CO, 0) directly by (1) and (2). 
Construct another function to illustrate the point of Example 2. 

18. Total Derivatives. We now take up Case 3 of Sec. 16. 
(See Ex. XVII, 2 for Case 2.) Let / be a single-valued function* 
of X and y, and let C be an arbitrary curve in the domain of 
definition of / and having the parametric equationsf 

a; = p(u), y = q{u). (1) 

We shall assume /, p, and q to be differentiable. As u varies, 
the point {x, y) moves along C according to (1). Hence the 
value of / at the moving point {x, y) varies with w, that is, f{x, y) 
is a function of We wisn to determine the value at (xo, yo) of 
the rate of change of /{x, y) with respect to u as (:r, y) moves 
along (7. 

* To make this discussion vivid, think of /(a:, y) as representing the tem¬ 
perature at {x, y). 

t It may be hdpful to think of u as representing arc length along C. 
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The point on C at which u = uo has the coordinates 

xo = p(wo), ya = q(uo), (2i) 

and the point on C where u = uo + Au has the coordinates 

Zo + Ax = p{uo + Aw), yo + Ay = q(uo + Aw). (22) 

Hence / has the value /(xo, yo) y 
when w = Uo and it has the value 
f(xo + Az, j/o + Ay) at w = Wo + Aw. 

Also, the change in the value of f 
over the short interval along C from 
(xo, yo) to (xo + Ax, yo + Ay) is 

f(xQ + A.r, yo + Ay) - f(xo, yo), and_1_^ 

the mean rate of change of / with ^ 

respect to u over this interval is 

+ y^ , + ^)- _ g 2± lA AsA,.^0,it^Oandaj-.O 

according* to ( 22 ) and the point (xo + Ax, yo + Ay) moves along 
C to the point (xq, yo). Hence 

lim ~ (3) 

Au-^0 Au 

{'provided this limit exists) represents the value at (xo, yo) of the 
instantaneous rate of change of f{x, y) 'with respect to u as {x, y) 


Fig. 40. 


moves along C. We shall now show that 


dfix, y) 


(i.e., the 


df{x y) 

value of at w = Uo) is equal to the limit (3), and then we 

shall evaluate (3). 

As the point {x, y) moves along C, f{x, y) is given by the 
formula/[p(w), g(w)] according to (1). Hence 


d jix, y) 

du 


dRyju), q{u)] 
du 

/[p(wo + Au), qjuo + Aw)] - /[p(wo), g(wo)] 
Au—.0 Aw 


(Note that we write and not because / is now 

dudu 

^ Since p and q are differentiable, they are also con 
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regarded as a function of the single independent variable u.) 
It follows by (2i) and ( 22 ) that we may express the preceding 
result in the form 


df{x, y) 
du 


lim + Arr, t/o + ^V) - K^o, Vo) ^ 
A«S) Aw 


(4) 


To evaluate the limit in (3) and (4), let us subtract and add 
/(^o, Vo + ^y) in the numerator of the fraction in the right-hand 
member of (4). Then this member becomes 


lim 


f{xo + Ax, yo + Ay) - f(xo, yo + ^y) 
Au 


, /(^o, yo + Ay) - fixo^yo) 
Au 


(5) 


In case Ax and Ay 9 ^ 0 when Au 9 ^ 0, we may write (5) in the 
form 


lira /( ^o + Aa;, yo + Ay) - fjxp, yo + Ay) ^ ^ 

Alt —>0 Air Au 

+ /(^O^ yp + A^) - f(xo, yo) ^ ^ 
Ay Au 


( 6 ) 


the general case where Ax or Ay may be 0 when Au 9 ^ 0 may be 
treated by the device used in the proof of Theorem 5.5. By 
Theorem 3.2, we may write (6) as 


lim /(^o + Ao;, yo + Ay) - f{xo, yp + Ay) ^ 
Au-40 Ax Au 


+ lim ~ 

Au->o Ay 


lim 


Ay 


0 A^i 


(7) 


provided the various limits exist. Since we assumed p and q 
to be differentiable, and since Ax = p{uo + Au) — p(u») and 
Ay = q(uo + Au) — q{uo) by (2i) and ( 22 ), the second and 

fourth limits in (7) exist and equal ^ and ^ . We next 

duju„ 

consider the' third limit in (7), i.e., 


lim + ^y') ~ f(^o> yo) 

A«~+o Ay 


(8) 
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wherein Ay = q(uo + Au) — q(uo). Since ^ I exists, it follows 

by Theorem 5.1 that q is continuous at w = Uo- Hence, as 
Ati 0, Ay also 0 in (8). But 

/(a^o> Vo + Ay) - /(a^o, yo) .. 
as Ay > 0, ^fyv^oy 2/o)* 

Therefore the limit (8) has the value/y(a:o, t/o). 

It remains to consider the first limit in (7). Let 

<p{x) = f(x, yo + Ay), 

where for the moment Ay is constant. By Theorems 10.1 and 
16.1, 


f(xo + Ax, yo + Ay) - f(xo, yp + Ay) 
Ax 


_ (p(xo + Ax) — <^(3:0) 

Ax 

— (p'{xo + 6 • Aa:) 

= ifix, yo + Ay) 

CIX Jxq’\‘9'Ax 

== fx(xo + 6- Ax, yo + Ay), 


where 0 < ^ < 1. Having established this result for arbitrary 
values of A:r and Ay, we may now think of Ax and Ay as variable, 
d being a function of Ax and Ay. It follows that if fx is con¬ 
tinuous, then 

lini /(^O + yp + ^y) - /(^O) yp + Ay) 

Aw— >0 Ax 

= lim fx{xo + e • Ax, yo + Ay) = fx(:xo, t/o), 

Aw—>0 


since Arr —» 0 and At/ —^ 0 as Az4 —> 0. 

We have now evaluated all the limits in (7) and we may sum¬ 
marize our results in 

Theorem 18.1. If f is a real single-valued function of x and y 
having first 'partial derivatives 'with respect to x and y, if at least 
one of these partial derivatives is continuous,* and if x and y are 
defined as differentiable functions of u by the equations x = p(u), 
y = qMj I'hen 


df{x, y) 
du 




(A) 


* The proof was given for the case where fx is continuous, but the proof 
is easily modified to meet the case where fy is continuous. 



102 


HIGHER MATHEMATICS 


[Chap. I 


When expressed in general notation, (A) assumes the form 

df{x, y) ^ dfjx, y) dfjx, y) dy^ 
du dx du dy dii 


(9) 


where we have written/(a;, y) instead of merely/in order to show 
explicitly that / depends on x and y (see Sec. 23). With regard 
to the interpretation of (9), it should be observed that 

df(x y') 

(a) It is implied in the notation that x and y have been 

determined as functions of u, say x = p(u), y = q{u), so that, as 
u varies, the point {x^ y) moves along that curve C whose para¬ 
metric equations are x ^ p(u), y = q(u). 

df(x y') 

(b) The notation ' represents the rate of change of 

/(re, y) with respect to u as the point {x, y) moves along the curve 
C in (a). 

(c) Even though x and y have been determined as functions 

of u in (a), — and are computed by regarding x 

and y as independent with either y ov x constant. 
df(x v) 

We call the total derivative of / with respect to u. 

Formula (A) reduces to a particularly important form when 
it is supposed that the parametric equations of C are expressed 
in terms of the arc length s of C, i.e., that = a in (1). By (9) of 

dyl 

^ = sin a, 

ds]s, 

of the tangent line to C at the point s = so. If these values are 
substituted in (A), this formula assumes the special form 


Sec. 7, ^ 


= cos a and 


where a is the inclination 


dfjx, y) 
ds 


= fxixt), yo) cos a + fy(xo, yo) sin a. 


(AO 


Formula (9) may be greatly generalized. Suppose, for 
example, that/is a function of x and y, and that x = piu, v, w), 
y - q(u, V, w). Since/is expressible as a function of u, v, and w, 
i.e., f(x, y) — fiviu, v, w), q{u, v, w)), / may have partial deriva¬ 
tives with respect to u, v, and w. We may evidently write 


6/(p(tt, V, w), q(u, V, w)) . 


du 


in the abbreviated form 


df(x, y) 
du 


But 
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there is nothing in this last notation to indicate that x and y 

depend on v and w. We introduce the notation to 

oU J 

show that (a) x and y have been determined as functions of 
V, and w; and (b) v and w are regarded as constant during 
the computation of the derivative in question. Two special 
cases of this notation should be kept in mind: The symbol 

indicates by the absence of any subscript that u is the 
du 

only independent variable; as indicated above, it is customary in 
this case to write — instead of — » Again, if x and y 
are themselves the independent variables, then this is indicated 
by the notation j ; however, if no ambiguity can arise, the 

dX J y 

subscript y may be omitted as in Sec. 16. According to this 
notation, (9) would be written in the alternative form 


dfjx, y) ^ ^ d}{x, y) \ _ dy^ 

du dx )y du dy Jx du ^ 

With this notation in mind, we may state 
Theokem 18.2. If f is a function of a finite number Ui of 
variables x, z, • • ^ , and if each of these variables is a function 
of a finite number of variables u, v, w, • • • {ui and being 
entirely independent)^ then 


dfjx, y,z,---) \ ^ df{x, y,z, • ’ ' ) \ 

Qu / v,w,... dx / y,z,...dU f 

_l_ dfjx, y,z, ■ • ■ + . . . 

Qfi^, y,z, ■ • ■ ^ df(x, y, g, • • • )\ 

dv J dx j y^Zy,.,dv J 

df(x, _ 

dy / X,z,...dv J 


(B) 


where the dots at the end of each line indicate a finite number of 
terms. 



104 


HIGHER MATHEMATICS 


[Chap. I 


The proof of (B) will be taken up in Ex. 14 below. 

EXERCISES XIX 


1. Let X = p(u) and y = qiu) be the parametric equations of a curve C 
in the a: 2 /-plane. Let f(x, y) represent the temperature of a substance at the 

df(Xy y) 

point {x^ y). Give the physical interpretation of —— in the following 
cases: 

(a) u represents arc length s along C. 

Ans, If s is measured in inches, and / in degrees centigrade, then the value 
df(x, y) 


of 


ds 


at any point P on C represents the change in temperature per 


inch along C at P. 

(b) u is the time t in seconds. (Think of a small thermometer moving 
along C with a known speed. Does the fact that the thermometer reading 
}{x^ y) is changing along C and is a function of t in any way indicate that the 
temperature at a fixed point P is changing, i.e., that / is a function of i?) 

(c) u ~ X. 

(d) u is the distance r from the origin to the point (ai, y). 

(e) Repeat (a), (b), (c), and (d), taking / to represent the elevations on a 
topographic map and regarding the point (a;, y) as representing on the map 

dJ{Xj y) 

an automobile climbing a mountain road. (In —-—j x and y are functions 


dt 


Does 


of t. Hence the elevation/(a;, y) of the automobile is a function of t. 
this imply that/is a function of t, i.e., that there is an earthquake?) 

(f) Repeat (a), (b), (c), and (d) for two other physical interpretations of /. 

2. If u is the time t in seconds, if /(x, y) represents the elevation of an 
automobile at (x, y) as in Ex. le, and if x, y^ and / are measured in feet, 

dKx, y)' 


show that in formula (9') the quantity - 


dx 


)\ dx 
)y dt 


is the part of the vertical 


velocity of the automobile in feet per second due to the component of the 
velocity of the automobile parallel to the x-axis. Interpret the last term of 
(90. State the meaning of (90 as a whole. Repeat this discussion for 
the case where / represents the temperature of a substance. 

3. When the point (x, y) traces out the curve C of Ex. 1, what is the 
locus of the point [x, y^ fix, y)]? Show C' on the graph of /. What is 
the significance of C' in the case where / has the interpretation of Ex. le? 

4. Suppose that u is the arc length s along the curve C of Ex. 1. Show 
dfix, y) 

that = tan 6 , w^here 6 is the inclination to the xy-plane of the tangent 


fo the curve C" of Ex. 3. 

Suggestion. Note that 

/(a:o + Ae, +Ay) -/ (zo, yo) a/(As)® + (A?;)® , 
V(As)® + (Aj/)® As J 

Assume C to he such that the limit of the last factor is 1. See Ex. XV, 4. 


<If(x, y) 
ds 


= lim I 

As—4-0 i 
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5. (a) Suppose that fix, y) ^ - xy and that the curve C is the line 

through the point (1, 3) with slope tan a = -1. Then cos a = “1 /a/2 , 
sin a = l/'x/Sj and by (A'), 

>(^.) »■ 

This result indicates that the rate of change of fix, y) with respect to s as 
ix, y) moves along C is zero at (1, 3). Check this result by graphing the 
values of / at the following points on C: (§, f), (f, (1, 3), (|, and 

(i f). 


(b) Find 


when/(a;, y) — x -^2y and C is the curve -f ^2 ~ 


(c) 


dfjx, ?j)1 

ds Jo, 

result by 
If. Ex. 4.) 

Find when/(a;, y) = 's/iyix and C is the 


Check this result by graphing the values of / at several points on C near 
(0, 1 ). (Cf. Ex. 4.) 


curve y 


Check this result graphically. 

6 . In the adjoining figure PX, PY, and PZ are parallel to the coordi¬ 
nate axes; PQ and PR are the traces of a plane on the XZ- and YZ- 
planes; PT is a line in the plane PQR; 
the lines a, h, and h are parallel to PZ. 

Show that 


h = 


an -f- bm 
n m 


and that 



Fig. 41. 


tan B = - - tan <p cos a 
r 

-f tan ^ sin a. (10) 

Suppose that the plane PQR is tangent to 
the graph of z — fix, y) at P and that 
the line PT is tangent to the curve C' of Ex. 3. Show by Ex. 4 and 
Ex. XVII, 4 that formula (10) is merely formula [A!) written in trigono¬ 
metric notation, 

7. li fix, y) - x^ — dxy and if the curve C has the equations x — u — 2 

2 / = + 5, find by two methods. 

du 

Solution by Formula (9). Substitution in (9) leads to the result that 


dfi^, y) c. .dx , , ^ ,dy 


( 11 ) 


Note that the equations of C are not used in applying, formula (9); they are 
used only to calculate dxfdu and dyjdu. It is seen that 
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dx __ 
du ” ^ 


du 


( 12 ) 


and that these results may be substituted in (11) to obtain the desired 
formula. 

Solution by Direct Diferentiation. In the formula for / we may think of 
X and y as functions of u and differentiate / as a function of u by the ele¬ 
mentary formulas. Thus, 


df{x, y) ^ d{x^) ^ ^ d{xy) ^ 
du du du du 


- 

\ du du / 


^ .dx ^ du 

i2x — Sy)- - Zx~ 

du du 


(13) 


Note again that the equations of C are not used in this differentiation, and 
are used only to calculate dxjdu and dyjdu. Since (11) and (13) are the 
same, the final result, after substitution of (12), must be the same. In the 
exercises below it is best to carry out the computations (11) and (13) first, 
check these results, and then to make the substitution (12). 

A third method for solving this problem would be to substitute the for¬ 
mulas for X and y in the formula for / and then differentiate. The reader 
will find by trial that this method is to be recommended only when the 
formulas are extremely simple. 


8 . Pind 


df{ x, y) 
du 


\u 


in the following cases by the two methods described 


in Ex. 7. 


(a) j{x, y) = x^y — y^]x = l/u and y = log u. 

(b) j{x, y) = ^X = \/u and y = e«. 

X — y 

(c) /(x, y) = -\/x — y; X and y are defined as functions of u by the 
equations u — 2 = sin (xu) and u — 2 = log {y u). 

(d) j{xj y) = Sin“^ (2//x); x and y are defined as functions of u by the equa¬ 
tions x'^ = w + 2 and Tan”^ (w/2) + Tan”^ ( 2 // 2 ) = 

9. Let us consider the special case of (9) where u — x. The relations 
X — p{u) and y = q(u) reduce to x = x (this being the formula for x in 
terms of the independent variable x) and y = q{x). Formula (9) becomes 


y) ^ ^/(x, y)\ df{xj y) \ ^ ^ 
dx dx Jy By / aj dx 

since-j- = 1. What do ~ and —) represent? Make clear the 
dx dx dx Jy 

difference in significance of these derivatives by giving in each case the 
equation of the curve along which the point (a;, y) moves [see paragraph (b) 
following Theorem 18.1]. In which of these derivatives is y variable 
during the limit process defining the derivative and in which is it constant? 
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Does the symbol 


df{x, y) 
dx 


have any significance if y is not a function oi x? 


Carry through this entire discussion for the case u ~ y. 

df(x y^ df(x y') 

10. Using the results of the preceding exercise, find - ^—- and "— 

dx dy 

when fix, y) = and x and y are related by the equation x"^ — xif == y\ 
also when /(:c, y) = ^x^ ~ y- and \/^ + 's/ y — xy. Check your results 
by differentiating / directly as a function of one variable by the methods of 
elementaiy calculus. 

11 . If the coordinates of the point (rc, y, z) are determined by the equations 


X = 'p{u), y = q{u), r{u) 


(14) 


in terms of the parameter u, so that, as u varies, the point {x, y, z) traces 
out a curve C in space, then equations (14) are called the parametric equa¬ 
tions of C, If / denotes a function of x, y, and 2 : with continuous partial 
derivatives, show that 

dj(x, y, z) ^ ^ ^ _l_ ^ 

du ^X^/y,z du dyjx,z dll (^Z/x,y dll 


[Carry out the derivation in the following steps: (1) state the analogues of 
equations (2i), ( 2 * 2 ), and (4) of the preceding article; (2) subtract and add 
f{xQ, yo + ^y, and f{xo, yo, zo + Az) in the numerator of the new 

equation (4) to get the analogue of (7); (3) apply the theorem of the mean 
to the first and third factors of the new equation (7) to get the analogue of 
(A). The discussion of the limits carries over verbatim and need not be 
df {x y, 2j) 

repeated.] Interpret-— as in Ex. la, b, c, d. [Remember that C is 

du 

now a curve in space and that /(a:, y, z) is defined throughout space (or a 
portion of it)]. 

12 . State the formula for (d/du)f{xi, 0 : 2 , * * * , Xn). [Note that there are 
as many terms in this formula as there are variables a;i.] 

13. If the rectangular coordinates {x, y) of a point P are determined by 
the equations 


x = p{u, v), 


q{u, v), 


then u and v may be regarded as a second pair of coordinates of the point P 
(see Sec. 23). For example, if 

X = r cos e, y - r sin d, (15) 

then r and 6 are the polar coordinates of P. Again, if 

X = — v)j 2 / = a / uv, ( 16 ) 


then u and v are the parabolic coordinates of P. 
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If / denotes a function of x and show that 

d /fa, 2/) \ ^ d/fa, t/) \ _ ^ d/fa, -j/) \ ^ ^ 

du dx Jy du/v dy dw/^ 

[The procedure is seen to be exactly parallel to that indicated in the preceding 
section when it is remembered that v has the constant value vq throughout 
the computation. The right member of (4) is unaltered. Hence (7) is 
unaltered and it is merely a question of interpreting the second and fourth 
limits in (7) as partial derivatives.] 

Interpret ) when (a) w = r and z; = d in (15). (b) i/. and v are the 

du Jx 

parameters in (16). In each case state the path of the point (x, y). 

State the formula for — ) • If x = p(w, 2 / = g(w, v, i^), state 

di^ / u 

the formula for 

du / 

14. Prove Theorem 18.2. 

Solution. Let a;, 2 /j * ‘ ‘ be called the first set of variables, and let 
w, y, • • • be called the second set of variables. Exercise 12 shows that 


d/(a;, y, ' • ■ ) 

du 


df(x, y, - 
dx 


A,- /x,... du 


where the right-hand member contains as many terms as there are variables 
of the first‘set—one term corresponding to each variable. Exercise 13 
shows that these terms are in no way altered, either as to form or number, 
because of the additional variables y, • • • of the second set; it is necessary 
merely to affix the proper set of subscripts to the second factors in each 
term. On the other hand, Exercise 13 shows that there is a formula of this 

df ix 2/ " * " ) 

same type for each of the derivatives-^^-, • ■ • . 

dv 


15. Let/(a;, y, z) = xz^^ A" y sin {x + Find by formula (B): 

(a) df/du when x = u^ y = u^, z = u. 

(b) when x = uv, y u^ v^, z '\/u + v. 

df\ y - 

-j- I when X = mw, y = u^ z = \/ u v A- w. 

du J D^xo 

A 

dW/n 


(C) 


(d) 


when X, y, and z are defined as in (c). 
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16. Let Six, y, z) = xyz log (a; + ^ + 2 ). Express the following in terms 
of the derivatives of x, y, and 2 : 


«f^ w 2 ) ^ ■ 

du ^/ U / Q,T,S,t dx/ y,z^u,T3 


17. If w = ® 2 /+ 3 y^, where x — r cos (s ~ t) and 2 / = r sin (s — t), find 

by two methods, as in Ex. 7: 


du\ „ , du\ , , du\ du\ ^ ^ du 

(a) 7 -) ; (b) 7 -) ; (c) ^) J W) r*)» 7 “* 

L 8 . If w = [Sin"i (a;?/)] [Sin“^ [xz)], find: 

, du du\ du\ 6 w\ 

7“)»7“ j ’ 7" / ■ 

dt dr/s ds/r doi/0^y^s 

19. Given a function fix, y, z), where x, y, and z are functions of u and v, 

dfix, y, z') 

and where u and v are functions of t. Find-— by two applications of 

dt 

formula (B). 

20 . It often happens that a variable, say x, appears in both the first and 
secopd sets of variables (see Ex. 9). This should cause no confusion if 
formula (B) is followed explicitly and if this variable is treated like each 
of the other variables of the first set and also like each of the other variables 


of the second set. For example, in the formula for - 


dfix, y, 2 ; 


the second factor of the first term 


. dx\ 

IS — I , 
du/x,v,... 




where x is being differentiated 


as a variable of the first set. Since a; is a subscript, it is regarded as con- 

aa;\ 

stant. Hence — I = 0 . 

du / x.v.,.. 


Evaluate: 


9/(a:, y, z) 


■; y, ■U, w) \ 
du Jx 


a/(x, y, zy 


s/(x, y, z) 


df(x, y, z) 


(h) —(a:* - XZ+ yz) 
dy 


,,, 3/(a:, y,u,v)\ , ^ 3 , , 

(f) -^- I . (g) (a;2 _ 

du J dy 

) • (i) - xz +yz - ««*) ) . 

/ u dy / X 

(j) (a ;2 _ _j_ 2 -^ _ 2 /v) ) ■ 

dv Jx,u 


(rc^ ~ -{- yz) 


(j) _ yi -^xu - %jv) 

dv 


21. If fix, y, u, v) == xhj 4“ y^u — xv^, find: (a) 7 - 

dxj 

<“> s)/ ™ I)' <«> £)„' ® i).’ "> £' <« 2 ), 
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22. The elevation E of each point P on the surface of a rough ocean is 
E{x, yj t), where (a;, y) is the projection of P on a fixed horizontal plane M 
and where t denotes time (units in feet and seconds). The path of a small 
boat sailing over the water is given by the equations x = p{t), y = q{t)^ 
z = E(x, y, t). Find dz/dt and interpret each quantity appearing in the 
result and interpret the result as a whole (see Ex. 2), Under what condi¬ 
tions would the equations x p(t), y - q(t) represent the projection of the 
wake of the boat on the plane M? 

23. The temperature T at any point P of a substance and at any time t is 
T{x^ y, z, t). Find and completely interpret the formula for dT/dt when the 
point (x, y, z) moves along the path x = p{t), y ^ q{t), z = r{t). 

24. Let V be the volume of a certain quantity of gas, T its temperature, 
p its unit pressure, and E its total energy. The following relations occur in 

thermodynamics: v ~ $(T, p), p = P(P, E). Find and interpret — ) 

OT/e 


and Is p regarded as constant or variable when one is computing 


dTji • 


? When one is computing 


dv 


) • 


25. By repeated use of formula (B), find (djdx) f(Xj y, z) when y is given 
as a function of x and z, and z is given as a function of x. 

26. Given fix, y, u, v) with y a function of x and v, with u a function of 
y and v, and with x a function of v. Find {d/dv) f{x, y, u, v). 

27. Given fix, y, u, v) with y a function of x, u, v; with v a function of u 


and w; and with x a function of v and w. Find 


-)■ 

V) 


28. Knd: (a) -f{x +y, z - y)) (b) -^/(V^ + V^) ) ; 

5 Jv 9y /j, 


(c) 




q- 2/2, 


+ y 
- y, 


)).■ 


; (d) —/(sin xy, log {x - y)) 
dy 


I 


[In prob¬ 


lems of this type it may be helpful to introduce new variables; for example, 
in part is.) lei u = x y, v = x — y, and express the result in terms of 
fu and /y.] 


29. (a) If z = fixy), show that x 


dz 

dx 


dz 

y— - 0. 
dy 


(b) If z - I, show that r— + y — = 0. 
xr dx ^dy 

30. (a) If X p(u) and y q(u), find 

du^ 

djix 'ifj dx dll 

Solution. Since ’ fx ~—h A—j follows that 

cl%i du du 
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du^ 



Since fx and fy are functions of x and yj their derivatives with respect to 
u are found in exactly the same way as df/du. Thus, 


d ^ dfx ^ ^ ^ ^ ^ _j_ dj dy 

du dx du dy du dx^ du dx dy du 


and a similar formula exists for (d/du)fy. Substitution of these results in 
d^f/du^ gives 

^ + 2 -^ ^ ^ 

du^ dx\du) dySxdudu dy\duj dxdu^ dy du^ 

(b) If a: = p(u, v) and y = q(u, v), find d^f/du\ d^f/dv du, and d^f/dv^. 

(c) If s = p{u), y = q(u), z = r{u), find f’ 

du^ 

31. If s == <p(x + iy) +^(x — iy show that —- H-- = 0, where 

dx^ dy^ 

f 2 = -1 and where i is treated like a numerical coefficient when differentiat¬ 
ing. 


32. (a) If a; 


USEFUL FORMULAS 

r cos <f> and y = r sin <A, show that 




( 17 ) 


where / is a function of x and y. [Note that formula (B) is applicable to 
the terms in the right-hand member of (17). If / is regarded as a function 
of r and <^, (17) could be obtained by working with the left member, but 
the computation is more difficult.] In (17) the subscripts indicating the 
independent variables have been omitted; this is commonly done in those 
cases where the context itself indicates what they should be. 

(b) If a; = r sin <f> cos 6 j y = r sin </> sin 0 , z — r cos <^, show that 


(S) +(|) +(£) =(l) +iC^) 


+ 


r2 sin^ <f>\d$J ’ 


where / is a function of x, y, and z. 

33. (a) If a; = r cos <f> and y = r sin <l>, show that 


dx^ dy^ dr^ r dr d4>^ 
where / is a function of x and y. 
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(b) If a; ~ r sin <i> cos 9, y = r sin sin 2 = r cos <?S>, show that 

Bx^ dy^ Bz^ dr^ d<f>^ sin^ 4> B6^ r dr r- Bcj) 
where / is a function of a;, y, and z. 

34 . If fix, y) and g{x, y) are such that BJ/dx = Bg/By and Bf jBy = —dg f^x 
and if X = r cos <^) and y - r sin 0, show that 

Br T B(f) r B(f> Br 

Under the preceding hypotheses show that the quantity in Ex. 33 a is 0 . 

35 . If X — fiu, v) and y ~ g{u^ v) are such that Bf/Bu = Bg/dv and 
Bi/Bv — --Bg/BUj and if E is a function of x and y, show by Ex. 30 b that 

du^ dv^ 3 j / y |_\ 5 u / 

36 . If (x, y, z) and (X, F, Z) are the coordinates of a point P with respect 
to two sets of rectangular axes with a common origin 0 and based on the 
same unit of length, it can be shown that 

X = ciiX -[- 61F -}- ciF, 

y — a^X + 62F -f C2Z, (T) 

z == dzX -{- 63 F -f” CsF, 

where ai, 61, and ci are the direction cosines of the X-, F-, and Z-axes with 
respect to the x-axis, a2, 62, and C2 those with respect to the ?/-axis, and 
as, 63, and cs those with respect to the 2-axis. Show that 

where / is a function of x, y, and 2. [Recall the formula 

cos 6 — cos oLi cos CX.2. -h cos iSi cos ^2. + cos ji cos 72 ( 18 ) 

for the angle between two lines.] 

37 . Let the point (x, 1/, 2) move along a curve C in space. If s is the 
arc length along C and if t denotes times, show that 

°(f) +(s) +(l)- 

(Cf. See. 7 .) If a, /S, and 7 are the direction angles of a tangent to C, show 
that 

dy dz 

“ = cos a, : cos jS, — cos 7. 

ds ds ds 
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Suggestion. Let {xo, yo, zo) and (a;o A- Ax, ?/o -f- Ay, zo -f Az) be two 
points on C, let Ac be the length of the chord joining these points, and let <x' 
be the direction angle of this chord with the a;-axis. Then Ax — (Ac) cos ct 
and Ax/As — {Ac/ As) cos The first of the above results is obtained by 
taking limits under suitable hypolhe.ses. Use these results to extend formula 
(AO to a function f{x, y, z). 

38. Elder"s Thmrem for Homogeneoim Functions. If a function f\x, y, z) 

is such that f(Xx, \y, \z) = X^fjx, y, z), then / is said to be homogeneous of 
order n. Thus, — xy, a/ x + V. and {x — y)/xy are homogeneous 

of orders 2 , 0, i, and —1, respectively. Prove 

Theorem. If a function f{x, y, z) is homogeneous mid differentiable, then 

Of df df 

x^ + ij~ A- z- = njix, //, z). 

ox ay az 

Suggestion. Differentiate the relation fiXx, \y, \z) ~ K'f{x, y, z) with 

respect to X by the method of Ex. 28 and in the result set X = 1,. 

Extend this result to a function of arbitrarily many variables. Also, 
extend tliis result to higher derivatives. 

39. Theorem of the Mean for a Function of Two Variables. Let / be a 
function of x and ■//; let (a, 6) and {a -f- h -f k) ho two points. Coastruct 
the function g{t) = f{a H- th, b + tk). Apply Theorem 10.1 to the quantity 
^(1) — {/(O) to show that 

f{a A" h, h k) — Jia, h) ~ hfx.{a d" ^hy b $k) kja d* Qh. k -f- 6k), 

where 0 < ^ < 1. 8ta<(‘ this result as a theorem, and include in rhc hypo¬ 
theses of the theorem all Uh' coiiditions / mu.st meet. 

19. Differentiation of Implicit Functions. In order that the 
content of this section may be more easily understood, let us 
first consider the following physical situation. 

A solid metallic hemisphere has its base in the x’/y-piaue. Heat 
is being applied to tins hemisphere over a portion H of its base 
(see Fig. 42) so that each point of H is kept at the temperature 
100°G. The rest of the base not in H is insulated so that there 
is no transfer of heat across it. The entire spherical surface is 
kept at 0°C. Let T{x, y, z) represent the temperature (at a 
certain instant) at the point {x, y, z) in the hemisphere. Let A 
denote a certain temperature between 0° and 100°. It is evident 
that T{a, h, c) = A only at certain points (a, b, c ); in otlier words, 
the equation T{x, y, z) = jA is satisfied only for certain points 
(a, b, c). We say that the set of values a, b, c of x, y, s is a 
solution of the equation T(x, y, z) = xi if the number T{a, b, c) 
is the number A, that is, if T(a, 6, c) = A. In this illustration, 
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what is the locus of the points representing the solutions of the 
equation T{x, y, z) = 0? Of the equation T(x, y, z) = 100? Of 
fix, y, z) - 10? Of T{x, y, 0) = 10? Of T(0, y, z) = 10? 
Of T{x, y, al2) = 10, where a is the radius of the hemisphere. Of 
T{x, 2 //a/2) = 90? Of r(0, y, z) = 90? Of T(a/4, y, z) == 90? 
How many solutions exist of the equation T(a/4, y, 0) = 90? Of 
T{0, y, a 12) = 10? Of a/2, a/4) = 50? Of T{al2, 0, 0 = 95? 
Of r(a/2, 0, z) = 10? 

Now let (xq, yo) be an arbitrary point in the base of the hemi¬ 
sphere. Does there exist a unique solution of the equation 
T{xo, yo, z) = A? (The word unique is always used in mathe¬ 
matics in the sense “one and only one’’ and never in the sense 



Fig. 42. 


“peculiar” or “unusual.”) To put the 
question another way, does there exist a 
unique point z = zo on the line x = .To, y = yo 
at which the temperature is ^4 ? It seems 
intuitively evident that there exists such a 
unique point if (to, yo) is not too near the 
circumference of the base; otherwise, there 
is no such point. In other words, there 
exists such a unique point when and only 
when (xq, yo) lies in a certain region D of 


the base of the hemisphere. Moreover, the extent of D depends 


on .4, D being H when A = 100 and D being the entire base 


when A = 0. 


Again, does there exist a unique solution of the equation 
T(xq, y, zo) = A? It seems evident that for most points (tq, Zq) 
there are four, two, or no solutions, though for certain points 
(to, Zq) there are three or one. 

This illustration brings out three things: (1) In discussing the 
solutions of an equation f(x, y, z) = A, it is quite unnecessary 
to think of / as being represented by a formula or to think of 
the equation as being “solved” for one of the variables in terms 
of the other two. (2) An equation /(t, y, z) = A does not 
necessarily have a unique solution in one of the variables for 
given values of the other two variables, but may have either no 
solution or several solutions. (3) An equation /(t, y^ z) = A 
may have a unique solution in z for each 'point (t, y) of some 
region D of the xy-plane without having a unique solution in z 
for each point (x, y) of the entire Ty-plane. 
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'1/he discussion of this illustration should be kept carefully in 
mind during the reading of this section. It will be helpful to 
think of / as representing the temperature of the above hemi- 
sphsre, and to think of D as a portion of the base of this 
hemisphere. 

I et / be a single-valued function of the independent variables 
X, and ;s. We wish to give a precise meaning to the statement 
thav the equation y, z) - A defines s as a single-valued 
function of x and where is a constant. To make this 
meaning precise, we must avoid using any phrase like “solve 
for’' or “in terms of” and instead we must use the terminology 
of I)efinition 14.1. We shall state this meaning in two ways: 
first, in a simple, direct manner which has rather limited applica¬ 
tion, and second, in a more technical form of wide application. 

Suppose f is a single-valued function of x, y, and z such that, for 
each point (xo, yo) in some region D of the xy-plane, the equation 

fixo, yo, z) = A (1) 

has one and only one solution z == Then, for each point 
(a;o, yf) in T>, the value of z is uniquely determined as the number 
z^ which satisfies (Ij. Since z has exactly one real value at each 
point {xq, yo) in D, it follows by Definition 14.1 that is a single- 
valued function of x and y defined over D. Let (p denote the 
function* of x and y which represents the value of 2 , so that 

z = ^ 5 ( 2 :, y). (2) 

Then, from the manner in which the value of z is determined, p 
is such that, for each point (xo, yo) in D, 

* If 0 can be represented a “formula'^ in x and ?/, i.e., the formula that 
would be obtained if the equation/(a;, y, z) — A could be ^‘solved’’ for 
then <p denotes this formula. For example, if x + 2y ^ then 

z ~ <p{Xj y) = (J)(l — rr — 2y). But if there exists no such ^formuW^ for 
and this is usually the case, what does <p denotef 

To answer this question we must generalize Definition 2.1 as follows: 
Let D be any set of elements a, &, c, • • • whatever. Also, let S be any set of 
elements V, q, r, • • * whatever. If in any manner there is associated with 
each element of D an element of S, then the abstract correspondence associat¬ 
ing elements of S with elements of D is called a function. If (p represents 
this correspondence, then 93 (a) denotes, and is read, the element of S asso¬ 
ciated by <p with a. 

In the present connection, (p denotes the correspondence between points 
(x, y) of D and vah>es of z. 
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(pir^Oy yo) 

where ;sc is the solution of (1). Hence, for every point (xo, y^) 
in D, 

/[^o, y^, <p(^oy yo)] = (3) 

This discussion is summarized in the following definition.* 

Definition 19.1a. If f is a single-valued function of x, 
and z such that, for each point (x, y) in some region D of the xy-plane, 
the equation- 

fix, y, z) = A (4) 

has om and only one solution in z, then we say that this equation 
defines z as a single-valued implicit function ip of x and y over D, 
i.e., z = <p(x, y), and <p is such that f[x, y, (p{x, y)] = A for each 
point (x, y) of D, 

This definition may be stated in geometric language: If on 
each line x ^ Xq, y = yo intersecting D there exists exactly one 
point s = at which the value of / is A, i.e., if on each such line 
there exists exactly one point z = zo on the graph of (4), then 
equation (4) defines ;s as a single-valued function of x and y over 
D. The student should construct various physical examples 
(analogous to the above hemisphere) to bring out the significance 
of this definition. 

Let as now return to the discussion of the above hemisphere. It is evident 
that the equation T {x, y, z) ~ A does not define x as a, single-valued hmc- 
tion of y and z. However, if we were to cut off a small portion R of the hemi¬ 
sphere around the point (a, 0, 0) udthout altering the values of T within R, 
then, considering only R as though the rest of the hemisphere did not exist, 
the equation T{x, y, z) — A defines a; as a single-valued function of ?/ and z. 

We may state this idea in more general form as follows: Suppose equation 
(4j defines as a multiple-valued function of x and y, i.e., for certain points 
{x, ij), equation (4) has two or more solutions in z. There may exist a region 
R of space such that, w^hen / is considered as defined only in R, equation (4) 
defines 2 as a single-valued function of x and y. By this device of making 
2 single-valued we are able to discuss the continuity of z, the derivatives 
of 2 , and so on. We are now in a position to generalize Definition 19.1a. 

Definition 19.1b. Let R he a region of space and let D he a region of 
the xy-plane. Suppose f is a single-valued function of x, y, and z siich that, 
for each point (xq, yf) in D, the equation 

* The significance of (3) is illustrated by substituting z - — x - 2y) 

in the equation x 2y 3z = 1. 
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f(xo, I/O, Z) = -4 (]) 

has one and only one solution z = Zq such that the point (a;o, yoj So) is in R. 
Then we say that within the region R the equation f{Xj y, z) = A defines z as a 
single-valued implicit f unction of x and y over D. 

We leave it to the student to state this definition in geometric language. 
It is evident that the situation described in this definition can exist only 
when D is contained in the projection of R on the a;i/-plane. In fact, for 
a given region R the maximum possible extent of D is the projection on thc^ 
a;?/-plane of that portion of the graph of the equation/(a;, y, z) == A contained 
in R. Likewise, if the region R is to be such that within it the equation 
y, z) = A defines 2 as a single-valued function of x and y, R must not 
contain two points on the graph of this equation having the same projection 
on the ic.y-plane. 


We shall now derive a formula for 


i 

dxjy ^ 


ill the case where ^ is 


determined as a differentiable function of x and y by the equation 
/(^> Vi 2 !) = A. We first note the following comparisons: if / 
is a function of the independent variables x, y, and 2 , then the value 
of / varies (in general) with x, y, and z, and if f is differentiable, 

^ ^ j ^ general) all different from zero. 

dx/y,,’ dyJJ dzj:,.,y 

But if z is determined as a function of x and y over the region 
D by the equation f{x, y, z) = A, then, for each point (x^ y) in D, 
z always has just such a value that the value of / is always .4. 
Thus, as the point (x, y) moves in any manner in D, z varies in 
just such a way that the value of / remains constant and equal 

d/(.r, 3)\ ^ 

/ y 


to A. Hence, for example, 


dx 


0. 


We know by formula (B) that, if / and z are differentiable, 


dfjx, y, z)'' 
dx 


) ^^ 1 ) 

Jy y,z x,y ^X/y 


(5) 


If z is determined by the equation/(a;, y, z) = A, then, we know 
from the preceding paragraph that the value of the left member 
of (5) is zero, while the first term of the right member is, in 
general, not zero. Hence 


§L) 

dx)y 


+ 


/ x,y dX/y 


( 6 ) 


As mentioned above, 




ill general, not zero. If we apecifi- 
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cally assume / to be such that ^ 0, then we may write 

(6) in the form 

x,y 

This is the formula desired. Other formulas of this nature 
are given in the exercises below. 


EXERCISES XX 


1. State in both geometric and nongeometric language exactly what is 
meant by saying that the equation/(x, y, z) = A defines a; as a single-valued 
function of y and z. 

Let/be a single-valued function of a finite number of independent variables 
a:,yj • • • ,u. IJnderwhat conditions does the equation/(a;, 2 /j • * * ,'w) = 1 
define « as a single-valued function of a;, y, * • • ? 

2. What does Eq. (2) represent with reference to the hemisphere dis¬ 
cussed in the preceding section? 

3. What is the difference in significance between the first two derivatives 
in Eq. (o)? In particular, state the functional relationships among the 
variables x, y, and z; state whether Xj y, and z are constant or variable during 
the calculation of these derivatives; state the equations of the curve along 
which the point {x, y, z) moves. 

4. The discussion in the preceding section may be summarized by 


the following formal rule for calculating 


Regard the equation 


2/, s) “ A as defining z as a function of x and y. By formula (B) differ¬ 
entiate both sides of this equation with respect to x. Equate the results 


and solve for - 


since /(a:, y, z) = A, 


Why is it correct (according to this rule) to say that, 


Qfix, y, z) 


last statement be correct? 


y, z) \ _ dA\ 

’ dx Jjj dx / 

) =0? Un 


— 0, but usually incorrect to say 


Under what circumstance would this 


. If/(s, y, z) = A, find; (a) •^) ; (b) ) ; (o) • 

Sy/x dzjy 

6. Find —- ) and ^ ) from the following relations: 

dx/y dy/u 


from the following relations: 
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(a) - xy Ayu^ —Z = 0; 

(o) xAy + u = l/xyu-, 

(e) f(x + y + u) = g(.xyu); 


(b) a:e” (sin u) — 1 = 0; 
(d) u = fix + u, y ~ m); 


(f) xu^ +f 



= 0 . 


7. Show that if 2 / is determined as a differentiable function of x by the 

dy jTa; 2^) 

relation /(a;, y) = A, then — = ~f{x result to obtain 

dy/dx in the following cases: 


(a) {x^/a^) + (2/VZ>^) = 1; 

(c) e® + = 2 x 2 /; 

(e) 2/6"®”“^ == cos 5x; 


(b) ax^ + 2hxy cy"^ = d: 

(d) Tan“^ Zx^y = x~^y~°; 
(f) y/x = log (x^ + 2/^)* 


Check these results by the methods of elementary calculus. 
8. If 2 = /(x, y) and <p(x, y) = 0, find dz/dx, 

_ d'i\ - , 

Fmd — I and ~ j by means of the relation 

dv/ XjZ,u / x,y.v 


fix, y, z, u, v) = A. 

10. A certain law of thermodynamics is represented by the relation 
^yiAi - where p and v denote the unit pressure and volume of a certain 
quantity of gas, and where C is a constant. Find the rate of change of 
volume with respect to pressure when the pressure is po. 

11. The characteristic equation of a certain substance is represented by 
the equation F(p, v, T) = 0, where p, v, and T, respectively, denote the unit 
pressure, volume and temperature of the substance. Show that 

dT\ 

dv/T dT/p dp)^ 

State the physical significance of each factor in this relation and also of 
the entire relation. 

12. Given a function/(x, y, z) and given that the equation (pix, y, z) — 0 
determines each of the variables as a function of the other two. Is it true 



13. Let/(x, y, u) and p(x, y, u) be two functions of the independent varia¬ 
bles X, 2/j and u. If we form the equations 


fix, u,v)-=A and gix, u, v) = B, (8) 

then these equations (generally) determine u and v each as a function of x. 
(See Theorem 20.2 below.) This is intuitively evident when we think of the 
equation fix, u, v) = A as being solved for v, giving v = ^(x, u), and the 
result substituted in the equation gix, u, v) = B, giving g[x, u, ^(x, u)] = B, 
This last equation may be solved for u in terms of x, giving u = p(x); if 
this result is substituted in t; = ^(x, u), the resulting equation may be solved 
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for V ix i^rms of x, giving v ^ q{x). It follows that u = p(x)j v ^ q{x) 
are the parametric equations of the curve of intersection C of the two surfaces 
with equations ( 8 ). If / and g are differentiable, then we may write 


u, v) 
dx 



^g{x, u, v) 
dx 


dx 


B =0. 


Evaluate these derivatives by formula (B) to obtain two equations contain¬ 
ing &u/dx. and dv/dx^ as well as the various partial derivatives of / and g. 
Solve these equations for du/dz and dv/dz in terms of the remaining quanti¬ 
ties tC' show that 



A 




fx 




and 

dv _ 

Qx 


fu 

/»! 

dx ~ /„ 

/. 



?*■! 


\0u 

9, 


What quantity must be 7 *^ 0? 

14. Jlnd dy/dx and dz/dx from the relations 

3.2 ^ y 2 ^ ^2 3^ 

xy + yz xz 3. 


Pivaluate these derivatives at ( 1 , 1 , 1 ) and ( 1 , 2 , 3). Why is the first result 
indeterminate and the second meaningless? 

. du , dv\ , , T . 

15. Find — and — ) from the relations 
dx y,. 

fix, y, , u, v) = .4, g{x, y, , u, v) = B. ( 9 j 


Use deteriuinants to represent these results. What quantity must be 0? 
W'hat special form do these results assume when equations ( 9 ) have the 
following form: 


F{u, V), y ^ G(:u, v). 



from the relations 


x^ + y~ + =4, 

xyuv ■ 1 . 

What is the significance of the indeterminacy of these derivatives at 

(1,1, n? 



dv 

\ 

dw\ 

1 /. Find — ) 


] , and 

— ] from the relations 



! 2 /, .. 




y- * 

’ ' , u, V, in) ~ Aj 



y, ' 

- • , w, y, w) = By 



HX, Vy ■ 

■ - yU, V, w) = C. 
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Use determinants to represent these results. 


18. Find 



from the relations 


What quantity muat be 0? 


X — u + V -i- w, 
y = + V- -+■ 

Z “ + V'^ + w^. 


Does 


du 


What subscripts are implied in these derivativ'es? 


dx dxidu 

19. It /(^j ?/’ ^ functions of x ajcid y, does 


y 

dx 


How may and be 


1 

^y. 


x 


evaluated? 


20. With reference to a certain quantity of fluid, let p, v, T, and H, 
respectively, denote the unit pressure, volume, temperature, entropy, and 
total heat added to the gas to bring it to the state (p, v, T, <p). (No'te that 
H is not the internal energy of the gas. ) The following thermodynamic 
magnitudes are of frequent use: 


Specific heat at constant volume: 


■ c = —= 7’—^ ■ 
• ” dTj, ar/. 


OH 


Specific heat at constant pressure: Cp = — 


dll 


Latent heat of expansion: Lv = . 

dv / T 

Coefficient of cubic c^xpansion; ap 


7 — 
dv 


Isothermal modulus of ehisti(uty: L’?' 


1 ^ 

V dT/y 
dp 


),■ 


dl 


O' 


. 

dv/T 


Adiabatic modulus of elasticity: E<f> = 

(a) Write each of these definitions in words. For example, C. is the 
instantaneous rate at which heat is added to the fluid per degree rise of 
temperature when the volume is kept constantj <x.p is the instantaneous rate 
of change of volume per degree rise of temperature tor a unit ol volume 
when the pressure is kept constant. 

(b) What notations represent the instantaneous value of the following 
rates: change in volume per unit change in entropy when the temperature 
remains constant; change in volume per unit change in entropy for a unit 
volume when the temperature remains constant; change in temperature 
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Sinceis positive and continuous at (xo, Uq), there exists within 
N a rectangular neighborhood of (xo, uo) such that* is 
defined o,fid remains positive over N. Since fuixa, Uo) is positive, 
f{xo, u) k an increasing function of « at u = Wo- Hence, for any 
two values ih and Ui sufficiently close to uo with Ui < uo < 
and such that (xo, Ui) and (xo, M2) are within N, it follows by 
Theorem 6.1 that 


Boundary of N 
-1 

(xf. Uo) Cxrt. Uo) (xo. 2^2)! 
“T 


■x^Locus of 
points (x, u) 


/(xq, Ui) < A < f{Xof U2), 

where /i = 2 /o). Since /(o), Ui) is a continuous function of 
X s.tx =■ iCo, and since /(rco, Ui) < A, there exist values x[ and x'^ 
suffioiexiTly close to Xo with x[ < xo < x^ such that Ui) and 

(xg, Ui) are within N and such 
that at each point of the line 
segment from (.Ti, Ui) to (xg, Ui) 
the value of / remains less than 
A. Likewise there exist values 
x'l and X2 with x'/ < 
such that U2) and (xg', U2) 
are within N and such that at 
each point of the line segment 
from (xi, U2) to (a'2, U2) the value 
of / remains greater than A . Let 
;ri denote the greater of x'l and rc'/, and let X2 denote the smaller 
of X2 and Xg. Since N is rectangular, the entire rectangle with 
vertices (xi, Ui), {xo, wi), (x2, 'W-2), and (xi, U2) lies within N. 

The intervalt Xi < x < X2 serves as the neighborhood D of Xo 
mentioned in the theorem, and the rectangle! N serves as the 
neighborhood N of the theorem, for let x denote an arbitrary 
value of X in the interval Xi < x < X2. Since 



j ^ j i I ' 


Xi X2 

Fig. 44. 


fix, 111) < A < fix, U2), 

and since fix, u) is a continuous function of u over the interval 
Hi ^ u ^ ii2, the value of f, while increasing from fix, uf) to 

This ife tile only property of /„ that we shall use. Hence it would be 
sufficient to hypothesize this property instead of the continuity of /«. But 
in most cases arising in practice it is more convenient to apply the theorem 
as stateci, for the continuity of /„ is usually easier to establish than the 
invariance of sign of over K. 

t There is no implication that this is the largest possible neighborhood 
of the required sort. 
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j{x, must pass through the value A at some value* u = tZ, so 
that /(f, w) = A, where ui < u < Since fu is positive ox^er 
N, /(^, is an increasing function of u over the segment S of 
the line x ^ x within iV, and there exists at most one value u 
within S such that/(x, u) — A. Thus the equation/(x, u) = A 
determines a unique value u = u in the interval Ui < n < U2 
for each value x == x in the interval Xi < x < X2; that is, within 
N the equation f(x, it) = A determines u as a single-valued 
function of x, say u = <p(x), and the domain of definition of u 
extends over the interval Xi < x < x^. 

The continuity of -w at a; = is immediate: the preceding 
argument shows that, no matter how^ close Ui and wg may be 
taken to Uo, there exists an interval about xo over which (p(x) 
remains between Ui and The continuity of u at any other 
point of the interval Xi < x < Xg follows in an analogous manner. 

It should be noted that in the preceding proof we did not use 
all of our hypothesis as to the continuity of /; we used merely 
the fact that/(x, u) is continuous in u when x is constant and that 
f(x, u) is continuous in x when u is constant (see Definition 15 . 3 ). 

Theorem 20.1b. If in Theorem 20 . 1 a it is further supposed 
that fx is defined and continuous over N, then Ux is defined and 
continuous over D, and is given by the formula 


Uxix, y, ■■■) = - 


Mx, y, ■ ■ ■ , u) ^ 

fu{x, y, ■ ■ ■ ,u) 


where {x, yj • • • ) is any point of D, and u ~ <p{Xy yj * - » ). 

As in the preceding proof we shall assume that there are only 
two variables x and and we shall use the notation introduced 
during the preceding proof. Let x be an arbitrary value of x 
in the interval Xi < x < Xo, let u - <^(x), and let 


u + A-a == <^(x + Ax). 


Since /(x, u) has the constant value A for all x in the interval 
Xi < X < Xg when u = ^(.x), it follows that 

/(x + Ax, u + Au) — /(x, u) 


has the constant value zero. Hence 


lj,^^/(x + Ax , u + At^) — fix, u) 

Ay —►O Ax 


( 3 ) 


* See Theorem 8.5, Chap. IX. 
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exists and equals zero. But (3) may be written in the form 


lim 

Aa:—>0 


, ^ ^ ^ Au , f(x + Ax, u) — f(x. 

p{^, ^-^- 


Ax 


y)\ 


(4) 


where 


{ i(x Ax,u-\- Am) — fix + Ax, u) , 

•!i- ^ - when 

fu{x + AXj v) when Au = 0. 


Au 9 ^ 0, 


By Theorem 10.1, p{Ax^ Au) — fu(x + Ax, u + 6 * Au), where 
0 < 0 < 1. Since <p is continuous, 0 as Ao; 0, and since 
fu is continuous, lim p{Ax, Au) exists and equals fJx, u), Bv 

Aa:-i-0 

hypothesis, lim —/fejf) equals a). 

Since the limit (4) exists and/„(x, u) 0, lim AujAx must exist 

that is lim f (? __ exists (see Ex. IV, 17). 

Thus (4) may be written as Mx, u) • <p^{x) + f^{x, u). Since 
the value of (4) is zero, it follows that 


<ps{x) = u^(x) = —' 


fzjx, U) 

fu{x, u) 


The continuity of u^ follows at once from the representation 
w® = —fzifu and the continuity of /x and fu. 

It should be noted that we used the existence and continuity 
of /x only at points on the graph of (p. 

We now wish to extend Theorems 20.1a and 20.1b to the case 
where we have two equations 

F{x, y, ‘ ,u, v) == A, G(x, y, • • • , u,v) = B. (5) 

As a prelnmnary example, we first discuss the case where equations (5) 
assume the special form 


X = /(«, t>), y = g{u, v), (6) 

/ and g being single-valued. Suppose f and g are such that, for each point 
(Xu, yo) tn some region D of the xy-plane, the equations 

= f(u, v), yo = g(u, v) ( 7 ) 

have one and only one solution u = uo, v = vo. Since u and v each have 
exactly one real value at each point (xo, yo) in D, it foUows by Definition 14.1 
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that u and v are each a single-valued function of x and y defined over D. 
Let (p and ^ denote the functions of x and y which represent the values of 
u and V, so that 

u = <p{x, y), V = y). (8) 

Then <p and ^ are such that, for each point (rco, 2 / 0 ) in D, 

2 / 0 ) = Uq, xI(XOj yo) = Vo, 

where uq and vo satisfy (7). Hence, for every point (xq, yo) in D, 

xo = flcpixo, yo), ^(xq, ?/ o )], yo = g[<p{xo, yo), rP(xo, yo)]. ( 9 ) 

We say that equations (6) define u and v as single-valued implicit functions 
of x and y when u and v are determined as functions of x and y in the manner 
indicated above. We leave it to the student to generalize this discussion 
along the line of Definition 19.1b, and to extend this discussion to Eqs. (5). 
The following example illustrates the preceding discussion: If 


then 



( 10 ) 

( 11 ) 


Thus Eqs. (10) determine u and v as single-valued functions of x and y over 
the entire a: 2 /-plane except for the line re -j- ?/ = 0. The significance of (9) 
is illustrated by substituting formulas (11) in (10). 

The condition given above that Eqs. (6) determine u and v as functions 
of X and y may be difficult to apply in a particular case. We shall now 
develop a criterion which is sometimes more convenient to use. 

Suppose the graphs of Eqs. (7) are plotted on the same axes. Then 
uo and Vo are the coordinates of the point Po of intersection of the two graphs. 
The graph of the equation Xo — v) is really the section of the surface 
X = j{u, v) cut by the plane x = Xo. If / is a continuous function, the 
surface x = f(u, v) is such that nearby sections x = xo and x = Xi are nearly 
alike; that is, the contours (see Fig. 45) 

Xo^f(u,v), Xi=f(u,v) 

are close together when xq and xi are nearly equal. Likewise, the contours 
yo = g(u, v) yi = g{u, v) 

are close together when yo and yi are nearly equal. If the curves (7) inter¬ 
sect at an angle 9 ^ 0 , then, in general, the curves 


xi == fiu, v), 


yi = giu, v) 


( 12 ) 
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will ini^rsect at a single point Pi near Po, i.e., Eqs. (6) have a unique 
soiutioD u ^ ui, V vi near the solution u = Uo, v = Vo. Thus Eqs. (6) 
define and v as single-valued continuous functions of x and y for values of 
X and y near xo and t/o, that is, for all points 



{Xj y) in some neighborhood of yo). 

But suppose the curves (7) are tangent. 
Then no matter how close Xi may be to a;o and 
yi to 2 / 0 , the curves (12) will generally intersect 
in either two points or no point. (See Ex. 
XXI, 3.) In this situation there exists in the 


u a: 2 /-plane no neighborhood, however small, about 
(xo, ya) such that over it equations (6) define u 
and V as single-valued functions of x and y. 


Again, suppose one of the curves (7) intersects the other at a node. Then 
the curves (12) will generally intersect in two points, so that here also 
Eqs. (6) fail to define u and v as single-valued functions of x and y over any 
neighborhood, however small, of (xoj yo)- 





h 

Fig. 46. 

If f and Q are differentiable at (wo, ^o), then it follows from Ex. XX, 7, 
that the equation of the line tangent to the curve Xo = /(u, v) at the point 

fuiuo, Vo) ■ {u — Uo) -f /«( mo , Vo) - {v — Vo) = 0, (13) 

and the equation of the line tangent to the curve yo ~ g{u^ v) at the point 
s^o) is 


gu{uo, Vo) ' (u - Uo) + gv(uoj Vo) • {v — Vo) = 0, 


(H) 
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provided tha'G vA and /..(w-o, vq) are not both iJcro and that gAua, vq) 

and gviuo, both zero. The angle <i> between these two lines is 

determined by the relation^' 

vAOvin^u vA -f/.-(wo, vAg,{7iQ, vA 


Let 


\u, V/ 


\fn{U, V) /,(«, «P)| 

g,.(u, V] g.,(u, t.)| ^ *’> ~ 


The determinant. 


It is ©■indent th; 


is called the Jacobian of tlu' functions / and g. 


(wo, Vo). Moreover, if J\ 


f{Li\ i. 

V/., V/ 

at if J\ I 7 ^ 0, where /( ) denotes the 

\w, v/o \ u , v/q 

.n <j> 9 ^ 0 and 

H ^0. 

\u, y/o 


^ value 


of J at {uq^ Vo)y then tan g> 9 ^ 0 and the cuives (7) cannot be tangent, at 


then fu(uo^ Vo) and f c(uof Vo) cannot 


both be zero. It follows from the discussion of Eq. (1) that the curve 
Xq = /(-My i)) cannot have a node at (uq, vo). Likewise, the curve yo “ g{u, v) 


cannot have a node at (uq^vo). Thus the condition 


(L£) ^0 

\Uf v/o 


prevents 


the existence of each of the situations described above in which Eq. (6) 
failed to define tt and v as single-valued functions of x and y. We are led 


to the question, is the condition J\ 


(~) 

\u, v/o 


sufficient to ensure that 


Eqs. (6) define u and v as single-valued functions of a; and y over some 
neighborhood of (xo, ^ 0 )? The answer to this question is provided by 
Theorem 20.2a below. As in the case of Theorem 20.1a, it must not be sup¬ 
posed that Eqs. (6) cannot define u and v as functions of x and y over a 

/ /y g\ 

neighborhood of the point (xo, yo) when /{ —^ ) = 0. 

V<, v/o 


* The right member of this relation cannot be of the form 0/0, for suppose 

fug. -f.gu -0, (15) 

fuQu A'fvg. == 0, (16) 

where we omit the notation (wo, vo) for brevity. By hypothesis, fu and /, 
are not both zero; suppose fu 7^ 0. If we eliminate /„ from (15) and (16), 
we find that fu^al, + gp ~ 0. Since fu 9 ^ 0, it follows that gl + gl - 0, 
and hence that gu — Qv = 0. But and gv are not both zero. The same 
contradiction results when fv 9 ^ 0. This contradiction shows that (15) and 
(16) cannot both be true. 
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Theohem 20.2a. Let f and g be real single-valued functions of 
a finite nunber of independent variables x, y, • • • , u, v. If 
(xo, 2 / 0 , • ■ • , Wo, i'o) is a solution of the equations 

fix, y, ■ ■ ■ ,u,v) = A, gix,y, • ■ • ,u,v) = B (17) 

such that (1) /, g, fu, f., gu, and g„ are defined and continuous over 
some neighborhood N of the point ixo, yo, • • ■ , Wo, vo), and (2) 

t (0 where j(^^] = then within some neighbor- 

\Wj D/0 ’ Q'o 

hood N of (xo, 2 / 0 , • ■ ■ , Wo, 2^o) equations (17) define u and v as 
single-valued continuous functions of x, y, • ■ ■ , and the domains 
of definition of u and v extend over the whole of some neighborhood 
D of {xo, yo, ■ ■ ■ )in the space of points ix,y, ■ ■ ■ ). 

Since /( —) ^ 0, 

\u, vjo 

fvixo, 2/0, • • • , Wo, *>o) and gv{xo, Vo, , Uo, Vq) 

cannot both be zero; suppose g^ixo, 2/o, • • • , wo, Vo) 0. It 
follows by Theorems 20.1a and 20.1b that within some neighbor¬ 
hood Ni of (xo, 2 / 0 , • • • , Wo, t>o) within N the equation 
gix, y, ■ • • , u, v) = B defines as a single-valued continuous 
function ai x, y, •• - , u, say v = Six, y, • • • , u), and the 
domain of definition of v extends over the whole of some neighbor¬ 
hood Di of {xo, 2 / 0 , • ■ • , Wo). Moreover, Vu is defined and con¬ 
tinuous over Di and equals —gu/gv 

Since 9 is continuous, and since Ni is within N, 

fix, y, • ■ ■ ,u, eix,y, ■ ■ ■ , u)) 

is defined and continuous over Di. By Theorem 18.2, 

df(x, y, ■ ■ ■ ,u, 9) '\ 

9 U )x,y,... 

exists and is given by the formula 

2/, • • • , w, 9) \ ^ dfjx, y, ■ ■ ■ ,u, v) \ 

dU ) x,v,... du /x,y,...,v 

^ y. • • • . w, t)) \ ^ J ^ 

^ / x^y,...yu9ujx,y,... ■ 9' 
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where Vu = —QuIQv Since J and gr® are continuous, 

Uix, y, • • ■ ,u,e) 

is defined and continuous over Di; moreover, the value of 
juiF,, 2/) • • ■ ) (^ 0 , 2 / 0 , • • • , Uo) is not zero since J 9 ^ 0 

at (ko, 2/0, * • • , Mo, t'o). It follows by Theorems 20.1a and 
20.1b that within some neighborhood JV 2 of (xo, 2 /o, • • • , Uo) 
within Di the equation f(x, y, ■■■, u, 6 ) = A defines u as 
a single-valued continuous function oi x, y, ■ ■ • , say 

u = <p(x, y, ■ • • 

and the domain of definition of u extends over the whole of some 
neighborhood D of (xq, 2 / 0 , • • • )• If in the relation 

V = d(x, y, ■ ■ ■ ,u) 

we write u = <pix, y, ■ • • ), then v is defined as a single-valued 
continuous function of x, y, ■ ■ ’ , say v = fix, y, ■ ■ • 
and the domain of definition of v extends over D. Finally, the 
neighborhood iV of the theorem may be taken as the part of Ni 
whose projection on the (x, 2 /, • • • , M)-hyperplane lies within IVa. 

Theorem 20.2b. If in Theorem 20.2a it is further supposed 
that fx and are defined and continuous over N, then Ux and Vx are 
defined and continuous over D, and are given hy the formulas 



where {x, y, • • • ) is any point of D, and u = <pix, y, • • • ), 

V = fix, y, •••) in the notation of the preceding proof. 

Let (x, y, • • • ) be a point of D, with ii = <pix, §,•••), 

V = fix, y, ■ • • ). By virtue of the way D was deter min ed 

in the preceding proof, gr„(x, y, •••, u, v) 9 ^ 0 and the value 

of J at ix, y, ••• u, v) is 9 ^ 0. Since f has the constant value 
A when u = <pix, y, • • • ), v = fix, y, • ■ • ), 

+ Aa;, gf, • - • , g -f Am, i! -f Ai>) - fjx, y, ■ • ■ , u, v) 

Ax —^0 

(18) 

exists and equals zero. But (18) may be broken up into parts as 
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was (3), and the fraction Av/Ax which appears in the process 
may be written as 


^ ^ + Ax, y, ’ ^ u + Au) - e{x, Vy ^ , u) 

Ax Ax 

This fraction may also be broken up. In view of the fact that 
9z ^ QzJQv and 6n ~ QuIQv^ lim Ati/Ax may be proved 

Ax — i-O 

to exist as in Theorem 20.1b. The remainder of the proof 
is evident. 

The following extension of Theorem 20.2 may be proved by 
induction. (See Ex. 4 and 5 below.) 

Theorem 20.3. Let /i, U , • - fn he real single-valued func¬ 
tions of a finite number of independent variables Xi, x^^ • ■ • , x- • 
-?/* • • , j is a solution 

of the equations 

* * * j '^1, ’ ‘ * j nf) = .4.1, 

f, Xpy Uij * * • , uf) ~ A 2 * * . ( 19 ) 

/n(^lj * * ‘ , Xp] Uij * * * , Un) = ..4rt 

suck that /i, • • • , /n and all their first partial derivatives are 
defin-ed and continuous over some neighborhood N of the point 
(x{^\ • • • , t4?)f cind if at this point the Jacobian 


K 


fh u, • 

Ml, M2, ■ 


• JA 

J U-n/ 0 



dfi 

. . Vi 

dui 

dU2 

dUn 


Mi . . 

d/2 

du\ 

dU2 

dUn 

Mu 

Mn . . 

. Mm 

3 mi 

dUi 

BUn 


( 20 ) 


then vnthin some neighborhood N of (a:^®, • • • , w<®) Eqs. (19) 
defirw Ml, • • • , M„ as single-valued functions of xi, ■ ■ ■ , Xp 
hamng continuous first partial derivatives, and the domains of 
efinition of Ui, ■■■ , u„ and all their first derivatives extend over 
the whole of some neighborhood D of (a;',® • ■ • »« fh^ 

space ef points {x^, • • • , x,); furthermore! ’ 


dUj 

dXj 


j( - 

\Mi, • ■ • 


Shfh ■ ■ ■ ,fn 

Uj^l^ Xf, Ui^i, " 


fflhJlL. 

\^1, U2j 


■ jn \ 
* . uj 
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Suppose that Eqs. (19) are of the special form 

Xi = tpiiui, • ■ ■ v-n). Xi = , W„), ■ ■ • , 

Xn = <Pn{Ui, ■ ■ ■ , U„), ( 21 ) 

where in (19) 

■ ■ ■ , Xp-,ui, • • ■ , Wn) = Vi(ui, ■ , u„) — Xi, and 

Ai = 0. 

Then the Jacobian (20) assumes the form 



dipi 

dui 

d(pn 

dU] 


d(pi 

dlln 

dtijl' 


If -f( g f :T ; g ) ^ 0. then Eqs. (21) define 

as single-valued functions of Xi, • • • , x-r, over some region of 
the space of points (xi, * * • , that is, 


'^1 7 ^«.)j * * * 7 ‘ > ^n)* (21^) 

The functions are called the inverses of the functions (pj, and 
the operation of obtaining (21') from (21) is called an inversion. 
It can be shown (see Ex. 14 below) that if 



then 



Hence equations (21') may be 


inverted back to (21). If zti, • - - , Un 
and xi, “ • • , Xn are regarded as two 
systems of coordinates in ? 2 -dimensional 
space, then (21) and (21') determine either' 
set of coordinates in terms of the other, 
and (21) and (21') are said to define a 
transformation of coordinates. In partic¬ 
ular, consider the transformation 



Fig. 47. 


X = ^i(u, v). 
y = v). 


with inverse 


^ = ^i(x, y). 
V = Mx, y). 



higher mathematics [Chap. I 

If C is tlie parametric curve u = Mo, i-e-i the curve with equation 
Mo = y) and with parametric equations 

j X = <piiuo, v), 

\y = v’sCmo, v), 

if C is the parametric curve v = i>o, and if m arid v represent 
arc lengths along C and C, respectively, then the angle d between 
C and C' at this point of intersection is given by 

sin e = sin (/3 — a) = cos asinfi — cos iS sin a 

_ Sx _ Sx dy _ j{ Xj y \ ^ (221 

du dv dv du \u, v) 


Thus, if /(—} 0, then 0 7 ^ 0, and the parametric curves 

cannot be tangent. If u and v are arbitrary parameters, then 

. dx dy dx dy j{ Xy y \ du dv ' 

^ ~ dsdc d<j ds ‘^\M, v) ds dx 


where s and a are arc lengths along C and C, where m is a function 
of s alone along C, and y is a function of a- alone along C. These 
results will be used in Sec. 19 of Chap. II. 

Consider the transformation 


i x - <pi{u, V, w), 

y = ^^iu, V, w), with inverse 

Z = V, to). 


M = ii{x, y, 2 ), 

V = 'Pz{x, y, z), 

w = yps{x, y, z). 


Let the parametric curves 

ju = Uq, 

^ ‘ \ = Vo, ^ * I tv = 

have direction cosines 


C"; 


{ 


V = Vo, 
W = tvo. 


{I, m, n), (L, M, N), (X, m, ^), 


respectively, at the point Po = (wo, vo, tvo). If (ct, b, c) are the 
direction cosines of the normal A to the plane containing the 
tangents to G and C' at P, then 


clI -f* bfn “1“ cn = 0, ciL -j- bM -f* cN = 0, -d- Hh — 1, 
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mN — nM , nL — IN IM — mL 

«= —k —’ ^ = —k~-’ ^ = — v-’ 

where 

k = [{mN — nMy + {nL — INy + {IM — mLy]^-‘ 

= [1 - {IL + milf + nNyfi. 

If 9 is the angle between C and €', and if a is the angle between 
A and C", then 


cos a sin 6 = cos ccV" 1 — cos^ 9 

= (aX + 6 /t + cv)\/l — {IL + mM + nN)^ 

= {mN — ?iM)X + {nL — lN)iJ. + {IM — mL)v 



provided that u, v, w are arc-lengths along C", C, C. (Note 
that I = dx/dw, etc. If u, v, w are arbitrary, J must be multi- 


£ £■) ^ 
eos a sin d 9 ^ Oj 6 9 ^ 0 ° and a 7 ^ 90"^, and the three curves C, C\ 
C" must intersect each other at angles 7 ^ 0 °. 


Example 1. For the transformation 


a; = r cos (9, y ^ r sin (23) 

<?i) 

Hence, in the neighborhood of any solution rco, 2 / 0 , tq, 9q such that ro 7 ^ 0, 
Eqs. (23) define r and 6 as single-valued functions of x and y. If we restrict 6 
to be in the interval —7r/2 < d ^ 7r/2 (cf. Definition 19.1b), then equations 
(23) have the single-valued inverse 


cos 0 —r sin 0 

sin 0 r cos 0 


r — V + 2/2 when a; > 0, t — y when a; = 0, 

r = — -x/aj^ -j- 2 /^ when a; < 0, 


provided that r 0, i.e., that both x and y are not 0. 
Example 2. For the transformation 



u ' = x^ — 2 ^/, 



2x 

1 


z? == a: + 

-2 

^ == 2 a; 4 " 2 ^ 


e = Taa-i 

X 


(24) 
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Hence in the neighborhood of any solution Xq, yoj iio, vo such that J 0, i.e., 
X 9 ^ -1. Eqs. (24) define a; and y as single-valued functions of u and v. 
In Ei"* 48 it is seen that the curves (24) are tangent at a; = — 1 but every- 
where” else cross at an angle 0. If we restrict a; to be ^ -1 or g -i 

(cf. Definition 19.1b), then u and v deter- 
mine a unique point (rr, y) (the curve 



u — uq meets the curve v = t^o in only 
one point), and (24) has a single-valued 
inverse; u and v are called para7neiric 
coordinates of the point (a?, y). If (24) is 



Fig. 48. 


Fig. 49. 


solved for x and y, it is seen that the domain of definition of the inverse of 
(24) is given by the relation u -\-2v —1. 

Example 3. For the transformation 


■If"' t; = X -f 


(25) 


J\ — I = 2i/ H—Hence J is never 0. Yet it is seen from Fig. 49 
\x, yj 

that the transformation (25) does not have a single-valued inverse unless 
we restrict y to be ^ 0 or g 0 (cf. Definition 19.lb). Since u and v deter¬ 
mine a unique point (x, y) (under suitable restrictions), u niiti v are called 
parametric coordinates of the point (x, y). 

Example 4. Our last illustration is based on the physical propc'rties 
of superheated steam. By the degrees of superheat of a sample of steam at 
pressure p is meant the temperature of the steam above the boiling point of 
water at pressure p. Thus, steam at atmospheric pressure with a tempera¬ 
ture of 250'’F. has 38° superheat. By the total heat of steam is meant the 
total quantity of heat that must be added to one pound of water to vaporize 
it and bring it to a given state of superheat and pressure. Suppose the 
temperature T and the total heat H of steam are given by the relations 

T = F(p, .8), E - <^(p, 8), (26) 


where p denotes pressure and S degrees of superheat. The question arises, 
is the state of steam uniquely determined by the values of T and //, that 
is, does (26) have a single-valued inverse? It is known of the functions 


F 


and 4> that J 



is never 0. 


Hence the curves (26) are never 


tangent, and in the neighborhood of any solution Sa, 7\, Ha, (26) has a 
unique inverse. We leave it to the student to decide how it may be deter- 
nr r»nf, (^26^ has a imiaiie inverse for all values of -d a.nd iSI. 
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6. Theorem 20.1 may be stated in simple geometric language for a func¬ 
tion /(a;, y) in the following way: if the section of the surface s = /(a;, y) 
cut by the plane a; = ajo has at the point ( 2 / 0 , 20 ) a definite, finite, and non¬ 
zero slope, then the section of the surface z == /(a:, y) cut by the plane 
2 = So is a curve which defines ?/ as a single-valued function of x near the 
point (a:o, 2 / 0 ). 

The following surfaces illustrate the variety of situations that may occur 
when the section a: — a:o does not have at the point ( 2 / 0 ? 20 ) a definite, finite, 
and nonzero slope. Sketch each surface, determine the slope (if it exists) 
of the section a; = 0 at the point 2 / = 0, s = 0, show the sections a: = 0 and 
s = 0, and state whether or not the section 2 : = 0 is a curve which defines y 
as a single-valued function of x near (0, 0). 

(1) z = I - yK (5) z = *2 - y\ (9) z = + y\ 

(2) z = - y^. (6) z = (x - yy. (10) z = yV (l - a;»). 

(3) z = x’ - y\ (7) z = x2 + (11) z = V y^/{l - x^) . 

( 4 ) s = s _ (8) 2 = Vx^ + y\ (12) z = >^2/7(1 - x^). 

7. If we regard the equations 

X = Jiiu, y), y = / 2 (w,«;), s = U{u, v) 
as determining s, u, and v as functions of x and 2 /, show by Ex. 4 that 



8. If u =/i(a;, y, z), v -{iix, y, 2 ), w = fsix, 2 /, 2 ), show that under 
suitable assumptions 

02i \ / V, 22?\ _ / U, V, 2/;\ 

dxjv.w \y,z/ \x,y,z) 

9. If Ui = fl{xi, • • • , Xn)j ’ ' • , Un — fn{Xij ' ' • , Xn), ShOW that 



(See Chap. VI, Sec. 4 for the use of Cramer^s rule.) 

10. (a) If f{x, y, z) — 0, gix, 2 /, z) = 0 are the equations of a curve C 
in space, show that (with certain exceptions) the equations of the tangent 
line to C at {xoj yo, zq) are 

X — Xq _ y — yo _ g — Zq 
\j/, 2/0 \e,x/c \x,9t 
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(b) Discuss the geometrical situations arising when one or more of the 
Jacobians are equal to zero. 

11. (a) In Example 2 above, plot the points u = 1, y==l;2i=2, y= —1; 
= — 2, = 0. li u and v are represented as the rectangular coordinates 

of a point in the wv-plane, plot several of the curves a; = rco and y ~ yQin the 
wt;--plane. 

(b) In Example 4 above, what are the pressure and superheat of steam 
when T = 400, H = 1250; T = 900, H = 1450; T = 300, H = 1150. 
Sketch a few graphs to represent the inverse of (26). 

12. Discuss the transformation 

X = i(u — v)j = y/m 


in which u and v are called parabolic coordinates. 


13. Discuss the transformation 



2/, 

- 2 

X — 1 

14. (a) Show that if 



^ = /(w, v), 

y = g{ii, v) 

with J 

\u, vj 

7^ 0, and if 



u = 2/)> 

V = y), 

then 

y/ 

(-) 

\w, vJ 


(b) Extend this result to n functions of n variables. 
15. (a) Show that if 

and 

X = /(m, !)), 

y = g{u, v), 

then 

u = <p{r, s), 

V = f{r, s), 


\r, s / \Uj v) \r, s / 


(b) Extend this result to n variables. Show that the results of Ex. 14 
are special cases of these results. 

16. If ^ and v are functions of the three variables x, y, z and if x^ y, and z 
are functions of the two independent variables u and v, show that 
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21. Functional Dependence. To introduce the concept of 
functional dependence, let us consider the following simple 
example: Suppose 

u = f{x, y), V = (i{x, y), (1) 

where / and g have continuous first partial derivatives. We 
say that u and v are functionally related if, for each point {x, y) of 
some region D of the a; 2 /-plane, u and v always comprise a solution 
of an equation of the form 

4/{u, v) = 0, (2) 

where ^ is differentiable and such that and are never* 
sim ultaneously 0 at any point (m, v). If we differentiate (2) 
vith respect to x and y, we find that 

4''ufx "h 4'vgx ~ 0, 

fufy + rPvgy = 0 . 

Since and are never simultaneously 0, we may eliminate 
}pu and from (3) to obtain the result that 


^ j(^) ^ 0. 

7y\ \x, y/ 


We have thus shown that if u and v are functionally dependent 
over D, then their Jacobian (4) is identically zero over D, 

The converse of this theorem is also true, namely, if the 
Jacobian (4) is identically 0 over Z>, then u and v are functionally 
dependent. If fx, fy, gx, Qy are all identically zero, then / and g 
are constants (see Ex. V, 13). This case is of no interest and we 
pass over it. Suppose fx(,^o, Vo) ^ 0. By Theorem 20.1, the 
equation u = fix, y) determines a; as a differentiable function of 
u and y, say x = <p(Uj y), in some neighborhood of (a;o, ^£o, 

By (1), V = g[v{u, y), y\ and 


Since u ^ f(Xj y), 


P) =0 

dy/u 


A + 

c/v dy/u 

dxjydy) 


* This restriction can be considerably weakened. 
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Since is continuous and fx{xo, 9 ^ 0, jxix, y) 9 ^ 0 over some 

neighborhood N of (xo, ya) and (6) may be solved for — I at 

dy/u 

all points m N. If we substitute this result in (5), we find that 

§l\ 

^ dx/y dyjx ^ dy/x dxjy _ J 

dyl ^ — f; 


By hypothesis, / ^ 0, Hence 


= 0 wherever ^ 0. 


Thus V is a function oi u alone in some neighborhood of uqj 
say V =•• <f(u)j and u and v are functionally dependent. 

These results are summarized in 

Theorem 21.1, If n =z f(^x, y) and v — g(i‘^ y)^ where f and. g 
have continuous first 'partial derivatives, then u and v are functionally 

dependent when, and only when, ) = 0 over some region of 

the xy-plane. 

Example. The functions 


are functionally dependent, for 



It turns out that v — log 3 -}- log log u = 0. 

When Theorem 21.1 is extended to n variables, we obtain 
Theorem 21.2. If 

Ml = fi(Xi, X2, ■ ■ ■ , X„), Ui = /s(xi, X2, ■ ■ ■ , Xr), 

■ ■ • , Un — fn{xi, X 2 , ■ ‘ , Xn), ( 7 ) 

where aU the functions fi have continuous first 'partial derivatives, 
then Ml, • • ■ , w„ are functionally dependent when, and only when, 

Tl ' ‘ * 

■ ,xj ^ ^ region D of the space of points 

(•^1, • • • ,Xn). 
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If there exists a functional relation 
such that •••,’/'«„ are never all simultaneously 0, then 

dip dUi I . * . I _ Q 

du\ dxi 

( 8 ) 

d-p dUi . • _ Q 

dUi dXn dUn ^Xn 

and elimination of the derivatives d\p/dui, • • • , d^/dUn from 

(8) leads to the result that ^ ^ = 0. 

Conversely, suppose J = 0 throughout some region D, and 
suppose some derivative of one of the u^s is not 0 in D, say 
dui/dxi. Then the first of the equations (7) defines Xi as a 
function of Ui, X 2 , • • • j in D, say Xi = <p(Uj X 2 , * * • , Xn). 
Then by (7), 

U2 = f2[<p{'^h ^2, * * ’ j ^n)) X2, , ^n]j ’ ’ * ? 

Un “ * * * j X2} , 23n]. 


If we follow the same procedure as in the proof of Theorem 211, 
we find that 



Since J = 0 in D, ^ =0 in D. Thus our 

problem is reduced to the case of n — 1 functions in n - 1 
variables. The theorem follows at once by induction. 


EXERCISES XXn 

1. Determine which of the following sets of functions are functionally 
dependent: 

(a) x=u-'V-\-S, y — u^— 2uv + v® -h 7. 

(b) X — Su 4v — w, y = 2u — V A- is = 6w + 8u — 2^’ — 1. 

(c) u — sin (x ~ y), V ~ cos^ (x — y). 

(d) X = v\ y = v^. 

2. Carr}’’ out in detail the proof of Theorem 21.2 for the case n = 3. 

3. If zo is a function of u and v such that <p{u^ — — zf;^) = 0, show 

, dw dw 

that vw — + uw — = uv. 

du dv 
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Sec. 22] 


4. Consider tlie pair of lines 


u = aix + hiy -f Ci = 0, 
V = a2X + &22/ + == 0. 


(a) 

(b) 


Prove that if 


Prove that if J\ 


if 9 

y/ 

/u, v\ 

y) 


0, the lines intersect in exactly one point. 

0, with at least one of the elements of J in 


each row not zero, the lines are parallel. 

(c) Find a criterion for distinguishing between the case where u and v 
are coincident, and the case where u and v are parallel but not coincident. 
5. Extend Ex. 4 to the case where there are three planes 


u — CLix “h biy -j- Ciz -f- di = 0, 

V ~ CL2X -f- h^y “b C2Z d" ^2 == 0, 

lu = a^x -f hzy + c^z 4- ds = 0. 

22 . Normal Derivative. In formula (A') of Sec. 18, namely, 
= Sx{xn, 2 /o) cos « + Jy{xo, yo) sin a, (A') 

XQ,yo 


djjx, y) 
ds 


represents the value at (rro, yo) of the rate of change 

of f(Xj y) with respect to the distance s transversed by the point 
(a;, y) while moving along the curve C with equations x = p(s), 
y = q{s). It was pointed out at the beginning of Sec. 16 that, 

df(x, y) 


at ihQ jixed point (xo, yo), 


ds 


may have different values 


according as the point {x, y) moves along different curves C, s 
of course always being measured along the curve traversed by 

y) 
ds 

df{x, y) 


(x, y). Since 


has a definite value for each curve C 


through {_Xo, yo), 


ds 


is 2 , function of the curves C through 


(xo, 2 / 0 ). But we can say even more than this. 

In formula (A'), the coefficients fx{xo, yo) and Sy{xo, yo) are in 
no way related to the curve C, for they are determined entirely 
by the function / and the point {xo, yo)- Hence, for a given 
function/ and a given point (xo, yo), the.only variable in (A') is 


This 


df(x y) 

a, that is, the value of at (xo, yo) defends only on a. 

fact is of such fundamental importance that we shall elaborate 
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upon it. Let C and C be any two curves in the x^z-piane through 
the point (xo, yo) and having there the common angle of inclina¬ 
tion a, and let s and s represent the arc lengths along C and C. 

Formula (A') shows that equals —— L 

jxot'm 

where (x, y) moves along C in - and along C in ' In 

other words, the value at (a-o, 2/0) of the rate 
of change of f{x, y) whth respect to ar(* 
length is the same for all curves having 
the same direction at (a^o, ^ 0 ) . This cmnmon 
df(x, y) 



value of 


ds 


for all curves C with 


direction a at (xo, 2/0) is called the space rate 
of change of / at {xq, ?yo) in the direction a, or, in more technical 
language, the directional derivative of / at (a:o, 2/0) in the direction 
oi. To determine the directional derivative of f at (xq, /yo) in any 

df(x 


given direction a, it is necessary merely to find 


formnla (. 4 ') for the 'proper value of a. 

:he V 
di{x, y) 


[ •t. y) 


by 


df(x 'li) 

Since, for a given function/, the value of at the fixed 

Cl'O 

is a function of the 


point (xo, ya) depends only on a, 


ds 


one variable a and may be denoted by the subscript Su 

indicating that / has been differentiated wdth respect to s and the 
derivative evaluated at (.Xo, !/o). We know' from elementary 
calculus that /^^(a) has a maximum at a = if ao is a solution 


of the equation = 0 such that 


formula (A'), 


= -/x(xo. yo) sin a -|- /„(x„. 2/0) c- 


< 0 . By 

COS a. ( 1 ) 


The various solutions ao of the equation j-fs^ia) = 0 are 
dently given by the formula 


evi- 
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the case where ao is an odd multiple of t/ 2 being treated in the 
usual formal way. Furthermore, 


J: 

doc 




— [/i(a-’o, Vo) cos ao + yo) sin <xe|. (3) 


If this expression has a negative value, ao maximizes; if thi.s 
expression has a positive value, ao minimizes /.^(a). The case 
where (3) has the value zero is taken up in Ex. 5 below. 

Equation (2) always has exactly two solutions a.) and 
between 0 and 27r rad., and oc^ — ocq "di ^r. Since 


CO.s — (*o.s (ao i tt) = — 


(‘OS c>:o 


and 


sin aQ ~ sin (ao + tt) = —sin ao, 

the values ot (3) tor ao and aj are iuiincri(*ally (‘qual but of 
opposite sign. H(ui(‘e either ao or aj, say a„, is a value of a 
for which/,^(a) has a maximum and tlu^ otlnn’, a^, is a vahm of a 
for which/s^(a) has a minimum [unhvss (3) has tin' value zero 

for both ao and ao]. /.s/oj) has no other maximum or minimum 
value for a between 0 and 27r. 

Definition 22.1. Let ao denote the unique, direction at (xo, yd) 
7 • 7 dfix, z/)1 

m which a viaxvmwm, let C he any curve in the 

xy-ylane through (.To, yd) with slope tau ao there, and let n, instead 
of s, denote the arc-length of such a curve C. Then the .symbol 
dfix, y) 


dn 


mdicates by the letter n that the point (.r, y) along 


curve C having slope tan ao at (.rn, yo); 


some 

the normal derivative of f at (x’o, yo). 


is called 


Since 


ao maximizes 




ds 


, it follows that 


the maximum value of 


a-o.i/o 

y) 

ds 


df(i\ y ) 
dn 


IS 


Tlie reason for calling 


df(x, y) 
dn 


the normal derivative lies in the following theorem 


which will be proved in Ex. 7 below. 
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Theorem 22.1. If Kx, y) is a given function, if (xo, yo) is a 
given 'point, and if olq is detevniined hy eguatiou (2), then a line 'with 
direction angle olq is novTnal to the curve fix, y) = k, 'where 

k == fixo, 2/o). 

In successive columns of the following table are shown the 
various possible combinations of signs of yo) ^^dfy(xo, yo). 
When these two quantities are both positive (second column), it 


yo) 

+ 

+ 

- 

- 

• /x(a:o, 2/o) 

+ 

- 

- 

4- 

ao 

I 

1 

II 

Ill 

IV 


follows by (2) that tan ao is positive, and hence that ao is in the 
first or third quadrant. By the above definition, ao maximizes 
fs^(a). Hence (3) represents a negative number, that is, 

fx(xo, yo) cos ao + fy(xo, yo) sin ao 


is a positive number. Since fxixo, yo) andfy(xo, yo) were supposed 
positive, the signs of cos ao and sin ao show that ao cannot be in 
the third quadrant. Therefore ao must be in the first quadrant 
as indicated in the table. It is left to the student in Ex. 4 below 
to carry through this argument for the remaining columns of the 
table. 

It folloW'S from the table that sin ao and cos ao always have the 
same sign as fyixo, yo) and fxixo, yo), respectively. From this 
fact and (2) it follows that the formulas 


cos ao = 

sin ao = 


fxjxo, yo) 

Vlfx(xo, yo)]2 + [fyixo, yo)]\ 

fyj^o, yo) 

V[Mxq, yo)Y + [fy{xo, yo)]^ 


(4) 


determine cos ao and sin ao in sign and magnitude. Substitution 
of these formulas in (A') leads to the result that 

= Vlfxixo, yo)P + [fyixo, yo)]2. (5). 


df(x, y) 
dn 


!a;o,2/o 
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It is seen from (2) and (5) that is represented in 

j2;o,2/o 

direction and magnitude by the vector whose x- and y-compo- 
nents &Tefx{xo, yo) a,ndfy(xo, yo). In vector analysis, this vector 
is denoted by grad / and is called the gradient of /. 

EXERCISES XXTTT 

df{x^ y) 

1. (a) Find ^ ^ when fix, ^) = *2 - Zxy and the point (x, y) 

moves along the curve C with equation y = ~ x 2. 

Suggestion. To evaluate cos a = dx/ds and sin a dy/ds, find 
tan a — dy I dx from the equation of C. 

(b) Repeat (a) when the equation of C is y = 3 - (1/a;); when the 
equation of C is 1 / =* 2 + log x\ when it is known of C merely that its slope 
at (1, 2) is 1. 

2. Find the direction ao of the normal derivative of f{x, y) = x- ~ Sxy 

at (1, 2), and find both by (5) and (A'). 

an Ji,2 

3. Find the directional derivative of f{x, y) = ■\/x‘^y at the point 
(2, -2) in the direction a = 150°. Find the direction of the normal deriva¬ 
tive of this function at (2, —2) and find 

dn j2,-2 

4. Show that the signs ofMxo, yo) a.ndfy(xo, Vo) determine the quadrant 
in which ao lies as indicated in the above table. 

5. Show that (1) and (3) can both have the value zero only when 

fxi^Qj yo) — fyiXOf = 0 . (★) 

[Set (3) equal to zero and eliminate ao from the resulting equation and (2)]. 

In case (1) and (3) are both zero, so that (^) holds, I — 0 in 

Ja;o,7/o 

every direction, and ao is indeterminate. The full significance of condition 
(★) is discussed in Sec. 25. 

6. If in formula (2) we think of (xo, yo) as an arbitrary point, then we 
may omit the subscripts and the formula 


tan ao 


fy(x, y) 
Mx, y) 


determines ao at each point (rc, y). In this formula, x and y are independent. 
But suppose we determine y as such a function of x that the graph of y 
is a curve C whose slope at each point {x, y) on it is tan ao. Two things are 
evident: (1) y must be such a function of x that 


^ fx{x, y) 


(6) 
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since dyjdx represents the slope of C and since tan ao = Jy{x^ y)/fx(x, y). 
Conversely, every* solution y of Eq. (6) has for a graph a curve with slope 
equal to tan ao at each point on it. It therefore follows that the set S of all 
solutions of (6) defines exactly the set of all curves with slope tan ao at each 
point on them. (2) At each point (a;, y) on any particular curve C of the set 
S the directional derivative of / is a maximum in the direction of C since 
the slope of C at {x, y) is tan ao. Hence n may be used to denote the arc 
length of C and df{x, y)/dn is the normal derivative of / at each point of C. 
[Note that this last assertion was true in Definition 22.1 for only the par¬ 
ticular point {xo, yO on C.] Thus the curves of the set S comprise all the 
loci that may be traced out by a point P moving so that the value of / at P 
is always changing at the maximum possible rate. 

Methods for integrating Eq. (6) will be given in Chap. HI. How¬ 
ever, there is one particularlj^ simple case where the integration may be 
effected at once. If dyidx = <p{x)/\h(y), write this relation in the form 
^(:y) dy = <p{x) dx and integrate! both sides. Integrate Eq. (6) by this 
method in the following cases and state the significance of the solutions: 

(1) f{Xy y) = xy. [The solution of (6) in this case is ~ = c, where 

c is an arbitrary constant. For each value of c this equation defines a curve 


C such that, at any point P of C. 


dfix, y) 


a maximum in the direction 


of e.] 

(2) fix, y) ^ T y‘\ 

Solution, log y = log x -f log c, where the constant of integration is 
written as log c. This solution reduces to y = cx. 

(3) fix, y) = -I- 

(4) fix, y) = log - y). 

Cheek the interpretation of part (1) in the following manner: Let c = 3. 
Find the slope of a*- - ?/2 = 3 at f2, 1), find tan a,, at (2, 1) by formula (2) 


of Sec, 22, and compare results. 


Find 


d/fc y) 
dn J 2 ,i 


by (5) of Sec. 22, find 


dfix, y) 

h,i 

compare result; 


by (A'-' when (rc, y) moves along the curve — fp = 3, and 


dfix v) 

7. (a) Find a formula for the direction <xi in which- ■. o. 

JxQ,y(i 

Show that tan ai is the slope of the cur\^e/(a:, y) = k at the point (a:o, 2 / 0 )- 
Show that the directions ao and ai are at right angles. Prove Theorem 22,1. 

(b) Check Theorem 22.1 by plotting on the same axes a few of the curves 
C of Ex. 6 and a few of the cur\^es/(a;, y) — k in the case where/(. t, y) is the 
function of part (1) of the preceding exercise. Repeat this check by taking. 
fix, y) as the functions of parts (2) and (4) of the preceding exercise. [To 


*It wpl be shown in Chap. Ill that Eq, (6) has a one-parameter family 
of solutions. 

fSee Chap. 11, Parr A. 
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plot log {x - y) = h, write this equation in the form .t - 1 / = e* = and 
choose various values of k'.] 

(c) Why does the equation -f- == k represent the same set of 

curves as the equation — fc? [Note the last sentence of part (b).] 

Why are the solutions of parts (2) and (3) the same in Ex. 6? What would 
have been the solution to part (4) of Ex. 6 if f{x, y) had been sin {x ~ y}1 


■\/x — y? <pi^ — y), where cp is an arbitrary function? State a general 
theorem which is exemplified by the answers to the preceding questions. 

8. In Exs. 6 and 7 it was shown that at any point {x, y) the direction 
along which a function J{x, y) changes most rapidly is always orthogonal 
to the direction along which / is constant. This result has many important 
physical applications, a few of which we now state. At any point in a mate¬ 
rial substance the flow' of heat is alwmys in the direction along which the 
temperature changes most rapidly; hence the flow of heat in a thin flat sheet 
of material substance is always along the set of curves orthogonal to the set 
of curves of constant temperature (isothermals). At any point of an electric 
field the force acting on a charged particle is always in the direction along 
which the potential of the field changes most 
rapidly; hence in a plane electric field the force 
acting on a charged particle is always orthogonal 
to the curves of constant potential (equipotential 
curves). If something of variable concentration 
is diffusing through space, such as a solid as it 
dissolves in a liquid which is not being stirred, the 
flow at any point is alw^ays in the direction along 
which the density changes most rapidly; hence the paths of diffuiaion in a 
thin flat layer of material are orthogonal to the curves of constant density. 

Suppose the functions /(a;, y) of Ex. 6 represent temperature, potential, 
and concentration in connection with physical situations of the sort just now^ 
described. Give the physical interpretations of the curves plotted in Ex. 7b. 



9. Show that 


dnj X 


cos 4^, where 4/ is the angle betweerd the 


directions along which df /ds and djfdn are taken. (If djjds is taken in the 
direction «, then 4^ = <ao — oc. Expand cos 4 ^ and evaluate df/dn^ ct>s ao, 
and sin <xo by formulas (4) and (5) of Sec. 22.) 

Note that if ^ = 90°, we obtain the result found in Ex. 7a. Also note 
that df/ds is a maximum when 4^ = 0 . 

Check the above formula by means of the results of Exs. 1, 2, 3 above. 

The above formula may be “derived’' geometrically by drawing the 
graphs Cl and C 2 of the equations f{x, y) = ifci, /(a:, y) = fco, where kt — ki 
is numerically small, taking PQ orthogonal to Ci, noting that (see Fig. 52) 


— k'l 



■PQ' 


approximately, and assuming the sector PQQ' to be approximately a right 
triangle so that PQ — PQ' cos V'. 
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10. Show by the preceding exercise that the sum of the squares of the 
directional derivatives of /(a;, y) at a point P along any two perpendicular 
directions is always the square of the normal derivative of y) at P. 

11 . Find the directional derivative of y) along the curve x ~ p(w), 
y = q{u), where u s. 

12 . Find a formula for the normal derivative in polar coordinates. (See 

d/(r, 6) df 1 df . 

Ex. XIX, 32.) Show that —-- = — cos — sin where xp is the 

as dr r od 

angle between the direction in which di/ds is taken and the direction 6 . 

13. If T represents a temperature distribution over a plane area, then 
dT jdn is called the temperature gradient. Fin'S the temperature gradient at 
( 1 , x/ 4 ) when T(r, B) = (sin 26)Ir^. In what direction is it taken? 

14. Derive the formula 

df (x 2 /, 

’ ’ ^fxixo, yo, Zq) cos a -PMxq, yo, zq) cos (3 


fz{xo, 2/0, 2^0) cos 7, (7) 


where x = pis), y qis), z — ris) are the parametric equations of a curve 
in space with arc length s, and where a, jS, y are the direction angles of this 

dfix, y, z) 


curve at the point (rco, yos Zo). Show that * 


ds 


as determining a directional derivative in space. 

dfix, y, z) 


15. Find the direction along 'which 


ds 


may be regarded 


IS a maximum and 


find this maximum value. 

Solution. It win be shown in Sec. 25 that the coordinates ao, /So, of a point 
where a function gia., ^) has a maximum are determined as a solution of 
the pair of equations gaia, 0) = 0, g^ia, p) = 0. (We omit all reference to 
second derivatives for the sake of simplicity.) Let us apply this result to 
(7), regarding 7 as a function of a and ^ determined by the relation 


COS^ a + COS^ ]8 -h COS^ 7 1. (8) 

DiOferentiation of (7) gives 

) = —fxixo, yo, Zq) sin a — Mxq, yo, zq) sin 7 —= 
xo,yo,zo/ da 

\ (9) 

) “ 3 / 0 ) So) sin p — yo, so) sin y 

xo,yo,3o/ 

Before we set these expressions equal to zero, let us simplify them. Differ¬ 
entiation of ( 8 ) with respect to a and /3 gives 


da\ds 

dp\ds 


-2 

-2 


COS a sin a — 2 cos 7 sin 
cos jS sin |S — 2 cos 7 sin 


57 

dy 


=0, 

0. 
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If we solve these identities for sin y{dy/dcL) and sin y(dy/d^), substitute in 
(9), and then set (9) equal to zero, letting (ao, ^o, To) denote a solution of 
the equations so obtained, we find that . 


fxixo, 2 / 0 , Zq) 

cos ciQ = — - r COS To, 

MXo, 2 / 0 , ^o) 


cos /So = 


fyjxoy 2/0, ^o) 
Mxqj 2/0, Zq) 


COS Tc. 


These formulas, when substituted in (8), show that 


cos ao = 


fxjXo, 2/0, Zq) 

V/s +/y +/z 


COS jSo 


fvixo, 2/0, Zq) 

VFTfl+f;’ 


cos To 


fz(xo, 2/0, Zo) 

N^fz H-/y +fz 


( 10 ) 


where (xo, 2 / 0 , zo) has been omitted from , the denominators for brevity. 
Formulas (10) determine by means of the direction angles ao, /5o, To the 
d/1 

direction in which ~ is a maximum. If we substitute (10) in (7) 

jxo,yo, 2 o ’ 

we find that the normal derivative is given by the formula 


where 


df 


V[/±(«o, yo, Zo)]^ + [fvixo, 2 /0, Zo)]2 + [/.(So, 2 / 0 , (11) 

.<i/l 


and where n has the same 


I is the maximum value of - 
JiCo,2/OiSo dsj 

significance as in Definition 22,1. 

Compare these results with those obtained above for a function of two 
variables. Define grad /. 

16. By reasoning as in Ex. 6, derive and interpret the systems of equations 
^ 2 /, z) dy fy(x, y, z) ^ 

^ V/l +fy+fl ° VfT+ff+f’ 

and 


dz 

ds 


y, z) 

V/i +/s 


dy fy{x, y, z) dz _ Mx, y, z) 

dx Mx, y,z)’ dx /»(s, y, z) 


( 12 ) 


Wliat is meant by a solution of the system (12) ? How does such a solution 
define a curve in space? What is the significance of the curves determined 
by (12)? 


Methods for integrating (12) will be given in Chap. III. Show that 
y = ax, z —bz, where a and b are constants, is a solution of (12) when 
/(*, y, *) = X^ + y^ + z\ 


17. Show that 


dn 


cos ’f'l where ^ is the angle between 


the directions along which df/ds and df/dn are taken. Extend the result 
of Ex. 10. 
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Suggtstion. Recall that cos ^ = cos a cos ao 4- cos (i cos 4- cos 7 cos 70 . 
See Ex. 9. 

18. Show by Ex. 17 that the surfaces/(a;, y, z) = k are orthogonal to every 
curve represented by a solution of (12). Note that the numerical example 
of Ex. 16 illustrates this result. Extend the discussion of Ex. 8 to physical 
situations in space. 

19. Iliustrate all the results of Exs. 14 to 18 by means of the function 
J{x, Vj z) ^ xyz. In Exs. 14 and 15, take (a^o, S'o, ^o) as the point (1, 2 , 3); in 
Exs. 14 and 17 take a = i3 = 7 r/ 4 , 7 = 7 r/ 2 . Integrate equations ( 12 ), 
using Ex. 65 (1) as a clue to guess the solutions. 

20. Find a formula for the normal derivative of a function defined over 
three-dimensional space in polar coordinates. (See Ex, XIX, 32.) 

21 . Find a formula for the normal derivative of a function defined in 
cylindrical coordinates (r, <f>^ 2 ), where x — r cos <l>j y = r sin <i>, s - z. 

22 . Extend all the above results to functions of n variables. 

23 . Point Functions. Invariance of Directional Derivative. 

Ill this section we shall show that the directional derivative is an 
invariant. However, before considering this matter we must 
first distinguish between a point function and a function of 
several variables. 

If a physical situation determines at each point of space the 
value of some physical quantity Q, such as temperature, density, 
potential, stress, acceleration, • • * , then we may indicate the 
direct connection between the values of Q and the actual points 
P of space by representing the value of Q at P by Q(P). The 
notation Q{P) stresses the fact that the values of Q are correlated 
directly with points P quite independently of any coordinate 
system which may be used to locate P, and mthout the aid of 
any formula. 

Definition 23,1. //, by any means^ the values of some quantity 
f are determined at, and correlated directly with, the actual points of 
so77ie portion of space, thenf is called a pomt function. 

The following examples illustrate this idea: (1) If at each point 
P near a certain magnet the field has a definite strength F 
measured in some system of units, then F is a point function and 
we denote the value of P at P by P(P). (2) Let C be a family 

of curves in space such that exactly one curve of the family 
passes through each point of space, and such that each curve has 
a definite curvature K at each point P on it. Then K{P) is a 
point function defined by this family of curves. The value of K 
is quite independent of any coordinate system used to locate P. 
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We should note that the concept point function is quite in 
contrast to that of a function / of three variables (such as a 
formula) where the value of the quantity / is determined for 
each set of values of the three variables. Thus, the value of / 
for the values a, 6, c of three variables is denoted by /{a, h\ c). 
This symbol in no way implies that a, 6, and c are the coordinates 
of a point with reference to any coordinate system; or if a, 5, c 
are the coordinates of a point, the symbol in no way indicates 
the particular coordinate system in mind. The actual symbols 
used for the three variables under consideration are irrelevant; 
for whether we w^rite/(a-, y, z), orf{u, v, -w), orfQ, rj, f) is immate¬ 
rial, since these symbols all denote the same number when 
y, (^, 7], f) denote tiie same set of numbers. 

Now^ suppose that /(P) is a given point function and suppose 
that we introduce a rectangular coordinate system (.t, y, z), a 
polar system (r, cb, 6), and some other system (X, g, v) for repre¬ 
senting points P, where now, in contrast with the preceding- 
paragraph, we use a definite set of letters to refer to a definite 
coordinate system. If fr is the function of three ^'ariables 
(formula) such that/(P) = fr{x, y, z) when P and (.r, y, z) denote 
the same point, tiien fr is said to represent the point function / 
in the {x, y, z) coordinate system. Similarly, if f.p and/,, are the 
functions of three variables such that /(P) == (i>, 8) and 

/(P) = /.(X, fx, v) when P and (r, <^, 8) or P and (X, pt, v) denote 
the same point, then /p and fc represent / in the (r, 8) and 

(X, /z, v) systems. It is evident that /r, /p, and/c are all different 
and that none of these functions can be identified with / itself; for 
example, if /,. represents the temperature at P, no formula for 
the temperature of a certain substance can be identified with the 
temperature itself. B\irthormore, /p can be determined from fr 
by the equations relating .x, and z with r, and 8] fc may be 
obtained in a similar manner from either fr or /p. However, it 
is inconvenient to retain tjbe various subscripts on the letter / 
and it is customary to omit them. But then we have the 
paradoxical situation that 

/(-P) = /C;. y, z) = fir, <t>, S) = /(X, M, v) (1) 

in which (x, s), (r, <^, 8), and (X, /x, v), while representing the 

same point, do not represent the same set of numbers (see the 
preceding paragraph) and in which the letter / denotes four 
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different functions, namely, the original point function / and three 
different functions of three variables. In particular, f{x, y, z) 
denotes fr{x, y, z). However, the notation j{x, y, z) admits the 
reading “the value of the point function / at the point {x, y, z)” 
just as /(P) denotes “the value of / at P.” In this sense, /(P) 
and/(a;, y, z) mean exactly the same thing, i.e., the value of / at 
a certain point, the only difference between the two symbols 
being the notations used to denote a particular point. Hence 
each of the last three S 5 nnbols in (1) is used to denote the-value 
of both the point function / and a function of three variables. 
The advantages of this double use of notation are (1) the use of 
the same letter/in the symbols/(a:, y, z), f(r, (f>, 6) and /(X, ix, v) 
emphasizes the fact that the various functions of three variables 
denoted by these s 3 mibols all represent the same point function 
/, and (2) it avoids the necessity of specifically introducing 
different letters to denote these different functions of three 
variables. 

We are now in a position to consider the invariance of a direc¬ 
tional derivative. Let /(P) be a point function defined in space 
and let (7 be a curve in space with arc length s. If we think of 
P as moving along C, then df{P)/ds represents the rate of change 
of / along C with respect to s; in fact, 

. m 

ttS JPo Aa-^O As 

where P approaches Pq along C and where As is the arc length 
along C between Po and P. Thus/ once the unit of length is 
determined, df{P)/ds has an absolute significance independent 
of any coordinate system. Hence df{P)/ds is a point function. 
But to calculate df(P)/ds it is necessary to introduce coordinates 
and use formula (A') or some other such formula. The following 
question inevitably arises: If we introduce two different rec¬ 
tangular coordinate systems (x, y, z) and (Z, F, Z) to calculate 
df(P)/ds, will we necessarily obtain tte same result? Obviously 
not, for the two systems may be based on different units of length. 
Will the calculated value of df{P)/ds depend on any other 
feature of the coordinate systems used, such as the origin selected 
or the orientation of the axes? 

To answer this question, consider two rectangular systems 
(x, 2 /, z) and (Z, F, Z) based on the same unit of length and with 
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a common origin. Then formula (T) of Ex. XIX, 36, gives 
the relations between {x, y, z) and (Z, F, Z). Let the direction 
angles of the curve C of the preceding paragraph at the point Po 
be a, 7 with respect to the (x, y, z) system and let these angles 
he A j B, C with respect to the (Z, F, Z) system. It is left to 
the student in Ex. 7 to show that 

/s(Po) cos a + fy{Po) cos /3 + fz(Po) cos 7 

= fxiPo) cos A + /f(Po) cos B + fziPo) cos C. (2) 

It is also left to the student to show that this relation holds when 
one coordinate system is a translation of the other. It follows 
that this relation holds for any two rectangular systems based 
on the same unit of length. 

Because the quantity fx(P) cos a + fy(P) cos -f /,(P) cos y 
has the same value for all rectangular systems based on the same 
unit of length, a, /3, and y always being determined with reference 
to the coordinate system denoted by (rc, y, z), we speak of this 
quantity as an invariant with respect to such systems. (Is it an 
invariant with respect to all rectangular systems?) It is one of 
the fundamental objectives of mathematical analysis to discover 
invariants since these quantities in physical or geometrical 
applications have absolute physical or geometric interpretations 
which are independent of the coordinate system used to express 
them. 


EXERCISES XXIV 

1 . Given a point function /. Why has the symbol /(I, 2 , tt) no value? 
How may it be given infinitely many values? What is the significance of 
this symbol when / is a given function of three variables? In this case can 
it have more than one value? Does its value depend in any way upon the 
interpretation of the three variables as coordinates of a point ? 

2 . Given a forniula fv in three variables (or more generally, a function fv 
of three variables). When and how does fv define a point function /? 
Exactly what does / denote? (Of course, / denotes the point function deter¬ 
mined by fv. But answer the question without using the word function 
and do not suppose that fv represents a physical quantity. See footnote, 
p. 115.) 

3. Suppose that the notations (p, r) and (w, v, w) refer to two given 
coordinate systems. If / is a function of three variables, then /(p, g, r) and 
f{u^ V, w), while representing the same function of three variables, may be 
regarded as defining difierent point functions. Under what conditions with 
regard to the points (p, q, r) and (w, v, w) will these two point functions 
have the same value? 
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4 . In a certain coordinate system the coordinates {u^ v, w) of each point 
P are related to the rectangular coordinates {x, y, z) of P by the equations 


x{x y). V = (x y)(x + 2 ), x(x -f z). 


Bo the functions 


t.1 - - -) 
\10 Uf 


and 


y - - 


represent the same point function? 


5 . Given a point function / defined in space and a curve C in space repre¬ 
sented in two different ways by parametric equations involving two different 
parameters xi and v! . Compare/(ti) a,nd 

6 . Given the surface S whose parametric equations in a rectangular 
coordinate system are x = ^nCu, v), y == <p2(Uy v), and s = ip^(u, v). Let/ 
be a point function. Discuss fully the notations f(xi, v) and/(w', v'), where 
u' and r' provide a second representation of S. 

7. Prove formula (2) in Sec. 23. 
a/(X, 7, Z] 

dX Jpo' 


Hint. Note that/ x(Po) 


But/(X, 7, Z) //, 


when (X.. 7, Z) and (x, y, z) represent the same point since / is a point 


function. Hence 


a/(X, 7, 7) 
dX 


JPo 


df(x, y, z) 
dX 


Po 


This last derivative 


may be evaluated by formula (B). The quantities/y(Po) and fziPo) are 
treated similarly. The combined coefficient of fx(Po) reduces to cos a by 
(18) of Ex, XIX, 36. 

S. Show that the normal derivative and the direction in which it is taken 
are mvariants with respect to rectangular coordinate systems based on the 
same unit of length. 

Hint. To show the invariance of the normal derivative, note Ex. XIX, 
36. To show the invariance of the direction of the normal derivative, 
express cos Aq, cos Po? and cos Co in the (X, 7, Z) system, evaluate cos ao, 
cos and cos 70 in terms of Ao, Bo, Co, and the direction angles of the 
{Xj y, z) axes with reference to the (X, 7, Z) system, and show that the 
results reduce to the usual formulas for cos ckq, cos jSo, and cos 70 in 
the (x, y, z) system. 

9. If / is a point function, if C is a curve in space, and if u is a parameter 
determining the position of the point P on C, show that df{P)/du is an 
invariant when calculated in any coordinate system. 


24. Differentials. Let f{Xj i/j * • * ) be a function of a finite 
number of independent variables x, y, ^ . Since each of the 

variables rc, • is independent, Ax, • • • may be 

assigned arbitrary values; that is, Ax, • are independent 

variables. 


"9^6 do not assume that Az, Ay, * • • are small or are approaching zero. 
In certain applications it is necessary to assume that these variables are 
arbitrarily large. 
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We define the differential df of / by the relation 

df = y, ■■■) Ax + f^ix, y, ■■■) Ay +■■■ . (1) 

(cf. See. 8). It should be noted that the value of df depends, 
not only upon the values of Ax, Ay, ■ ■ ■ , but also upon the 
values oi X, y, ■ • ■ at which the partial derivatives of / are 
evaluated. Thus, the value of df at the point (xo, yo, is 

df = fxixo, yo, ■■■) Ax + fy(xo, Vo, ■■•) Ay. 

• • ■ ) is merely the quantity a;, then it follows by ( 1 ) 

that dx = Aa;. Similarly, dy = Ay, ■ ■ • . Thus the differ¬ 
ential of an independent variable is the same as its increment. 
Hence we may write (1) in the form 

df = fxix, y, )dx -\- fy{x, y, ) dy + (2) 

where x, y, ■ ■ ■ are independent variables. Now suppose that 
X, y, • ■ ■ are not independent but functions of a finite number 
of independent variables u, v, ■ ■ ■ . It follows directly from 
(2) that, fix, y, ■ ■ ■ ) being regarded as a function of the 
independent variables u, v, ■ ■ ■ , 

But the coefficients of du, dv, • • may be evaluated by 
formula (B). Hence 
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It is evident that (3) reduces to (2) by virtue of these relations. 
This proves 

Theokem 24.1. If f(Xj y, • - is a differentiable function of 
a finite number of variables Xj yj • • • , then, whether x, y, • * • are 
independent or not, 

df = Mx, y, ■ • ■ )dx+ S^{x, y, ) dy + 

Higher Differentials. For certain types of work, some people 
prefer to use differentials. We shall let dff, d^f, • • • , dff 
denote differentials of / of the second, third, • • • , and nih 
order, respectively, where 

d"^! = d{df), d?f = d{d'i), ■ • • , d^f = d{d^-^f). 

If / is an independent variable, we define 

df = 0 , = 0 , ■ • • , d-f = 0 . 

Consider a differentiable function / of the two variables x and 
y. Then 

if . im . i(g) *+1 +1 ( 5 , 

Since 

“(I) - iM) * +1(1) " iH; *= + 0. 

Eq. (5) may be written in the form 

^ ^ 
Sinailar expressions may be found for d% ■ • • , d”/. If x is an 

independent variable d^x = 0; likewise if y is independent, 
d^y = 0. ^ > 


EXERCISES XXV 

1. If f(x, y) =x’ - 3xy, find df when x = 2, y = 3, Ax = 0.05, and 
Ay - 0.02. Also find A/, where Af = f(x Ax, y Ay) - f(x, y). 
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2 . If 5 = —7 and if A, B, and a are measured to be 30°, 45°, and 250, 

sm A ? j j 

respectively, find the error dh in the calculated value of h due to errors 
dA = 0.002 rad., dB = —0.003 rad., and da — —0.005. 

3. (a) If a == 's/h- -f - 26c cos A, and if b, c, and A are measured to 
be 12, 15, and 30°, respectively, find da when dh = 0.1, dc = —0.2, and 
dA = 0.04 rad. [These measured values of 6, c, and A are to be used in 
parts (b) and (c) of this problem.] 

(b) Find the maximum value of da when dh — ±0.1, dc = ±0.2, and 
dA = ±0.04 rad. by selecting the signs properly. 

(c) What is the largest value dA may have in order that da may not be 
greater than 0.01 when dh = dc = 0.001? 

(d) Find dA when b = 12 + 0.002T2, c - 15 - 0.05T, and a = 20, 
where T represents temperature in degrees centigrade, given that T is 
originally 0 and that dT - 10. (First compute da, dh, and dc.) 

4 . If 2 = _ 2/2, where x - u v, y 2u - v, find dz when = 1, 
V = —2, du = 0.1, and dv — 0.05 by two methods: (a) by computing dz in 
terms of dx and dy, and (b) by substitution of x and y directly in the formula 
for z. 

5. Let us consider equation (2) when there are only two variables x and y. 
On the graph of f{x, y) show the geometric representation of fy{xQ, yo) dy, 
fxixo, yo) dx, and fxixo, yo + dy) dx. (Remember that, in the notation of 
Ex. XVII, 4, fxixo, yo) = tan <p said fy{xQ, yo) = tan i^.) What quantities 
are approximated by 

fvixoj yo) dy, fx{xo, yo + dy) dx, and fy{xo, yo) dy +fxixQ, yo + dy) dx 

when dx and dy are small? (See Sec. 8.) How does df differ from this 
last quantity? What three sources of error are involved in the use of df as 
an approximation of the quantity f{xo + dx, yo + dy) — f{xo, 2 / 0 )? Show 
that the point (a:o -{- dx, yo -f* dy, f{xQ, yo) 4 - df) lies in the plane tangent 
to the graph of / at [xq, yo, f{xo, yo)]. 

6 . If / is a point function, is the differential df a point function? Is it a 
function of six variables? If it is neither of these things, what is it? Can 
df be described in any sense as an invariant? If so, prove. 

Hint. Consider df as being evaluated at a point pair {P; P'), where P is 
in the space (u, v, w) and P' is in the space {du, dv, dw). What are the equa¬ 
tions for the change of coordinates in the two spaces? 

7. Prove: If df is known to be equal to ' 

df — Xi dxi -j- X 2 dx2 + + Xn dxji, 

where Xi, • • • , Xn are functions of rci, * * * , a;„, then df/dxi — Xi, where 
the partial derivative is taken holding all the x^s fixed but (^ = 1, • • • , n). 

8 . Let a; == r cos 2/ == r sin d. Calculate dx, dy, d% d^y for: (a) the 
case when r and 6 are independent variables; and (b) the case when r = 
and 6 = log (4s + Zt), where s and t are independent variables. 

9. Develop an expression for d^f in case / is a function of two variables 
X and y; for d^f. 
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10. Show that if y = cp(x)j x = r cos 6, y = r sin 6, with 0 the independent 
variable, then 


d^y 7*2 dd^ -^2 dd dr^ — r dh dd 
dx^ (cos d dr ~ r sin 0 dOY 

26. Taylor’s Theorem. Maxima and Minima. Let f{x, y) be 
a function of x and y having partial derivatives of all orders up 
to and including order n + 1. Let = /(a + ih, 5 + tk), 
(See Ex. XIX, 39.) By Maclaurin’s theorem, 


4>{t) = ^( 0 ) 

But 



<p\t) = hf:, + kfy, 

— hYfxx + ^hkfxj/ + k%y 





f, 


where is to be expanded formally as a polynomial 

and the result applied as an operator to /. It is seen that 


= (hA J^k 4 - 

\ dx dy 


(‘I+ ‘^)V,; 


If we now set i = 1 in equation (1), we find that 
f{a -f h, b + k) = f{a, h) + [A/^(a, h) + kfy{a, b)] 

d” ^ h^fxxicij b) -|- 2hkfxy{Gj b) -f- kYfyy{a^ b) 


, 1 / 7 d , 7 d 

H—i( k——\- k— 
nl\ dx dy 


where 


)f 

/ Jo,6 


(n + 1) (yL + 0 < <^ < 1- 

Formula (2) is called Taylor’s theorem for a function of two 
variables. The .special case resulting when a = h = 0 is called 
Aladaurin’s theorem. 
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The function f{x, y) is said to have a relative minimum at 
(o, 6) if, for every point {x, y) in some neighborhood about 
(a, b), y) & /(a, b). A relative maximum is defined in a 
similar way. It is evident that/(x, y) can have a relative maxi¬ 
mum or minimum at (a, 6) only if f {x, h) and/(o, y) have relative 
nisxiiiiSii or miniiTiJi Rij x a 8.11(1 y — ?), rGsp6ct»ivdy^ 1yii8.ti is 
if /x(a, b) = Sy{a, b) = 0. Hence, all the -points (a, b) at which f 
has a relative maximum or minimum are found among the solutions 
of the equations 

Ms;, y) = 0, f„(x, y) = 0. 

(We onait the discussion of technicalities in this paragraph.) 
Suppose now that the point (u, b) is such that 

fxia, b) = fy{a, 6) = 0. 

To determine whether or not / has a relative maximum or 
minimum at (a, b), let us write (2) for the case a = 1: 

/(a -\-h,l + h) = f{a, 6) -f- 0 -|- + BK b -f- Bk) 

-f 2hkf^{a + dh,h + dk) -+■ k%y{a dh,b A- Bh)]. (3) 

It is evident that / has a relative minimum at (a, b) if there 
exists some neighborhood N of (a, b) such that, for each point 
(a + h,l + k) in N other than (a, b), the last term of (3) is > 0; 
a similar statement holds with regard to a relative maximum 
of / at (fl. b). 

A convenient test for determining the sign of the last term of (3) 
is obtained by observing that, if Q(h, k) = Ah^ A- 2Bhk -f Ck\ 
then 

Qih, k) = + Bky + {AC - B^)ks\. (4) 

The form of (4) shows that if AC - B^ > 0, then Q{h, k) has 
the same sign as A regardle.ss of the values of h and k unless 
/j = = 0. Incidentally, ii AC - B'^ > It, A and C must have 

the same sign and neither can be zero; hence 1/A is finite in (4). 
Let us apply this result to the last term of (3). If 

fxx{a, b')fyy{a, b) [fxy{a, b)]^ > 0, (5) 

and if/*!, fyy, and fxy are continuous at (a, b), then 

fxx{a + 6h,b + dk)fyy{a -f- dh, b -f- dk) 

- [/*»(« + dh,b + oi)y > 0 
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over some neighborhood N of (a, h), and the sign of the last term 
of (3) is the sign of b). This proves' 

Theoebm 25.1. If fix, y) has continuous second derivatives, 
'if fx(.a, b) = fyia, 6) = 0, and, if (5) holds, then f has a relative 
minimum at {a, b) if fxx{a, b) > 0, and f has a relative maximum 

at (a, b) if fxx{a, 6) < 0. , 

EXERCISES XXVI 

1 . Expand by Maclaurin’s theorem: 

(a) sin (xy). (b) e® cos y. (c) \/x — y. (d) log {x + y), 

2. Derive Taylor^s theorem for a function oi x, y, and z. 

3. Examine for maxima and minima: 

(a) x^y -i- xy^ — x. (b) x^ y^ + x + y. (c) x^ + Sx^ — 2xy + 5y^ — 4?/3. 

4. Find the shortest distance between the lines 


\y ^ X +1 
= 2x 


and 


iy = 2 - X 
\z =2 + X 


5. Apply Theorem 25.1 to Ex. XXIII, 15. 

6 . If w == fix, y, z), where x, y, z are connected by the relation 


4>i^i y, = 0 , 

show that, to determine the maxima and minima of /, the relations 

du\ du\ 

— 1 = 0 , — 1=0 

dy/x 

may be replaced by the relations 


<t>ix, y, s) = 0 , 

<f>x 


0 , 


0 . ( 6 ) 


Suggestion, Evaluate 
az 


substitute for - 


^^/y ^y/z 


3w\ dij\ 

*— I and — I 
axj y ^yj z 


by formula (B), and in the results 


the values of these quantities found by means 


of the relation <i>ix, y, z) = 0 . 

7. ^ Show that equations ( 6 ) are obtained when one seeks the maxima and 
minima of V =/(a:, y, z) -h \<f>(x, y, z), where X is a constant to be deter¬ 
mined by the relation dUjdz = 0 . 

The device of finding the maxima and minima of u in Ex. 6 by introducing 
the function U and the constant X is called the method of Lagro/nge^s 
multipliers. 

8 . Extend the results of Exs. 6 and 7 to the case where u — fix, y, z, w) 
with <t>ix, y, z, w) = 0 , ^Pix, y, z, w) = 0 . 

9. Find the ‘‘stationary^’ values of u when u = xyz with x -\-y -^z =^1. 
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INTEGRAL CALCULUS 
PART A. INDEFINITE INTEGRALS 

1. Introduction. In this chapter we shall first briefly review 
some of the elementary methods for finding indefinite integrals, • 
and then we shall give an introduction to line, surface, and 
volume integrals. Following this we shall develop the theory 
of Riemann integration. Finally we shall take up the question 
of evaluating improper integrals. In Part B of this chapter we 
shall place particular emphasis upon'the physical applications 
of definite integrals. 

2. The Indefinite Integral of a Function f(x). We say that a 
function* F{x) is an integral of a function/(a;) if DxF{x) = f{x). 
Thus, x^ + 7, x^j and — 2 are integrals of 
3x^ since Dx(x^ + 7), and Dx(x^ — 2) 
are each equal to 3x^. Again, log x and 
log 5x are integrals of 1/x since Dx log x and 
Dx log 5x are each equal to 1/x. 

An integral off(x) is sometimes defined to 
be a function F{x) such that dF{x) = f(x) 
dx. In this sense, x^ is an integral of 
dx^ since d{x^) = 3x^ dx. This definition of an integral is 
evidently equivalent to the one given above. 

If F{x) is an integral of f(x) and if Co is any real number, then 
F{x) + Co is also an integral of f(x). Thus, if f(x) has an 
integral F{x)j then f(x) has infinitely many integrals. However, it 
is not generally the case that all integrals of f(x) are obtained 
by giving C all real values in the formula F{x) + C. For 
example, if f{x) = —x/'s/l — x^, this function being defined 
only over the interval —1 < x < 1, then one integral of f(x) is 

* In this section we consider only real single-valued functions of a real 
variable. 
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the function F(x) = Vl “ where -1 < x < 1. Another 
integral of fix) is the function Gix) such that (see Fig. 53) 

! Vl — when — 1 < ;r < 1, 

X when x is rational with j:i:| ^ L 
0 for all other x, 

since DjGix) = fix) in the interval — 1 < a* < 1 and since Gix) 
is discontinuous, and hence nondifferentiable, outside this 
interval. (Cf. Chap. I, Theorem 5.1.) In fact, Gix) could have 
been defined as any nondifferentiable function outside the interval 
— 1 < a: < 1. It is evident that Gix) is not representable as 
Fix) + C for any value of C. But for our present purposes the 
nondifferentiable part of Gix) is of little interest and we shall 
consider only those integrals Fix) of a function fix) which 
have the same* domain of definition as fix). Thus, we shall 
consider integrals of —xf^l — like \/l — .r- -f- C\), but 
not like Gix). 

Definition 2.1. We denote an arbitrary integral of fix) 
[having the same domain of definition as fix)] by I^fix): we call 
Ixf(x) the indefinite integral of fix). 

If fix) has at least one integral, then fix) is called integrabU. 
Theorem 2.1. Let fix) be an integrable function of x whose 
domain of definition is a single interval /, finite or infinite in length. 
If Fix) is any integral of fix), then 

I = F{x) + C, (1) 

where (1) is to be intei'preted as asserting that any integral whatever 
of fix) is representable as Fix) + C by proper choice of the number 
C, ii.e., that every integral of fix) may he obtained by giving C all 
real values in the formula Fix) + C). 

* This restriction, while satisfactory for those functions ordinarily met 
with in practice, would be unsuitable in a technical treatment of fchis subject. 
Thus, let F{x) be the function such that F{x) — x* when x is rational and 
Fix) = 0 when x is irrational; let f{z) = D^Fix). Then fix) = 0 when 
a; = 0 and fix) is defined nowhere else. (Cf. Chap. I, Ex. II, Ij and 11.) 
While fix) has at least one integral, e.g., Fix), it is seen that f{x) has no 
integral Gix) with the same domain of defiLnition as fix), for the domain of 
definition of fix) is the single point x ^ 0 and no function Giz) defined 
only at a; = 0 can have a derivative. Hence the above restriction removes 
from consideration all integrals of fix). 
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Let G{x) be an arbitrary integral of /(a;). It is readily seen by 
Theorem 10.3 and Ex. XI, 5 of Chap. I that G{z) — F{x) = Co, 
so that G{x) = F{x) + Co. Hence G{x) is obtained by giving C 
the value Coin the formula F(x) + C. Since G(x) is an arbitrary 
instance of Ixfioc), (1) holds. 

The fact that F{x) was an arbitrary integral of j{x) in Theorem 
2.1 implies that, if G{x) is any integral of j{x) other than F{x), 
then Ixf(x) = G{x) + C. Likewise, since log C takes on all real 
values when C takes on all positive values, Ixf{x) = F{x) + log C. 
It is evident that infinitely many other formulas for representing 
hf{x) saay be constructed. No inconsistency arises when we 
write 

hfix) = Fix) + C, hf{x) = Gix) + C, Lfix) = Fix) + log C, 
etc., if we do not regard Ixfix) as being or denoting any of the 
formulas Fix) + C, etc., and if instead we interpret each of 
these relations as indicated in Theorem 2.1. To obtain any 
particular integral of fix), different values of C must, of course, be 
used in the various formulas Fix) + C, Fix) + log C, etc. 

Example 1. If /(i) = x/y/1 — then f(x} is defined over the single 
interval — J < x <1 and, by Theorem 2.1, 

It (X/\/ 1 — X^) = — \/l — X‘^ -f C 

since — 's/1 — x- is an integral of f{x). 

Example 2.. If f(x) = cos 2x, then f(x) is defined over the entire a>-axis 
and Ix cos 2x = 4 sin 2x -h C. 

We give three examples to illustrate the fact that Theorem 2.1 is false 
whenevei' the domain of definition of f{x) is not a single interval (see Ex. I, 
3,). 

Example S. If f(x) = then f(x) is defined for all x except x = 0, 

and the domain of definition of f{x) is not a single interval. One integral 
of f(x) is the function F(x) = 1 /x, and another integral of f{x) is the function 
Gix) such that 


- when a: > 0, 

G{x\ = 

- •+* 2 when a; < 0, 

X 

or more generally. 

- -f Cl when a; > 0, 

X 

G(x) - 

“ + C 2 when a: < 0, 

X 
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where Ci 7 ^ €%. There exists no dngU number Co such that 
G(x) = Fix) -f Co. 

Hence G{x) is not among the functions represented by the formula Fix) + C 
and it is not the case that 7* i — l/x^) — ( 1 /a;) + C. 

Example 4. HSix) = csc^ TvXy then/(a;) is undefined for integer values of x. 
While an integral oi fix) is — (I/tt) ctn wx, it is not the case that 

7a: csc^ TTX = —^ Ctn TX + C, 

TT 

for an integral of fix) not represented by this formula is the function 
Gix) = — (1 /tt) ctn TTX + [x], where [x] denotes the greatest integer not larger 
than X. 

Example 6. If fix) = i2/x^)e-^^\ then/(a;) is undefined at x = 0 and 
an integral of fix) not represented by the formula -j- C is the function 
Gix) such that Gix) — when x > 0 and Gix) = H- 1 when 

a; < 0. This example illustrates the fact that Theorem 2,1 may fail even 
when fix) does not become infinite and has a limit at every point x — a. ' 

To integrate j{x) is to find a representation of Ixf{x). In the 
symbol I^fix), f{x) is called the integrand. When integrating 
j{x) by Theorem 2.1, the constant of integration C should always 
be included, for it is by evaluating C properly that we obtain 
an integral which has a specified value for a given value of x. 
(This will appear later to be of great importance in the applica¬ 
tions of integrals.) For example, to find the integral of 3rc- 
which has the value 5 when rc = 2, we first find Ix 3a;- = + C, 

and then we determine C from the equation 2^ + C = 5. The 
function — 3 is the desired integral. 

3. Properties of Indefinite Integrals. In this section we shall 
list a few of the elementary properties of indefinite integrals. 

I. If f{x) is an integraUe function of x, then IIz[Ixf{x)] == fix). 
This follows immediately from the concept of an integral and 

Definition 2.1. 

II. If fix) and gix) are integrable and have for their domain of 
definition the single interval J, then the function (fix) — f{x) + gix) 
is integrable and^ 

* Since the integrals in ( 1 ) are indefinite, a constant C should be added 
to the right member of ( 1 ). But it is customary to omit this constant 
and to interpret the symbol — as meaning differs by only a constant 
from.” This comment also applies to other equations involving integrals, 
such as (4), (5), ( 8 ), and (11) below. 
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I^[/(a;) + ?(a:)] = I^/(a;) + I^g(a;). (1) 

Let F{x) and G{x) be integrals of /(a;) and g{x). By Theorem 
2 . 1 , IzKx) = F{x) H- Cl and g{x) = 0{x) + Ci. Hence 

+ I, + (?(^) + C„ (2) 

where Cs = Ci + Ci. But 

DAF{x) + (?(x)] = D^{x) + DjG{x) = Six) + gix). 

Hence [Fix) + C(a;)] is an integral of [/(x) + gix)] and, by 
Theorem 2.1, 

L + 3 ix)] = Fix) + Gix) + C4. (3) 

Since the right members of (2) and (3) differ by only a constant, 
(1) holds. 

III. If f(x) is an integrable function whose domain of definition 
is a single interval and if k is any constant, then kf{x) is integrable 
and 

Ijfc/(a;)]=fc[I^/(x)]. (4) 

This property may be proved in the same manner as the 
preceding property. 

Example 1. By (1) and (4) it follows that 

T (4a?® + 5 cos 3a?) = | 4a?® + J 5 cos 3a? - 4 T a?® + 5 T cos 3a? 

= ^ + I sin 3a? + C. 

As indicated above, lu g{u) denotes an arbitrary integral of g{u) when u 
is independent. But if is a function of a?, say u = h{x), then we regard 
lu g{u) as denoting any function of a? that may be obtained by integrating 
g{u) with respect to u and substituting u = h{x) in the result. Thus, if’ 
Iug{u) ■= G{u) + C when u is independent, then Iug{u) ^ G[h{x)] + C 
when u = h{x). 

In the following three properties we shall assume that all of 
the functions involved meet the conditions of Theorem 2.1. 

IVa. If f(x) can he written in the form f(x) = g{u) • Da/u by 
properly choosing u as a differentiable function of x, say u = h{x), 
and if g(u) is integrable, then f(x) is integrable and 
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I = I, 

where h g(u) is interpreted as stated above. 

Let G{ti) be an integral of g(u). Since u = h{x), 

I giu) = G[h(x)] + C. (6) 

Since i)^[A(a;)] = DM(.v.) • D,u = g(:u) ■ D,u = f(x). Gih{x)] is 
an integral of f{x) and 

T f{x) = (?[/i(x)] + C'. (7) 

-*■ X 

Since the right members of (6) and (7) differ by only a lionstant, 
(5) holds. 

Example 2. If fix) ^ (601 -f- d)-\/Sx- -f 4, we take 
u = 3a:- 4" ox 4" 4, 

so that DiM = 6x + 5. Then/(a:) = D,ii. g{u) in (5) being u>\ liy (5), 

T /(») = I ['d^D.u] = I # = tv?- C = f(3x‘' + oT + i)^- + C. 

Example 3. If f(x) = xe^', we take ii = x"-, so that = 'lx. Then 

T xe^'- = T [k“ Dsu] = il e" = k" + C = + C'. 

IVb. Let X be a diffcre7itiabh’ functiun of u, say x = ¥>(«), 
with u in turn a differerdiable function of x, say v = h{x). If 
f{x) is such thatf[<p{u)] • D„<p(m) is vntegrable, then fix) is integrabU 
mid 

L/W = Li, (8)' 

where the right member of (8) is interpreted as indicated above. 

Let 4 >(m) be an integral of/[¥>(M)] • D„(p{u). Since «■ = hix), 

I IfWiu)] ■ } = Hhix)] + C. (9) 

By Theorem 5.8 of Chap. I, 

D^^hix)] = D„'f>(w) • DxM = fWiu)] ■ D„x ■ Dyu = fix). 
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Hence 4>!fe(x)] is an integral of /(x) and 

I /(x) = <l>[fe(x)] + C'. (10) 

Since the right members of (9) and (10) differ by only a con¬ 
stant, (8) results. 

Exampie 4. If J{x) = — x-, it is not evident how f(x) may be 

expressed iin the form (5). There is no general rule for determining (p(u) 
in (8), but we try x = a sin w as <p(u) since /(x) simplifies upon making this 
substitution. As D„x = Dn<p{u) = a cos u, it follows by ( 8 ) that 



It should be noted that, in using (5), x need not be expressible in terms 
of u, whereas in using (8), x and u must be expressible in terms of each other. 
This accounts for the fact that the hypotheses of IVa and IVb are stated 
differently. 

V. if /(^) written in the form f{x) = g{x) • h{x)y where 

g{x) is mtegrahle and h(x) is differentiable, and if G{x) is any 
integral of g{x), the^i 

I / = I (s •/*)=(?•/»- I (<? • D.h), (11) 

provided that G • D^h is integrable. 

The pr<o>of of this property is based on the fact that 

DIG -h- (G ■ DM = {DjG)h + G ■ DJi - (G ■ Z)*/i) 

^ gh + G’ Dxh - G • D^h = gA = /. 

[We liave written/, g, and h instead of fix), gix), and h{x) merely 
for simplicity.] 

We lea,ve it to the reader to show that the generality of (11) 
is not increased by replacing Gix) by Gix) + C in its right 
member; in other words, it is always sufficient to take as Gix) 
some one particular integral of g(x). 
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Not only can G{x) be any integral of g{x) in (11), but it is 
often possible to choose 0(x) so that the last integration in (11) 
is simplified. This is brought out in 

Example 6. Find Ij: log {x + 3). Unless we happen to know an integral 
of log ix + 3), we should not take g(x) as log {x +3). Hence we choose 

g{x) = 1, h{x) = log {x + 3), 

so that 

Gix) =x+k, DMx) = 

X + 3 

where k is some number to be determined. By (11), 

T log (x + 3) = (a; -{- k) log (x + 3) - T ( 

If we choose A = 3, the integration of the last term is simple, and we find 
that 

log (a; + 3) = (a; + 3) log (a; -f 3) - x + C. 

4. Elementary Integration. Since . = w", it follows 

Tl "T” 1 

that* 

/” = ,rTi + ^- 

III 

Again, since D J ^ - ^ = \h{x)Y • DJi(x), it follows that 

{[/i(x)]» • DM ^)} = + c. (n ^ -1) (2) 

When (1) and (2) are compared, it would seem that (2) is more 
general than (1). Hence in constructing a table of integrals it 
would seem that we should include (2) rather than (1). But it is 
sufficient to include (1), because (2) may be derived from (1) 
in the following way: Let u = h{x). Then by (5) of property 
IVa, 

I {[^(a:)]’* • n*A(a:)} = J w" = + C = + C. 

X n + 1 n + 1 

* In this section and in Table II we leave it to the student to modify 
integral formulas wherever necessary in the light of Examples 3, 4, 5 of 
Sec. 2 and Ex. I, 3. 
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This device is very important, and the student should become so 


familiar with it that he performs it automatically. 

For example, 

cos u = sinu + C 


becomes 


[cos h{x) * Dxh{x)] = sin h(x) + C, 

(3) 

and in general, 


g{u) = G{u) + C 

(4) 

becomes 


I {g[h{x)]-DJiix)} =G[h(x)] + C. 

X 

(5) 


The student should write out Table II below in terms of h{x). 


Examples. By (2), 

I (cos^ 5x sin 5x) = — J I [(cos 5a;)2(—5 sin 5a;)] 
where 


h(x) — cos 5x. 


—rV cos 3 5x + C, 


The coefficient —5 is introduced into the second factor of the integrand in 
order that this factor may be represented as Dxh(jx). By property III, this 
coefficient is compensated for by introducing the coefficient before I®. 
As another example, we have by (3), 



= 2 sin y/x + C, 


where 

h(x) — y/x. 


By (4), (5), and formula (3) of Table II, 

J (3e®^*® sin x cos x) = | J (2 sin x cos a;)] = + C, 

where 

h(x) = sin^ X. 

These examples show that, when the integral formulas are written in 
terms of /i(x), it is unnecessary to apply property IVa in each individual 
problem. 
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We write the following integral formulas in the fiistorieal 
notation j f(u) du instead of hf(u). These formulas may all 
be verified by differentiation. With regard to the formulas 
involving hyperbolic functions, see Sec. 5. 

Table II 


n I 

3. I du = -h C'. 


-f C, ri 5 ^ —1. 2. I - du = log, u + 


I. ^du ~ 


logo e -h 


5. J cos a du = sin u + C. 

6. J see u du = log (sec u + tan u) -h C. 

7. J^sin 21 du = —cos u + C. 

8. CSC u du = —log (esc u + ctn u) -f C. 

9. tan u du = —log cos u + C. 10. J ctn u du — log sin u. + C. 

11. Tsec 'u tan u du = sec u + C. 12. T esc u ctn u. du = -'jsc u -f C, 


13. I sec^ u du = tan u -f C. 

. I - du = - Tan~^ — C. 

J a- -f- ft o. 

17. j — du = Sin-i - + C. 
J V a® — a 




a2 4- w2 

du = - 
a 

‘ 1 




‘ 1 

- (^if 

U'\/u^ 

— 

* 1 

== A, = 


14 . I CSC- u du = — cfin u. -r C. 


1 1 

-- du = - tanh - -4- C. 

a- — u- (7 a 


— jz---— - du = ± c.osh~^ C. 
V u- - a- a 


... 

J W 4 

22. 

J uV(f- 


- - : aJw = + - sech'i -|- C. 

- — u a a 

= du = sinh~^ - + C. 

-f- U“ a 

— du — — csch""^ - 4" C. 
J J- 7.2 a a 
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Many integrals may be reduced to the above forms by simple 
devices. 


Examp'^e 


1, Find j 

J V 


6 - 8.r - 2.r2 


dx. 


This integral may be reduced to formula 17 by completing the square 
within the radical after factoring out the coefficient 2 of x^. 


J V b - Sj — 2x- V 2J 


Example 


lie 2. Find f — 

J 


X + I 
4a- -f 


Vr -{x+ 2 )' 

1 X -f- 2 

Sin-1 -f C. 
V2 V7 


, dx. 


dx 


This integral may be evaluated by breaking up the numerator into two 
parts such that one part is the derivative of the denominator. 


r_.^_n+i_ * = 1 f^ d f._j-zi 

J .r- — 4x -f 7 2 J - 4;r -r 7 2[ J - 4x -f 

d 


. dx 


, ^ I - i = 1 - 4x + 7) + -d Tan-‘ ^ 3 + C. 

X- - 4x + / ' 2 ^3 ^3 


EXERCISES I 

1. Prove formulas 1 to 15, 17. 18 of Table II. 

2. Integrate by means of properties II, III, IV, and Table II. 


( 1 ) 

( 2 ) 

(3) 

(4.) 

(5) 

( 6 ) 


\/5x — 7 + /— • — 4- v^5:r- I dx. 

V3.r / 


9)“ + 


3«x 


/( 

lz{a* -f- -f dx, 

+ (tan 2x — 1I dx. 


^ + cos^ 5x sin ox ) 

3.r J 


f 

I( 


9x^' + 16 
2x 


ye - 5x2 ‘ \/g ~ lexy 


dx. 
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( 7 ) 

( 8 ) 
(9) 

( 10 ) 

( 11 ) 

( 12 ) 

(14) 

(15) 

(16) 

( 20 ) 

( 21 ) 

( 22 ) 

(23) 

(25) 

(26) 


+7 + 


+ 16. 


r/4a^ - 5x X 

J y a; + 1 "^ 2 ;= + 3z + 10, 
f/2x - 1 , a: + 1 \ , 

J ( 2 Z + 3 

rr(^+3)(5z-i) 


I dx. (Divide out the first fraction.) 


+ x^(x^ 


■ 7)1^] dx. 


1 sin (x^) 

sVx +1 

7(6)2»= + dx. 

X -r 1 


dx. (In the first fraction let x — u^.) 


1 _\ 

2 z + 6 / ‘ 


\\/ 3a; + 4 2a; + fiy 

» 

(a; cos “b X cos x^ sin a;^) dx. 


{x^^/2x^ — 1 + sec^ 3a:) dx. 


(esc 2$ 4“ sin^ B& + tan 79) d9. 


tan2 4- sec 59 + ^—— ] dO. 
i 2 sm49 J 


(tan 3a; 4- ctn 3a;) ^ dx. 


(19) cos2 3a; + ' 




I / —^-giQ 72 j (JOS 7x j dx, 


sin3 - 4 - sec"^ ^ 4 - cos^ - 1 da;. 

L 2 2 2/ 


( 5 gtan 7 s ge(j 2 _ 73 s) (24) I (e“®^^ sin 6 a: -• e^) dx. 


ctn® 7x + tan® 


2 a: 2 a:\ 

-sec-j. 


[c^s 3a; cos 2a; 4* (cos 3a;) sin 3a;] dx. 
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(27) J (ctn^ 35 + CSC® 55 ctn 65) dd. (28) J" 


(29) 

(30) 

(31) 

(32) 

(33) 

(34) 


/( 

/(: 

f( 

/( 

/( 

/( 


4* tan^ X 


^ dx. 


, ^ - + ctn 2a;) dx. 

-i-4xi-7 J 


V"2 + a; — a;' 

2 

_= + sin^ X cos® X 

x\/ 4a;- — 9 


^ dx. 


2x- 4 6a; 25 

1 

x'\/ 9x^ + 12a; + 2 


dx. 


+ cos® 4a; 

4 X sec^ x‘ 

2 

sin® 3x cos® 3x 4 


. s/s + 4a: - 4a;®, 
COS® 5a;' 


dx. 

> 


9a;® 4 12a; 4 5 ‘ sin® 5a; 


) 


dx. 


I I -+ ■tan® X sec® a; J dx. (37) ( (-h esc® 3a; ) dx. 

JVl-ra:® ) ^ JV^^^ + 1 ) 


(36) 

(38) 

(41) 

(42) 


/(v?^ 

/ 

/(rri 


4a; — 4a;® 

(cos® 2a; 4 sin® 2a;) dx. 

sin® 2a; 
4- 


4 ctn® 2a; 


dx. 


(40) 


^ dx. 


/( 


2aa; — a;® 


- 4cos^5a; 


J dx. 


cos 2a; cos^ 2a ;j 

4 COS® 3a; sin^ 3a;) d/x. 




(43) I (sec® X tan x + cos® 6x'v/sin 5a;) dx. 


(44) 


/ 

J V+- 


■_j_ 103® + 7log7:E2 


dx. 


3. Generalize Theorem 2.1 in the light of Examples 3, 4, 5 of Sec. 2. 


6. Hyperbolic Functions. In the previous section we encoun¬ 
tered hyperbolic functions. , Since these functions appear very 
frequently in the scientific literature and are quite useful, we 
shall devote a short section to them. We, define the hyperbolic 
cosine, sine, tangent, secant, cosecant, and cotangent as follows: 
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cosh u = 
sinh u — 
tanh w == 


qU q U 




2 

e" — 


sech u = 
csch u = 
ctnh u = 


-f* 6“ 
2 


— e" 


(1) 


— cr 


The following elementary identities resiilt immediately from 
the definitions of the hyperbolic functions: 

cosh'^ li — sinh“ u = 1. 
sech“ u + tanh- = 1. 
ctnh- u — csch- u — 1, 

cosh (ii ± v) = cosh u cosh v ± sinh u sinh v. 

sinh (u ± t;) = sinh u cosh v ± cosh u sinh v. 

^ 1 / , V tanh u ± tanh v 

tanh {u ± V) = r~in — z — i —u— 

1 ± tanh u tanh v 

cosh 2u = cosh- u + sinh^ u = 2 cosh- u 
sinh 2w = 2 cosh u sinh u. 

2 tanh u 


1 = 2 sinh" u + L 


tanh 2u — 


cosh 


u _ fi 

2 V 


1 + tanh -u 
cosh ii + 1 


( 2 ) 


sinh ^ 


-V 


cosh u — 1 

, . 'il , ^cosh u — 1 

■an 2 li + I 

cosh u + cosh V = 2 cosh 


cosh u — cosh V — 2 sinh ' — 


sinh u ± sinh = 2 sinh 


cosh u — 1 
sinh u 

U + V 
"'2 
U + V 
2 

u. + V 


sinh ii 
cosh 'll + 1 




Dx cosh u = sinh u D^u. 

Dj sinh u = cosh u D:cU, 

Dx tanh u = sech- u D^u, 

Z>x sech II — — sech u tanh u DxU. 
Dx csch u = — csch u ctnh u D^u. 
Dx ctnh = — csch*^ u D.ai. 


( 3 ) 
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liu — cosh a;, then a; is a function of u denoted by a: = cosh~^ u 
and X is called the inverse hyperbolic cosine of u; if w = sinh 
then X = sinh“^ u] the other inverse hyperbolic functions are 
defined in a similar manner. 

qX _L q—x 

If a; = cosh“^ w, then u = cosh x = --Hence 

Ji 

* — u ± \/u^ — 1, and x = log (u ± 

Thus cosh”^ u = log (u ± 1), where u 1, Similar 

computations with the other inverse hyperbolic functions lead 
to the following results: 


cosh”^ u — log {u ± \/u^ — 1), where w ^ 1. 
sinh""^ u = log (u + \/u^ + 1). 


tanh-^ u = ^ log ^ where < 1. 

2 1 — u 

sech“^ u = log ± ~ where 0 

csch"^ u = log + 

ctnh“^ u == “ log - 4^ where > 1, 

2 ^ — 1 


<u ^ 1. (4) 


The student will better understand the significance of the inverse 
hyperbolic functions if he will compute cosh [log (u ± v — I)], 


tanh 


Ai ^ + A 


etc., directly by (1). (Cf. Exs. I, 5 and 6, of 


Chap. I.) 

The following formulas result directly from (4): 


Dx cosh“^ u = 
Dx sinhr'^ u = 
Dx sech“^ u = 
Dx csch”^ u = 
Dx tanh”^ u = y~ 


+ 1 


a/ 


1 


's/u^ + T 
+ 1 


u^/]r—~y^ 

-1 


^VTT 


. DxU, 
DxU. 
DxU, 
DxU. 


u 






, DxU == Dx ctnh“^ u. 


( 5 ) 
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EXERCISES II 

1. Prove formulas 16, 19 to 22 of Table II. 

2. Using definitions (1) in Sec. 5, prove each of the identities (2). 

3. Graph the functions in (1) and by means of these graphs sketch the 
graphs of the functions in (4). 

4. Prove formulas (3), (4), and (5). 

5. Construct a table of integrals for the hyperbolic functions to corre¬ 
spond to formulas 5 to 14 in Table II. 

6. In Table II express each integral involving an inverse hyperbolic 
function in terms of the equivalent logarithm given in (4). 

7. Show that 

= cosh u A- sinh u, e~^ = cosh u — sinh u. 

Evaluate: 

J 1 f 1 

— .. : dx. I - 7^.: " . = dx. 

JVx^-4a; + l 

10. I - . ^ , ■ .' "rnz:- d'f. 11 

J xV9x^ - 18a; + 14 

12. The circular trigonometric functions may be defined as follows: 


cos 6 


2 

sec 6 

^id _j_ 


2 


sin B 

gifl — ^-td 

2i 

(6) 

2i 

^id _ ^-id 

tan 9 

eid _ Q-id 

i{e^^ + e~^^) 

+ e-,9) 

ctn 6 = 

— e~ 


Assuming that formulas (6) hold for any complex number 9, show that 


cosh {ix) = cos Xj 

cos (ix) = cosh X, 


sinh (ix) — i sin x, 

sin {ix) = ^ sinh x, 

(7) 

tanh (ix) = i tan x. 

tan {ix) - i tanh x. 

Show by (7) that the 

well-known trigonometric identities result when u = 

ix, 


V = iy are substituted in (2). Show that 

= cos d A- i sin 6, = cos d — i sin e 

Relation between Circular and Hyperbolic Geometry. The locus defined 
by the parametric equations 



X = a cos d. 

y — a sin e, ^ ^ 

is the circle + y’- = aK If 9 = 0, then xo = a and = 0; if 6 = 9i, 
then * 1=0 cos 9i and yi = a sin Bi. Let .4 and B be the points (a, 0) and 



Sec. 5] 


INTEGRAL CALCULUS 


179 


{xi, yi). The area K of the circular sector AOB is iv = (t^i/2) whei'e Bi is 
measured in radians. Since Bi — cos“^ (xi/a), it follows that 


2K xi 

Bi = — = cos~^ — 


Hence, i/ a = 1, the parameter B in (8) is twice the area of the circular sector 
AOB, 

The locus defined by the parametric equations 


X — a cosh u, 
y = a sinh ii, 


(9) 


is one branch of the hyperbola x- - y- = a-. If a =- % then Xo = a and 
2/0 = 0; if w = ui, then Xi = a cosh Ui and = a sinh Let A and B' be 




the points (a, 0) and (a;i, yO. The area K of the hyperboli«' sector AOB' can 
be shown by the methods of Sec. 13 below to be 


/Xi -U 'S/ x'i — a‘A a- 
= - log - J = - 


k--- 

cosh - — 


Since Ui = cosh" 


2ll 


?^=eosh-^- 

O’ 


Hence, if a = ly the parameter u in (9) is twice the area o] the hyperbolic 
sector AOB'. 

The hyperbola = a^ may be represented para,metrically as 

X = a sec B, 
y = a tan B, 

where B is the same angle as in (8). By (9) and (10) it follows that 


cosh u - see By 


sinh u = tan 
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where —t/2 <6 <t/ 2. From these relations and (1) it is seen that 

sech u == cos 6j csch u = ctn 5, 

tanh u — sin 6j ctnh u — esc 9. 

The relation sinh w = tan ^ determines (9 as a function of u, i.e., 
0 = Tan“^ sinh u. This function is called the gudermannian of u and is 
denoted by 9 - gdu. 

6. Integration by Parts. Formula (11) of Sec. 3 is called the 
formula for integration by parts. While we have already given 
an example to show the significance of this formula, we shall 
give another example to show how (11) may be repeatedly used 
to evaluate a given integral. 

Example. To find h let g(x) — h(x) = x^. Then 

G(x) = DM^) = 2^;, 

I a;2 2T 

(a;2g3«) = qZz — - ■ To evaluate this latter integral, let 

g{x) == — X. A second application of (11) shows that 

I x^ 2x 2 

= —e®®-e®® -1-e®® + C, 

X Z 9 27 


EXERCISES III 


Integrate: 

1. ^X cos 2x dx. 

8 . 


8. xe~°^ dx. 


V'4a:2 +9 
7. I dx. 


dx. 


9. ^xe^ sin 

I 

4 ' 


9. I xe^ sin (e») dx. 
11. J tan*”^ 3a: dx. 
13. r cos"^ ax dx. 


4. ' ^ e^® si: 

5. J^a; si 

“1 


2. I log (3x + 1) dx. 
4. I e^® sin 3a: dx. 

6. I a; sin a; cos x dx. 

8. J a: log 2a; dx. 

10. ra:® sin fa: dx. 


12. I sec® X dx. 

^loga: , 
dx. 
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7. Integration of Rational Fractions. In this section we shall 
develop a procedure for finding the integral of a rational fraction 
f(x)/g(x)j where/(a:) and g{x) are polynomials in x with g(x) 0. 
Since this method depends on certain properties of polynomials 
and fractions, we shall begin with a resume of these properties. 

A 'polynomial of degree n in a: is a function P{x) of the form 

P{x) = ao + aix + a^x^ + + (1) 

where n is a nonnegative integer, ao, ai, • • • , are complex 
numbers,* and an 9^ 0. For example, x"^ — Sx + 2, —bx, and 7 
are polynomials of degree 4, 1, and 0, respectively. We shall 
regard 0 as a polynomial of degree 0. A polynomial P{x) is 
said to vanish identically [P(a;) = 0] if it has the value 0 for 
all complex values of x. Two polynomials Piix) and P^ix) are 
said to be identically equal [Pi(x) = P 2 (x)] if their values are 
equal for all complex values of x. It is evident that the sum, dif¬ 
ference, and product of two polynomials are again pol^momials. 

A value r of re for which the value of P(x) is 0 is called a zero of 
P{x) or a solution of the equation P{x) = 0. Thus, 3 is a zero 
of — 5a; 4- 6. 

Theorem 7.1 {Factor Theorem). Let P{x) he a polynomial 
ao + aiX + • • • + anX"^ of degree n > C. If r is a zero of 
P{x), so that P{r) = 0, then x — r is a factor of P{x), that is^ 

P{x) = (a; - r)Q{x), (2) 

where Q{x) is a polynomial of degree n — 1. 

Since P{r) = 0, 

P{x) ^ P{x) - P{r) 

= ai(a; — r) + a 2 {x'^ — r^) + ‘ * * + an{x^ — r)? (3) 

where an 9^ 0. Each term of the right member of (3) has x — r 
as a factor. [Cf. Chap. I, Sec. 5, formula (3).] Hence a; — r is a 
factor of P{x)^ and P{x) may be written in th^ form (2). Since 
the term of highest degree in Q{x) is anX‘^~'^ with an 9 ^ 0, Q{x) 
is of degree ti — 1. 

As an illustration of this theorem, we know that a; — 3 is a 
factor of — 5a; + 6 because 3 is a zero of this polynomial. 

* By a complex number we mean a number of the form a + hi, where 
a and h are real numbers and = —1. 
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The converse of this theorem is also true, for if z — r is a factor 
of Fix), then P(x) may be expressed in the form (2) and it is 
immediately evident that r is a zero of P{x). 

Theokem 7.2 {Fundame7ital Theorem of Algebra). Every 
polynomial P{x) of degree n > ^ has at least one zero. 

The proof of this theorem will be given in Chap. V. 

Theorem 7.3. If P(x) is a polynomial 

Uo + eiiX -)- + anX^^' 

of degree n > 0, then there exists exactly one set of n complex num¬ 
bers, ri 5 fa, • • • , Tn such that 

P{x) = a-Ax - ri){x ~ ra) • • * {x — rn)^ (4) 

By Theorem 7.2, P{x) has at least one zero ri, and by Theorem 
7.1, P{x) = (x — ri)Q(x). Repeated applications of Theorems 
7.2 and 7.1 to Q{x) lead to the result (4). Moreover, P(x) 
cannot be factored in essentially any other way, for the right 
member of (4) shows that the only zeros of P{x) are the numbers 
Ti, • • " : rnj and x — r can be a factor of P(x) only when r is a 
zero of P(x) (converse of Theorem 7.1). 

The numbers ri, • * * , Vn of the preceding theorem need not 
all be distinct, as is illustrated by the polynomial x^ — 4a- + 4. 

As an immediate consequence of Theorem 7.3 we have 

Theorem 7.4. A polynomial of degree n > 0 cannot have 
more than n distinct zeros. 

It follows from this theorem that if a polynomial P{x) has the 
value 0 for all values of x, then this polynomial cannot be of 
positive degree, i.e., it must be merely a constant. This constant 
must evidently be 0. Hence we may state 

Theorem 7.5. A polynomial P(x) vanishes identically when and 
only when all of its coefficients are zero. 

If two polynomials 

Uo + aio: + • • • + a^x^^^ and bo + bix +•■’ + bnX^ 

are identically equal, then their difference vanishes identically. 
By Theorem 7.5, all the coefficients Uq — 6o, ai — • • • in 

their difference are zero. Hence, corresponding coefficients of 
the two polynomials are equal. This proves 

Theorem 7.6. Two polynomials ao + aix -(-••• -f a^rx^ 
and ho + bix + * • * + bnX^^ are ide^itically equal when and only 
when m = n a/id a-o = hu ai = ' • • , = b^. 
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The two following theorems will be particularly useful: 
Theoeem 7.7. Let P(x) he a 'polynomial of degree n > 0 with 
real coefficients. If r^ — a ^i is a zero of P{x), where a. a7id ^ 
are real numbers, then r 2 = a — ^i is a zero of P(x). 

In Eq. (1) set a; = a + ^i. We may express the result in 
the form 

P{a + ^i) = R(a, 0) + iS(a, (5) 

where R{a, fi) denotes the real part of P(ct + fii) and where 
S(a, /3) denotes the collected coefficient of i in P{a + ^i) after 
P{a + pi) has been multiplied out and simplified. Since the 
coefficients of P(x) are real, R(a, p) contains no odd powers of p 
and S{a, p) contains no even powers of p. Hence 

P(a — pi) = R(a, p) — iS(a, P). (6) 

li X ^ oi + pi is Si zero of P(x), then P(a + pi) = 0. By (5), 
R(a, P) = S(a, P) = 0. By (6), P(a — pi) = 0, so that a — pi is 
a zero of P(x), 

Theoeem 7.8. If P(x) is a polynomial of degree n > 0 with real 
coefficients, then P(x) can be 'written as the product of linear and 
quadratic factors, where each factor has real coefficients and where 
no quadratic factor is factorable into linear factors with real coeffi¬ 
cients, i.e., 

P{x) = Unix — ri)(a; — rf) • • • (a; ~ ri){x‘'“ + Cix + dl) 

(aj2 + C2X + ^ 2 ) • • ■ {x- + cix + di), (7) 

where k 21 — n. 

To each real zero ri, • • ■ , ru of P{x) corresponds a real factor 
{x — rl), ‘ , {x — rf) oi P{x) in (4). U a + Pi is a zero 
of P(x) with p 9 ^ 0, then by Theorem 7.7, a — Pi is another 
zero of P{x), and the product 

[x — {a + Pi)][x — {a — Pi)] ^ x- — 2ax + a- + p^ 

has real coefficients. Thus all factors in (4) having complex 
r^s combine in pairs to give real quadratic factors of P{x), and 
P(x) reduces to the form (7). 

We are now ready to take up the integration of rational 
fractions. A function of x is called a rational fraction if it is 
expressible as the xs.tio f{x)/g{x) of two polynomials/(x) and g(x) 
with g{x) 9 ^ 0, If the degree of f(x) is less than the degree of 
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g(x), then the fraction f(x)/g(x) is called proper; otherwise the 
fraction is called improper. For example, 

3x^_+ 7x + 1 
5x^ — 9 

is a proper fraction, and 

x^ + x ^ x^ - 1 

^2 ^~2x + 4 


are improper fractions. If f(x) and g(x) have no common 
factor (other than a constant), then the fraction f(x)/g(x) is 
said to be in lowest terms. 

It is well known that by the process of long division every 
rational fraction F{x)/g{x) can be expressed in the form 


m 


P{x) + 


/(^) 

g{x)' 


where P{x) is a polynomial and where f(x)/g{x) is proper. 
[P(x) = 0 if F(x)/g{x) is already proper.] Hence, to evaluate 

da: when the integrand is a rational fraction^ reduce the 

integrand to lowest terms, and if the integrand is improper, express 
the integral in the form 



where P{x) is a polynomial and where f{x) Jg{x) is proper. 

We shall now show how the third integral in (8) may be 
evaluated by breaking up the fraction fix)/g{x) into a sum of 
simpler fractions called partial fractions. 

Theohem 7.9. Let f(x)/g{x) be a proper fraction. If g{x) 
contains the factor x — r exactly m times, so that 

g(x) ^ (x — r)^Q{x), 

where m ^ 1 and Q(r) 9 ^ 0, then f{x)/g{x) may be represented 
in the form 

M = -A 

g{x) {x - r)™ (a; - r)”^-^Q{x) ^ ^ 

where A is a constant, h(x) is a polynomial, and the last fraction 
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in (9) is proper. Moreover, A and h{x) can he determined in 
exactly one way. 

Consider the identity 

/(^) - ^ , fix) - AQ(x) 

g(x) (x — r)”' (x ~ r)'^Q{x) ’ ^ ^ 

where A is a constant to be determined. By Theorem 7.1 and 
its converse, the numerator/(a:) — AQ{x) has (x — r) as a factor 
if and only if /(r) — AQ{r) — 0. Since Q(r) 0, the preceding 
relation holds when and only when we take A = f{r) /Q(r). 
Hence, when A is determined in this way, but in no other way, 
the factor (x — r) may be divided out of the last fraction in (10) 
and (9) results. [Note that if f(x) also has the factor x — r, 
then f{r) = 0 and A = 0. Thus the operation (9) merely 
removes the common factor x — r from fix) and ^(a:).] 

It follows that if the operation (9) is performed on the fraction 

7 -tlie result is that 

(a; - r)“-iQ(a:) 

_ hjx) _ B _^_ kjx) _ 

(a: — r)”'~^Q(x) ~~ (x — r)”"^ (x — r)”‘-‘^R(xy 

Hence, if the operation (9) is repeatedly performed, we find 
that 


fM 

g(x) 


_ j_ Ai2 _L . . . _1_ -^hm 

(x — ri)“i (x — X — Ti 

I ^21 _j_ I . j_ rti 

(a; — x — ~ rt)”* 

+ + +iM, 

^ ^x-n^ g^ix)’ 


( 11 ) 


where gi(x) contains no real linear factor. Since the successive 
coejBGicients Aij are uniquely determined, f{x)/g{x) has only 
one expression of this sort. Moreover, the order in which 
Tij r 2 j * rk are chosen is immaterial. For example, suppose 
rg had been taken first. If we add all the fractions in the right 
member of (11) except ^ 21 /( 0 ; — we find that 


f(x) ^ A 21 J_ hi{x) 

g{x) {x — rz)^^ ^ (x — r 2 )^^'-^Qi{x) 


Since this result is of the form (9), A 21 must be the number given 
by (9). 
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Example 1. Resolve - _ into partial fractions. 

X A ^ X - A(x + 3} ^ 

(.-2^F Ti) ^ + (:.-2)^(a.'Ti) " 

f ( 2 ) 2 

and Q(x) X 4- 3. Bixt ^ = ^) = g- ^ence 

Ux - 2) 

(x - 2nx +3) {x- 2y ' (x - 2)Hx + 3) 

= 2 , ? i 

5(® -2y-5{x- 2)(x + 3) 

Another application of this procedure shows that 
1 


(o^ - 2)(x + 3) 


-■(-!_!-Y 

5\:r — 2 .r -h 3/ 


Hence 


(a; - 2)Hx + 3) 5ix - 2)2 25(x - 2) 25{x + 3) 

Theorem 7.10. Let J{x)/g{x) be a proper fractiofi. If g{x) 
coniams the factor + cx + d exactly m times^ so that 

g(x) = {x- + cx + dy^^Q{x), 

where x^ cx + d does not have equal zeros j m ^ 1, and Q{r) ^ 0 
lohen T is either zero of + cx + d, then f{x) /g{x) may he repre¬ 
sented in the form^ 

fix) _ Ax + B __ 

g(x) (x^ -{- cx + dy^ ix- + cx + ^ 

where A and B are constants, and the last fraction in (12) is proper. 
Moreover, A, B, and hix) can be determined in exactly one way. 
Consider the identity 

/(^) + B fix) - jAx + B) Qjx) . . 

gix) ix- + cx + d)^ ix^ + cx + d)^ Qix) ^ ^ 

where A and B are constants to be determined. Let ri and r^ 
be the distinct zeros of + cx + d. By Theorem 7.1, the 
numerator fix) — iAx + B) Qix) has + co; + as a factor 
if and only if 
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fin) - iAn + B) Qin) = o, 
fin) - iAn + B) Qin) = 0. 

The only solution of these equations is 

4 = /0~i) QO'z) fi^^) Q(^i) D ^ r^Qin)fi:n) - nQin)fin) 
in - n) Qin) Qin) ’ (ri - n) Qin) Qin) ’ 

where the denominators of A and B axe 9^ Q because Q{ri) 9^ 0 , 
Qi^i) 9^ 0, and ri 9^ ri. Hence, when A and B are determined 
in this way, the factor + cx + d may be divided out of the 
last fraction in (13) and (12) results. 

It should be noted that x^ -\- cx -\- d has clistinet zeros when it 
is one of the factors in (7), for 

x^ + cx A- d = [x - (a + j3i)][.T — (q- - ,Sz)] 
with /3 0- Moreover, *4 and B are real, for ler 

fin) = Rxia, d) + iSxia, d), Q(ri) = R^a. 8} ^ iS^Xa, 8), 
where ri = a + fii. Then 


fin) = fioi — j 8 i) = Riia, 8) — iS,(a, 6) 
and Qin) — RX^^i 0) ~ iSXoi, |8). Since 


2i8A = 


(ri — n)A = 

Ri 4“ iSx Ri 


fin) fin) 


Qin) 
- iSx 


Ri -i” *^2 R 2 — iSi 


Qin) 

2iiR2Sx — R 1 S 2 ) 
RIA- SI 


Since i divides out, and Ri, Si, Rz, Sz, and 8 are real with ^ 5 ^ 0 , 
A is real. It may be shown in a similar manner that B is real. 

By Theorem 7.8, gXx) in (11) may be broken up into quadratic 
factors as in (7). Hence the operation (12) may be repeatedly 
applied to fiix)/giix) in ( 11 ) with the result that 


fix) _ All 

gix) ix - ri)* 


I_ A^ _l_ . . . _ *’”‘1 

ix — ri)“i“^ X - ri 


+ 

+ 

+ 


+ 


A]i 


+ 


{x — n) 
B12X 4" C12 , 

(x^ + Cix + 


Biix + Cn _ 

X — n {x- + cix + di)”i 


+ 


+ 


BiiX + Cn 

{x^ + cix + dO^'i 


+ 


X- + cix + dj 

Bl^njX + Cz,»^ 


+ 


x^ + cix H- di 


( 14 ) 
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This representation oi}{x)/g{x) is evidently the only possible one. 

The coefficients Ai,-, Bn, and Cn in (14) may be determined 
in three ways: (1) By the method indicated in the proofs of 
Theorems 7.9 and 7.10. (2) By clearing (14) of fractions, equat¬ 

ing the coefficients of like powers of x (by virtuemf Theorem 7.6), 
and solving the resulting equations. (3) By clearing (14) of 
fractions, substituting for x as many different values as there are 
unknown coefficients, and solving the resulting equations. 

J f 

dx may 

be found as the sum of the integrals of the separate fractions 
in the right member of (14). All of these integrals may be 
evaluated by the methods discussed in the preceding sections 
together with the formulas 


J 

J 


{ax^ + bx + 


{ax- + hx + 


dx 


dx 


2ax + 6 

n{4cac — V){ax^ + bx + c)^ 

2{ 2n — l)a C 1 

n(4ac ““ 6^) J {ax + bx + cY 
— (2^+ bx) 

n{4:ac — b^){ax^ + bx + c)^ 

— ^(2 ^ •" 1) r 1 

n(4ac — b^)J {ax^ + bx + c)^ 


Examination of the results of these integrations leads us to 
Theorem 7.11. Every rational fraction S{x)/g{x) with real 
coefficients may be integrated and the integral consists of the sum 
of only rational fractions^ logarithms of rational fractions^ and 
inverse tangents of rational fractions. 


C 2 

Example 2. Find I - dx, 

J -2x 

Since — 2x x(x — 2)j we may write 


x^ — 2x X X — 2 

Clearing of fractions, we find that 

2 = A(x - 2) + Bx. (15) 

To determine A and B by equating coefl&cients, we first collect like powers 
of x, obtaining 


2^ (A-hB)x-- 2A, 
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and then we set 

A + 5 = 0, -2A = 2. 

It follows that = Or we may determine A and B by sub¬ 

stituting two different values of x in (15), the values 2 and 0 being the most 
convenient since they make one or the other of the coefScients of A and B 
equal to 0. We find that 

2 = 25, 2 = -2A, 

and as before, A = —1, 5 =1. Hence 

^ . dx = ( —~ dx + I ^ dx 

x^ — 2x J ^ J x — 2 

= “ log rc + log (x - 2) A- log C = log 

, r2x^ i- 8x - 4 ^ 

Example 3. Find I „ ^-— - dx. 

J xHx - 2) 


We may write 


Hence 


and 


2x^ -hSx - 4 _ A B C 
x^{x — 2) x^ X X ^-2 


2a;2 + 8a; - 4 s A{x - 2) -f- Bx{x - 2) + C'a;^ 

= (5 + C)x^ + (A ~ 2B)x - 2A, 

5 + C = 2, A - 25 = 8, -2A = -4, 


so that A = 2, 5 = —3, 


J 2a;^ + Src - 4 

x^{x — 2) 


C = 5. Thus 
dx 




dx 


--3 log re + 5 log (a; — 2) + C 

X 

2 (a; - 2)5 

=-1- log---h C. 

X x^ 


(16) 


We might have determined A, 5, and C in (16) by setting x equal to 2, 0, 
and some other value, say 1. 

, Ta;^ — 2x^ + 3a;2 — 2a; + 1 . 

Example 4. Find I - — -^ dx. 

J x(x^ + 1)2 

We may write 

^4 _ 2x^ + 3a;2 — 2a; + l_A Bx + C Dx -j- E 
xix^ 4- 1)2 ' X (a;2 + 1)2 ‘ + 1 
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Hence 

-f- Zx^ — 2x 1 


^ A(x^ + 1)^ + x(Bx + C) + x(x^ 4- l)(Dx 4 E). 


We leave it to the student to show that A .B = 1, C = D = 0, = -2. 

It follows that 


4 


— 2aj* 4 3a;^ — 2a; 4 1 


x(x^ 4 1)^ 


dx 


Evaluate; 


■i 


dx 
4 8 

{2x^ 4^43) 
(a;^ 4 1)®"^ 
41 , 


dx. 


7. 

9 

11 

13. 


xix - 1)’ 

4 1 

2(a; - h) 

(a; - p)2 4 g ^ 


/ 

J: 

J 

f_1. - . ^ ' 

J (40;" ~ 4a; 4 

r.M 

■ J as= + 

J 
/ 


da;. 


2 )‘ 

3a; 4 3 
4 oa;2 — So¬ 
da; 


(x — a) 

{Ex 4 C) da; 
(x^ 4 pa; 4 




da; 


EXERCISES IV 


/ dx 

/: 


10 


12 


dx. 

dx. 14. 

’ m ^ 1. 

m > 1, p“ — 4g < 0. 


4 do; 
a;^ 4 4o; 
g;^ - 

(a;--l)(a;2 4 1)^ 
bx^ — 1 

4 3)(a;2 ^ 2a; 4 5) 
2a; 4 3 
4 — 2a; 

bx 

5;r2 44 


J 
h 

/ 

ri±£^ 

■ J .c* - 5x2 

J 

f -J?? 

■ j :c2 4 


(9a-2 - 16)2 
4C 
po; 4 (? 


dx. 

dx. 

i- 

dx. 

dx. 

dx, 

da;, p 2 — 4 q, < q. 


8. Integration by Substitution. To integrate by substitution 
we change the variable of integration by means of formula (8) 
in Sec. 3 (see Example 4 following this formula). While there 
is no general rule for determining x = <p{u) in (8), we list below 
a few substitutions which are effective in certain cases. 

Let E{aj fi) be a rational fraction in a and p (i.e,, the ratio of 
two polynomials in a and 0). Then, for example, j!?(cos* x, sin x) 
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denotes the result of substituting a = cos".t, ^ = mix in 

qj 2 __ o 

R{a, P). In particular, if R{a, i then 


jB(cos^ Xj sin x) 


cos^ X — sin X 
2 sin*^ X 


To integrate: 

1. ^cos X R{cos^ Xy sin x) dx; let sin .t = z. obtaining 

J R(1 — zP‘, z) dz. 

2. rsin X f2(sm^ x, cos x) dx; let cos x = obtaining 


1 


cos x) dx) let tan 2 “ obtaining 


R{1 - z\ z) dz. 

j 

3. J*22 (sin x, 

KrTF^-rrS) 

4. J jR(tan x) dx; let tan x = Zy obtaining 

5. JR{x, \/a^ — x^) dx; let x = a sin 2 , obtaining 

^R{a sin 2 , a cos z) a cos z dz, 

6. JR{Xy \/a^ + x^) dx; let X = a tan z, obtaining 

R(a tan s, a sec z) a sec^ z dz., 

7. JR{x, 's/x'^ — a^) dx; let X = a sec z, obtaining 

J R{a sec Zj a tan z) a sec z tan ^ dz. 
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These formulas all follow immediately from (8) in Sec. 3. For 
example, if sin x = z, then D^z = cos x, = 1/cos x, and 

J cos X R{cos^ X, sin x) dx = J cos x B{cos^ x, sin x)D^ dz 

= J'R(1 — 2 ) dz. 

In the above formulas, the substitution is made in such a way 
as to rationalize the integrand. The principle of rationalizing 
the integrand often leads to the proper substitution. For exam¬ 
ple, to evaluate Jvs + ~ dx, let \/x = z. Then x = z*, 
D^x = 2z, and 

/vi^ * - “ FTl) * 

== 2[2 - log (z + 1)] + C 
= 2[V^ — log (Vx + 1)] + C. 

Sometimes a purely artificial substitution is helpful, such as 

1 -V — 0^2 


^/x 4- 1 


z J in j* ^ III all but the simplest cases, the only 

recourse is initiative and resourcefulness. 

EXERCISES V 


(1 +a;)^ + (1 +x)^^ 
-aaj. 


J dx 
x^J o?-x^ — 6^ 

7. 


dx 

(5 + 

■» 

dx 

z(16a;“ -f- 9)^‘ 
z dx 


8. JVT 


4a; — 4a;2 dx. 


‘■J 

P Va® - Vh? dx. 

10. 

r dx 

J (16z2 -f 9)5^ 

-J 

[* ^ 1 + COS 3a; dx. 

12. 

j a -f 6 sin a: , 

J cos2 a; ^ 


P dx 


f Iq -2x 

J 

' V2a:(l - 2z) 

14. 

15 1 

^ 1 » 

1 + COS X 

1 A 

Cx^- - x^ ■ 

J 

cos a;(l + sin a;) 

Id. 

J 6*H 
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. bK 




xV^ 


■ dx. 


9^ h\ 


dx 

a + cos X 
dx 

+ h cos a; + c sin a; 


[22. Hint; b cos a5 -f c sin a; = A cos (a: — of), where tan « = b/Cj A 

¥'+7\] 

cos X dx 


23. J tan 2 3a; dx. 

Develop a method for integrating: 
25. \ R{x, ax^ + 6a; 4- c) dx. 


5. JR{x, \/0 
27. Evaluate 


-Jr 


4 cos^ x 


dx 


(8 4 12a; 4 5x^)\/2x^ 4 6a; 4 5 


9. Integration by Tables. The indefinite integrals of many 
functions have been tabulated. The reader may utilize the 
preceding sets of exercises to obtain practice in the use of a table 
of integrals. 

No table can give the integrals of all functions. In fact, there 
are many functions whose integrals can not be expressed in terms 
of the elementary functions with which the reader is familiar. 

J dx 

, ■ ■ 
V (1 ” ^ ) (1 9x^} 

in terms of “elementary functions.” Integrals of this sort will 


be studied later on. 

10. The Symbol Isf(x)]^. We define the symbol F(x)]l by 
the formula 


F(a:)]' = F{b) - F^a), (1) 

where 'F(x) is any function of x defined at a; = a and x — h, 
liF(x) and G{x) are any two integrals of a function/(rc) meeting 
the conditions of Theorem 2.1, then 


FM]‘ . <?(*)]* 

since there exists a number Co such that G(x) s F(x) + Co and 
since C(h) - C(a) = [F(h) + Co] - [F(a) + Co] = Fib) - F{a). 
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Thus the number is the same for every integrat F{x) of 

/(^). ' 

Definition 10.1. If f(x) meets the coridttions oj Theorem 
2.1, then we define the symbol Ixf{x)fa the relation 

J{x)]l = F{x)][ = F{b) -F{a), (2) 

where F{x) is any integral of fix). 

In view of the relation between the symbol Ixfix)fa and the 
definite integral oifix) defined in Sec. 13, page 207 it is customary 
to use the notation flf{x) dx instead of Ixfix)f^. 


Example 


■ j; 


dx — ■ 


64 1 

= “ o preceding discussion 

1 o o 


is illustrated by the fact that we may also write 

14 




21 . 


If a; = <p{v)f where u = a when x — a and == /? when x b, 
then it follows by (8) of Sec. 3 that 


dx = [f(x) Dux] du = {fW{n)]Du(p{u)\ du. (3) 


EXERCISES VI 


Evaluate: 


■X 

7. Why are the symbols x ^ dx and sec- x dx meaningless? 


x/2 

cas® X dx. 

-x^ 


X 
X 

■x:= 


0 1 -he® 

2 

X cos irx dx. 


dx 


11. The Indefinite Integrals of a Function of Several Variable^. 

The concept of an indefinite integral may be extended to func¬ 
tions of several variables. We say that a real single-valued 
function F{x, y) is an integral with respect to x oi Qi> function/(a;, y) 
dF{x. y) j.. X . . 

^ ^~ integral of f{xj y) with respect to y 
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is defined in a similar manner. We say that/(a;, y) is integrahle 
with respect to x (or y) if /(a;, y) has at least one integral with 
respect to x (or y). 

If /(^5 y) — x/^/l — x‘^ — 2/^ this function being defined only 
when x^‘ + < 1, i.e., only inside the circle = 1, 

then an integral of f{x^ y) with respect to x is the function 

Fix, y) == ““ Vl — ^ ^ ^ 3 = f(^x, y). 

Other integrals of Six, y) may be constructed by extending Fix, y) 
in a noiidifferentiable manner as in Sec. 2. However, we shall 
consider only those integrals of a function fix, y) which have the 
same domain of definition as/(rf, y), 

Demnition 11.1. We denote an arbitrary integral of fix, y) 
with respect to x [having the same domain of definition as fix, y)] 
by jfix, y) dx, and we call f fix, y) dx the indefinite integral of 
fix, y) with respect to x. 

The indefinite integral of fix, y) with respect to y is similarly 
defined. 

Before we state the fundamental formula for representing 
indefinite integrals, we must introduce a concept which will be 
used again in Part B of this chapter. 



An x-axial region B of the x^-plane is a portion of the x 2 /-plane 
such that, if I is any line meeting R and parallel to the x-axis, 
the part of Hn E consists of a single interval, finite or infinite in 
length. The term 2 /"axial is similarly defined. If B is both 
x-axial and 2 /-axial, then R is called axial. Thus, in Fig. 56, 
A, B, C, and D are axial, but E and F are not axial, though E 
is x-axiai and F is ^/-axial. 

Theorem 11.1. Let fix, y) be a function integrahle with respect 
to X whose domain of definition is an x-axial region D, If Fix, y) 
is any integral with respect to x affix, y), then 
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y) dx = F(x, y) + <p(y)y (1) 

where <p{y) is an arbitrary function of y defined over D, and where 
(1) is to be interpreted as asserting that any integral whatever of 
fix, y'^ with respect to x is representable as Fix, y) + ipiy) by ^ 
proper choice of (piy)- 

It is seen that all the functions represented by the formula 
y) + <pbl) are integrals of fix, y), for = fix, y) and 

= 0 whatever <piy) may be. To show that the formula 
ox 

Fix, y) 4- <fiiy) represents all integrals of fix, y) [having the same 
domain of definition as fix, y)], let Gix, y) be any integral of 
fix, y) and let y = 2/0 be the equation of any line I meeting B 
and parallel to the 2 :-axis. Since D is a:-axial, the part of I in 
D consists of a single interval I. Since 

D,fix, yo) = DxGix, yf) 

in I, it follows by Theorem 10.3 and Ex. XI, 5 of Chap. I that 
Gix, j/o) = Fix, yo) + C. Since this result holds for each line 
y — yo, C has a definite value for each value yo of y. Hence C is 
a function of y, say C = Hiy), and we may write 

Gfe yo) = Fix, yo) + Hiyo). 

It follows that Gix, y) = Fix, y) + Hiy), where Hiy) is a par¬ 
ticular instance of <(>iy). Since Gix, y) is an arbitrary integral 
of/(a;, j/), (1) holds. 

A similar tneorem holds for f fix, y) dy. Thus, 



da: = — Vl - — 2 /^ + <piy)-. 



— — y^ + \l/ix). 


These integrals are computed by formula 1 of Table II while 
treating 2 / or a; as numerical constants. In general, / fix, y) dx 
and / fix, y) dy are evaluated by regarding x and y as independent; 
the methods of the preceding sections apply since the integrand 
is treated as a function of only one variable. 

The discussion in Sec. 2 regarding different representations 
of lafix) may be extended to the present situation. 
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The following example illustrates the fact that Theorem 11.1 
is false when the region Z) is not a;-axial. Let D be the non-a:- 
axial region consisting of the two squares shown in Fig. 57 and 
let/(a:, y) = 0 every point in D. One integral oi f{x, y) with 
respect to x is the function F{x, y) such that F{x, y) = 1 at every 
point in D, F{x, y) being defined nowhere else. Another integral 
is the function G{x, y) such that 

Gix v) = every point (x, y) in D for which a; < 0, 

’ 1 2 / at every point {x, y) in D for which a: > 0. 

It is impossible to determine a function (p{y) such that, for the 
entire region Z>, G{x, y) = F{x, y) + (p{y). Hence it is not the 
case that //(a;, y) bx = F(x, y) + (p{y). 

Properties I to V in Sec. 3 may be readily 
extended to functions of two variables. 

In contrast with the symbol //(a:, y) dx, ^ 
we introduce the symbol J f(x, y) dx in 

Definition 11.2. If y is a function of x, say 
y = q{x),then J fix,y) dxisdefinedbytherelation Fig. 57. 

Jfix, y) dx = j7[a:, q{x)] dx, 

'provided this latter integral has meaning. 

Symbols like //(x, y) dy, ff{x, y) du, and //(a;, y, z) dx are 
similarly defined. In every case where an integral is written 
with d, rather than with d, the integrand must be expressed as 
a function of only the variable of integration before the integral 
can be evaluated. Thus, if y = \/x ■+: 1, then 

Jxy^ dx ^ J* x(x + 1) dx = " + ^ + C. 

It is evident that //(a;, y) dx and J fix, y) dy are entirely different functions. 
For example, if y^ == x, then fix y^) dx = + C, whereas 

J 2v^ 
ix +y^)dy = — + C. 

Moreover, the functions € and (2y^lZ) + C are not reducible to one 
another by means of the relation y^ = x. However, we may change the 
variable of integration by means of 
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Theorem 11.2. If x and y are differentiahle ftmcMons of each 
othery say x — I^iy) and y — (p{x), then 

I fix, y)dy = J [fix, y) I>xV] dx. ( 2 ) 

We leave the proof of this theorem to the reader. 

If Fix, y) is an integral of fix, y) with respect to x, then 
/pwj/fe y) ^x is the function of y given by the formula, 

y) ex = Fix, y)]lTX) = ~ 


Since f$%]fix, y) dx is a function of y, it may (under suitable 
conditions) be integrated with respect to y, we denote this 
integration by fl^lfix, y) dx dy. This symbol is interpreted 
as though it were written RlfSptfyfix, y) dx] dy, the inner 
integration and substitutions being performed first. The 
symbol J^^]fix, y) dx dy is referred to variously as a repeated, 
iterated, or double integral. Thus, 



Other integrals, such as J* ffSifix, y) dy dx and 


Th rg(z) 

Ja Jpix) Jfft 


*h(x,y) 

h(x,y) 


fix, y, z) 


dz dy dx^ 


are computed in a similar manner. 


EXERCISES VII 


1. Evaluate: ^{x^ — y^) dx; ^{x^ — y^) dy; j|^sin xy dx; J 
ji + 2* + / xy^ log {x + y) dz; ^z\/~x^ -f ^ dz; 

J" 


dy; 


sin"i (x -f y) dz. 


2. Show that if /(rc, y) is defined over an x-axial region and is such that 
Mx, y) s 0, then/is a function of y alone. (See Ex. XVII, 13, of Chap. I.) 

3. Find S f{x, y) dx when (a) I{x, y) = xe^ and y = x'^; (b) /(a;, y) 

y-x 

and y - 2x^ — 1. Find //(a;, y) dy when/(a;, y) — xy and 2/ = sui a;. 
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4. Find //(a:, y) du when (a)/(a;, y) - — xyQ.Tidx - Iju^ y =224 + 1; 

(b) y) = a;® — xy and x = sin w, 2 / = cos u; (c) /(x, ?/) = x sin 2 / and 

X = 24 ^ y — 224 . 

5. If/(x.; 2 /) = l/{y — x)2, then the functions 


2 /) 




+ 1 when X > y, 
+ y when x < y, 


are integrals of /(x, y) with respect to x, but there exists no function (p(y) 
such that GiXy y) = F{x, y) + <p{ij). Explain. Find representations for 
J J{^, y) and J/(x, 2 /) a 2 /. 

6. Fii3d 2 /) ax and J/(x, 2 /) a 2 / when 

(a) /(x.; '^) = l/(x^ — 2 /^). (Consider the four parts into which the 
x 2 /-plane is divided by the lines x = ±y.) 

(b) /(x, y) = l/(x2 + 2 / 2 ). (For f /(x, 2 /) ax consider the cases y 9 ^ 0 and 

y = 0 )- _ 

(c) /(s, J?) = a:/V -y^ - 1. 

(d) /(x, 2/) is the function discussed in connection with Fig. 57. 

(e) Show how //(x, y) dx may be represented by properly breaking up 
the domain of definition of /(x, y) into x-axial regions. Show that Theorem 
11.1 is never valid w'hen the region D is not x~axial. 

7. Define f f{x, y, z) dx. Define an x-axial region in 3-dimensional 
space. State and prove Theorem 11.1 for a function /(x, y, z). 

8. Prove Theorem 11.2 by means of property IVb in Sec. 3. Verify 

this result w!ien/(x, y) = 2 /e® and y = ’\/~x. 

9. (a) Under what conditions is it true that 

Jjf(x, y) du = J*[/(x, y) DM dx ^ j* [/(x, y) DM dy^l (4) 


Verify this result when /(x, y) = x^ — xy and x = 1/u, y ^ 2u + 1. 

(b) When is it true that / fix, y, z) dx ^ f [f(x, y, z) Dzx] dz7 Interpret 
and illustrate. 

10. (a) Define and illustrate integrals of more complicated types, such as 
j fix J y,‘z) dx, where x and y are independent but z = ^(x, y). 


(b) Show that 


J[/(x, 2/, = J, 


/(x, y, z) dz, where in both 


integrals x is constant but where 2 : = </j(x, y) in the first integral and 
y = xj/ix, z) in the second. 

11. Show that the value of y) dx is independent of the integral 

Fix, y) chosen in (3). State all the conditions that must be met hy fix, y), y, 
and the “limits of integration” piy) and qiy) in order that this result may 
be valid. 
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12. Evaluate: 

r*2a 

(a) 1 1 2ydy dx, 

Jo Jo 

r*2a 

(b) 1 1 22 / dx dy. 

(c) j 1 1 xdz dx dy. 

Jo Jv^ Jo 

Jo Jo 

p^v/2 ^cos d 

(e) j 1 p sin 0 dp dd. 

Jo Jo 

^12 r*Tv/2 ncosd 

ns n-\/o-x^ nx 

(f) 1 1 _ I y dzdy dx. 

Jo J-V9-»=^ JO 


g) j I I sin 6 dp 66 dz. 

Jo Jo Jo _ 

(h) I II r(r cos 6 + r sin 6 -jr z) 6z dr dd. 

Jo Jo Jo 

13. Suppose that /[/(a;, y) Dxy] dx — Fix) + Ci when y — <pix). Then 

DxFix) =/(a;, y) B^y, where y = <pix). (5) 

Again, suppose that //(a;, y) dy - ^iy) + C 2 when x = Biy), where 6 and 9 ? 
are both arbitrary and wholly independent of each other. It is evident that, 
in general, Fix) ^ ^[95(2;)] + C, for $ varies with 6 , while F does not. 
Point out the fallacy in the following argument: After completing the integra¬ 
tion to determine ^iy), let us set y = <pix). Then Dx^[<pix)] = Dy^iy) Dxy, 
where y is independent in Dy^iy), and where y = ^(x) in Dxy. But 
Dy^iy) - fix, y) [just as in (5)], and in this result we may (as always) 
write y — <pix). Hence 

= fix, y) Dxy, where y = <pix). ( 6 ) 

By (5) and ( 6 ), Fix) and $[^(x)] have the same x-derivative, and by Theorem 
10.3 of Chap. 1, Fix) ^ ^>[^(x)] -f- C. 

12. Exact Differentials. While J fix, y) dx is meaningless 
unless 2 / is a function of x, say y = <p(x), yet it is sometimes 
possible to represent the quantity J f(x, y) dx + f g(x, y) dy by a 
formula even when <p{x) is not explicitly given. We wish to 
see when and how this may be done. 

It was shown in Sec. 18 of Chap. I that, if 2 / is a differentiable 
function of x, say y = <p{x), then 

y) + Svix, y) D.y. (1) 

Since the two members of (1) denote the same function of x, y 
being given as a function of x, it follows that* 

* Throughout this discussion we assume that the conditions of Theorems 
2.1 and 11.1 are always met. 
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jdx = ^ [/x(a:, y) + fv{x, y) D^y] dx 

= y) cZx + J* [f^{x, y) D* 2 /] dx. ( 2 ) 

If the relation y = (p{x) determines a; as a function of y, say 
X = ip{y)j then the last integral of (2) may be written as 

f fy(.x, y) dy 


by virtue of Theorem 11.2. Since = /(^) v) + C*, 

it follows that (2) may be written in the form* 


pxix, y) dx + jjy{x, y) dy = f{x, y) + C, (3) 

where in both members of (3), y = <p{x) and x = \^(^). In no 
event are x and y to be thought of as independent in the right 
member of (3). 


Example 1. If /(a;, y) = xy, then fx{x, y) - y, fy(x, y) = x, and (3) 
becomes 


J y dx + J xdy ^ xy -I- C, (4) 

To evaluate the left member of (4), x and y must be functions of each other. 
Suppose y — x% so that x = 's/y. Then the left member of (4) becomes 
{x^/Z) + (22/^V3) + C. If in this formula we substitute y = the result 
is the same as that obtained by substituting y = in /(a;, y) — xy. If we 
had taken y = log Xj so that x = e*', then the left member of (4) becomes 
{x log X — x) + C. Substitution oi y = log x in this result and in 
fix, y) = xy leads to the same function of x. Thus, no matter how y may 
be represented as a function of x in (3), direct evaluation of the two members 
of (3) always leads to equivalent results. 

As a consequence of (3) we have 

Theorem 12.1. The expression jM{x, y) dx + y) dy 

may he evaluated hy the formula 

J M{xj y) dx + fN{x, y) dy = f{x, y) + C (6) 

if and only if there exists a function f(x, y) such that 

fx(.x, y) = M{x, y), fyix, y) = N{x, y). (6) 

* It must be remembered that //.(», y) dx ^j{x, y) + C. However, 
y) a® = fix, y) + x(y). 
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For example, 

J + y^) dx + j (2xy + cos y) dy = j + xy^ + sin j/ + C, 

for + xy^ + sin y + C'') = + V'^ 

a2:\4 / 

—{^+xy^ + s\ny + C] = 2xy + cos y. 

ar/V4 / 

It is customary to write jM{x, y) dx + \N{x, y) dy merely as 
JMCx, y) dx + N{x, y) dy, it being implied that x and y are 
always inverse functions of each other in the two parts of the 
integral. IVe say that jl\f{x, y') dx ^(Xj y‘) dy is an exact 

differerdied if and only if 

Theorem 12.2. A necessary and sufficient condition that there 
exist a function f(x, y) such that 


Jm(x, y) dx + N(x, y) dy = fix. y) + C 

is that Mix, y) dx + Nix, y) dy be exact. If M dx + N dy is 
exact, the function fix, y) is given by the formula 


fix, y) = ^Mix, y) dx = mix, y) + viv), 
wh€T6 ivi{Xj y) is GTiy iutcQTCbl of M with Tos'poct to ond whoTc 


dy. 


N — idm/dy) being independent of x. 

To prove the theorem we seek the conditions under which we 
may determine a function fix, y) such that (6) holds. We 
observe that every function/(ar, y), such that/»(a:, y) = Mix, y), 
is represented by 

fix, y) = f Mix, y) dx = mix, y) + ,piy), (7) 

where m is any integral of M with respect to x, and where it 
remains merely to determine viy) so that 


d 

fvix, y) = y) + Tiy)] = Nix, y). 


( 8 ) 
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i.e., so that 


N(x, y) - 


dm(x, y) 


We assume that j M(x, y) dx, 


Jw(a-, I 


y) dy, and 


dM{x, y) 


exist, and that ^ exists and is continuous. It is apparent 

ox oy 

that (fiy) can be determined so that (9) holds when and only 
when N — idm./dy) is a function of y alone. But N — (dm/dy) 
is a function of y alone if and only if 

. 0 . ( 10 ) 

dt/ J dx dx dy 

(Cf. Ex, VII, 2.) By Theorem 17.1 of Chap. I, 
dhnjx, ^ ^ _^r dmix,j )'] ^ dMix, y )_ 


^ 0 . ( 10 ) 


dx dy dyl dx J dy 

and only when 

dM{x, y) _ dN{x, y) 
dy dx 

It follows from (9) that (p{y) is determined as stated in the 
theorem. 

Example 2. In the case of J (x^ + y^) dx -h {2xy -f cos y) dy, 
My = Na ^y, and f(x, y) = {{x^ + ?/) dx — (x-^/^) + xy- + <p{y), where 

(p(y) = J [(2.rv -r eos y) — 2xy] ^ JV ^ ^ 


[(a:s + 7/^) dx -r (^xy + cos y) dy] = ^ + V +" 

Example 3. In the case of Jy dx + dy, 

My(x, y) = 1, Nx{x, y) = 2xy^, 

My ^ JVa !5 and dx x‘^y^ dy cannot be evaluated by (3). 

Definition 12.1. Let (a, 6) and (c, d) he two pairs of values of 
X and y with a 9 ^ c and h 9 ^ d. Ify = q[x) and x = p(jj)j q and p 
being mutual inverses, and if q is such that 

b = q{a), d = q{c), 


( 12 ) 
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[so that a = pQ)) and c = p(d)], then 

rf [M{x, y) dx + Nix, y) dy] 

= M[x, q{x)] dx + N[p{y), y] dy. (13) 

Because of condition (12), we may write (13) in the fom 
[M{x, y) dx + N{x, y) dy] 

= M[x, q{x)] dx + N[x, q{x)\ D^q(x) dx. (14) 
If Mdx + N dy is exact, there exists a function/(a;, y) such that 
J{M[x, q(x)] dx + iV[a;, q{x)] D^(z) dx] = f[x, g(a;)] + C, 


{M[x, g(a:)] dx + N[x, qix)] Dai{x) dx] = /[a;, g(a:)]]^ 


This proves 

Theorem 12.3. If M{Xf y) dx + N{x, y) dy is exact, then 

rf [M(x, y) dx + Nix, y) dy] = fix, y) (16) 

where f(x, y) is determined as in Theorem 12.2. 

Because the right member of (16) is independent of the choice 
of p and q we have 

Theorem 12.4. If M dx N dy is exact, then 

M dx + N dy 

%/ CLjb 

is independent of the path joining (a, b) and (c, d). 

It must be remembered that the preceding theorems are valid 
only when all the conditions of Theorems 2.1 and 11.1 are met. 
(See Example 4 and Fig. 103 in Sec. 18.) 


EXERCISES VIII 

Test the following for exactness and, when possible, evaluate: 




1 . I {2x - 2 /) drc + (32/2 - x) dy. 
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2 . I —^ dx -]-— dy. 

J X + y X + y 

A I —- (lx + -- 

J (X- yY {X- yY 

6 . J[x + log {x + y)] dx + [sin y + log {x -f- y)] t 

8 . [cos X + cos (x — y)]dx — [cos y + cos (x — y]) dy, 

9 . J (x + dx + (e^ + ye^^-y"") dy. 

10. Show that Jikf(a;) dx + N{y) dy may be evaluated by integrating 
each term separately as in Sec. 4 and adding the results. 

11 . State the significance of the result of Ex. 1 . Illustrate your answer 

by the method indicated in Example 1 taking: 

(a) y = (b) y - x. (c) 2 / = sin x. 

(d) y = e^. (e) = 1 - 

12. Evaluate il\lydx x dy by (13), taking: 

(a) y = xK __ (b) y = 2 x. (c) y = x^/2, 

(d) y - 2 \/2x. (e) y = x +2. 

Why is this last result meaningless? (f) Show that J^lo y dx xdy is 
exact and evaluate by (16). Compare all of your results, (g) Evaluate 
Jo.’o y dx — x dy hy (13) using the preceding formulas for y. Are your 
results all the same? Why? 

13. Evaluate by various methods, as in Ex. 12 ; 

(a) JJli {x ~ y)dx -{- (y^ - x) dy. (b) /|;J 2 xy dx + x^ dy, 

(c) 2/2 dx + x^ dy. 

14. If x^ y, and z are determined as functions of each other, i.e., 

® = Piiy) = Piiz), y ” (li{x) = qz{z)j and z = ri(rc) ~ r^iy), show that 

JP{x, y, z) dx + Q{x, y, z) dy -f R(x, y, z) dz = /(a:, y, 3 ) + C (17) 

when P ~ Q = fy^ and R = }z. Show that the function {{x, y, z) exists 
when and only when 

Py ~ Qxj Pz ^ Rxj Qz “ Ryj (IS) 

and develop a procedure for finding /(x, y, z) when (18) holds. The differ¬ 
ential P dx + Q dy R dz is called exact when (18) holds. 


f 

■/: 


■y dx + xe^y dy. 

X^ +2/^ 272 -j- y2 
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Define the symbol /attlici Pdx +Qdy + Bdz. staxing the analogue of 
(12). 

State and prove an extension of Theorems 12.3 and 12.4. 

15. Evaluate ix + 2xz + 2yz) dx + (2y + 2xz) dy + {x‘ +- 2xy) dz. 

16. Evaluate 

(x + y + a)'" dx + (x + y ^ 2)^' dy + '> + y + dz. 

17. Evaluate 

/[sin (a; + s) + (a: -f y) cos (x -f s)l dx -f sin (x -f z) dy 

-f (x 4- y ) cos + z) dz. 




y-A^c cliq 


y^A 


PART B. DEFINITE INTEGRALS 
13. Construction and Evaluation of Definite Integralis. To 

construct the definite integral of a function/(a;) over an interval 
a ^ ^ 6 we must first define the limit of a sequence of numbers. 

Let ai, ^ 2 , * • • j an, * * • be a infinite sequence of real numbers. 

We say that this sequence has the 
limit A if the successive terms of 
— the sequence become and .remain 
arbitrarily close to ..4, It may be 
shown (cf. property G of See. 

—^ Chap. I) that this definition may 
be expressed in the following form: 
Definition 13.1. Let ai, a2, 
' • • , a-n^ ‘ be a sequence of arbitrary real numbers. If, for 
every positive number e, however small, there exists a positive integer 
n-Q such that 

\an — A\ < € for all n > no, 


y^A-c 




♦Cl 


as 


2 4 


6 8 10 
Fig. 58. 


iheyi the sequence ai, 02 , • * • is said to have the limit A. We 
denote A by lim On- 

n—>« 

This definition may be interpreted geometrically as indicated 
in Fig. 58. The similarity of this definition with Definition 3.1b 
of Chap. I should be noted. See Chap. IV for a detailed discus¬ 
sion of the properties of sequences. 


Examples. According to Definition 13.1, we see that: 

1. The sequence 3§, 3-|, 3i, S|, • * • , 3 -f- (1/n), ■ • ■ has the limit 3. 

2. The sequence 2.1, 2.9, 2.01, 2.99, 2.001, 2.999, • • • has no limit. 


3. If « is any constant angle, then the sequence 1, cos a, 1, cos 1, 


cos 1, eos 


has the limit 1. 



Sec. 13] 


INTEGRAL CALCULUS 


207 


4 The seqaence 2^^ 2'3, 2 ^'^, 2*^'% 2^% * • • has the limit 1. 

5^ The sequence 2^^^ 5, 2^^^ 2^/% 5, .2^^ 2^^ 2^^^ 2^^^ 5, 2^^^ • • • has 
no limit. 

We mars now define a definite integral. 

DefinitiO'N 13.2. Let f{x) be a real single-valued function 
defined over the interval a ^ x ^ b. Perform the following 
operations: 

1. Subdivide the interval from x — a to x = b into an arbitrary 
■ftnite number ni of nonoverlapping"^ subintervals Ii, J 2 , * • * , -Tn^ 
of lengths AiX^ A 2 X, • • • , AnX which need not be equal 

IL In each interval li choose an arbitrary number xc, thus^ Xx 
is a number in Ji, :r 2 is a number in 1 2 , etc. 

III. Form- the sum 

ni 

S-i = ’^fOi) 

1 = 1 

= f(xi) AiX +f(X2) A 2 X + • • * +f(Xn) AnX. (1) 

IV. By repeated applications of steps I to III, construct an 
infinite sequence 

/Si = AiX, S2 = ^^,f{Xi) AiX, ‘ ‘ } 

i ~1 i 

nk 

Sk = AiX, (2) 

2 = 1 

in any manner suck that 

lira 8k = 0, (3) 


where 8k is the length of the longest interval in the sum Sk- 
If lim Sk exists and has the same value for every possible construe- 

k-i- 00 

tion of the sequence (2) meeting condition (3), then this limit is 
denoted by Slf(x) dx, i.e., 

^fix) dx = lim &. (4) 

^ k-^ 00 

We call SI fix) dx the definite integral ior Riemann sum) of fix) 

* It is peimissible for two adjoining subintervals to have a common end 
' point. An interval li may include both, either, or neither of its end points. 
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with respect to x from x a to x ^ i, and we call a and b the limits 
of integration. We say thatf{x) is summable from x = atox ^b 
if S^f(x) dx exists. 

In step IV it is to be understood that the numbers Xi and AiX 
in any one sum of (2) have no relation to the numbers Xi and 
AiX in any other sum of (2); in other words, the sums of (2) are 
constructed independently except for condition (3) on 4. 

In Part C of this chapter we determine the class of functions 
f(x) for which SJ/(rc) dx exists; we mention in passing that 



Fig. 59. Fig. 60. 

^lf(x) dx exists when f{x) is continuous over the interval 
a ^ X ^ bj and also in certain other cases. 

Perhaps the simplest interpretation of (1) is obtained with 
the aid of the graph of f{x). Suppose that the graph of f{x) is a 
continuous curve and that the region ABQP bounded by the 
graph of f(x), the ordinates at ^ = a and x = b, and the ^r-axis, 
has a finite area K. It is evident that f{xi) AiX represents the 
area of a rectangle of heightand base AiXj and that the sum 
(1) represents an approximation to the area K of ABQP. 

We shall now show that 

dx — area K of ABQP. (5) 

Construct the sums 

Si = KiX , Si = ^/(a:<) AfO; 

i—\ i=1 

as in Definition 13.2, where in Si each Xi is chosen so that f{xi) 
is the maximum value of / in the interval AiX, and where in Si 
each Xi is chosen so that f(Xi) is the minimum value of / in the 
interval AiX. Then (see Fig. 60) 

Si ^ area K of ABQP ^ Si. 
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Construct in this manner two sequences Si, S 2 , • • • and 
si, S 2 , • • • as in step IV of Definition 13.2. As mentioned above, 
SJ fix) dx exists because fix) is continuous. The existence of 
SI fix) dx implies that lim Si and lim Sk exist, and that 

&■—> 00 Jc —^ 00 

lim Sk = lim Sk = /(^) (6) 

00 k—*’ 00 o 

On the other hand, Sk ^ area K of ABQP g Sk for each fc, and 

lim Sk ^ area K of ABQP g lim &. (7) 

Equation (5) follows at once from (6) and (7). 

In Sec. 14 we shall give several examples to show how (1) and 
(4) arise in connection with the computation of various physical 
and geometrical quantities. 

Example 1. Find an approximate value of S? dx. 

Divide the interval from a; == 1 to a; = 2 into 10 parts of length 0.1, and 

let a;i == 1.0, - 1.1, xz = 1.2, • • • , aiio = 1.9. Then 

10 

S = ^f{xi) = (1.0)=i(0.1) + (1.1)»(0.1) + • • •+ (1.9)2(0.1) = 2.185. 

t as 1 

If instead we let Xi = 1.1, Xi = 1.2, , xu = 2.0, then 

10 

S = AiX = (l.l)KO.l) + (1.2)H0.1) + • + (2.0)n0.1) = 2.485. 

i=l 

We see from the graph of f{x) = and (5) that, because of the way the x's. 
were chosen in s and S, 

2.185 g S 2.485. (8) 

Theorem 13.1 (Fundamental Theorem of Integral Calculus). 
Let fix) he a real single-valued function defined over the mterval 
a ^ X ^h. If* SI fix) dx and /a/W dx exist, then 

^^fix)dx= rfix)dx. (9) 

''“'a Ja 

Subdivide the interval from x = ato x = b into ni subintervals 
h, li, ' ■ ■ , In^ having a, Xi, x%, ■ • ■ , Xn^-i, h as successive 
endpoints. Let Fix) be an arbitrary integral of fix), so that 

* We mention in passing that this condition is always met when f(x) is 
continuous over the interval a ^ x 
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])^{x) = J{x). Construct the sum (1) by choosing the numbers 
Xi in the following way: By Theorem 10.1 of Chap. I, there exists 

a value Xx oi x^ a < Xi < xi, such 
that 

F{xi) - F(a) = F'(xi){xi - a). 

Take this value xi as the number Xi 
in the sum (1). Since F'(xi) = f{xi) 
and xi — a — Aio;, 

/(rri) Axx = F{xi) - F{a). (10.1) 



With the aid of Theorem 10.1 we 
may determine in a similar manner 
values x<i, 0 : 3 , * • • , Xn^ within 12 , h, 
In such that 


f(xi) AsX = F(xi) - F(xi), 

fixs) A 3 X = F(x 3) - Fixi), • • • (lO.i) 

f(xn) A^x = F(b) - F(xn-i). 

If we add all the equations (10.1) and (lO.i), we find that 


Xfi^ i) AiX = f{Xi) AiX + fiXi) A2X + ■ ■ ■ + f{x,i) AnX 

= F{b) - F{a). (11) 

Thus we have constructed the sum (1) in such a way that we have 
been able to evaluate it. If we construct each sum in the 
sequence (2) in this same manner, always determining the points 
Xi by the theorem of the mean as indicated above, then every 
sum 8 ft in (2) has the value F(b) — F(a) as in (11). Hence 

lim Sh = F{b) — F (a) = C f(x) dx. (12) 

00 ® 

By hypothesis, S^jXx) dx exists. By Definition 13.2, 

Sa fix) dx = lim Sk, 

k —* 00 

SO that (9) follows from (12). 

It should be noted that the proof of this theorem is purely 
analytic and involves no reference to the graph of f{x); in par¬ 
ticular, no mention is made of the area of any figure. Hence 
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(9) holds no matter what interpretation; physical or geometrical; 
is given to f(x) and Slf(x) dx. However, the various steps of 
the proof may be interpreted geometrically with the aid of Fig. 61. 

It was pointed out in Sec. 6 of Chap. I that, if f(x) = D^(x), 
then the slope of the tangent to the graph of F{x) at x = xo is repre¬ 
sented by the ordinate to the graph of f(x) atx = Xq, It now follows 
by (5) and (9) that the area under the graph of f(x) from x ^ a to 
X = b and above the x-axis is represented by the difference between 
the ordinates to the graph of F{x) at x = a and x = b. This latter 
result provides a method for constructing the graph of F(x) 
from the graph of f(x): erect ordinates at various points between 
X — a and x = h, and estimate the areas Ai, .42, • • ^ of the 




successive strips bounded by these ordinates and the graph of 
f(x). Choose the initial ordinate MP at a; = a arbitrarily, and 
plot points Pi; P 2 ; • • • as indicated in Fig. 63 to obtain the 
graph of F{x), 

Theorem 13.1 provides a method for evaluating Slf{x) dx 
in the event that faf(^) dx exists. However, there exist func¬ 
tions/(a:) such that Slf(x) dx exists while Jj/Ot’) dx does not exist 
(see Ex. IX, 7) and in such cases Slf{x) dx must be evaluated by 
special devices (see Ex. IX, 8). Conversely, there exist functions 
f ix) such that Jlf(x) dx exists while S^/(a.O da: does not exist 
(see Hobson, Theory of Functions of a Real Variable/' 3d 
edition, Sec. 348). Moreover, the definition of Slf(x)dx can 
be extended to point functions (see Sec. 15), whereas the defini¬ 
tion of !lf(x) dx does not admit of such an extension^ While 
it is common to denote S^/(a;) dx by faf(^) dx^ it is seen that 
S^/(a:) dx and Jl/(a;) dx are essentially distinct in nature, and one 
should not try to merge them merely because they are sometimes 
equal in value. 
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Example 2. Find the area A bounded by the curves F = 10 + 3x - 

These curves intersect at points with abscissas a: = — 1 and x = 3. By 
(5), (see Fig. 64) 

A = S_i ^ 

We may simplify this computation by (15) of Ex. 3: 

A = (Y -t/)dx = Sli (3 + 2a; - x^) dx = Y- 

EXERCISES IX 

1. As in Example 1, find approximate values of: 

(a) dx. (fc) S .5 ^ Sq 

(<i) (e) 

Check your results by (9). Sketch the areas represented by these integrals. 



2. In Definition 13.2 it was assumed that a S 6. If a > b, we may 
S^/(a:) dx exactly as in Definition 13.2 if we interpret all the Aia:’s as 
negative” (inasmuch as x decreases in going from a to b). Show that 


§^/(a;) dx = 

3. Let f{x) and g{x) be integrable and summable. Show by (9) that 
S‘/(x) dx + 

± S'W] ± S! six') dx. (15) 

kfix) dx = fix) dx, where k is a constant. (16) 


[See Sec. 27 below for the case where fix) and gix) are not integrable.] 

4. Find the areas bounded by the curves: 

(a) F = 2:2 and 2 / = 2 - X. (b) F = and 2/ = 

(c) F = and y = a:. (d) F = and 2 / = 2a; - a:^. 

(e) xy = S and x + 2y — b. 
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(f) — a:?/ + 6 = 0 and = 15a; + 79. 

(g) y = Sin^^a;, y = 7r/2, and a; =0. (h) — 2^ d- a; = 0 and x = ~3. 

[Take y as the independent variable in parts (g) and (h).] 

5. Show that the area of the ellipse (x^Ja^) + (y^/b^) = 1 is irah. 

6. Find by a definite integral the area of a segment of a circle of radius a 
and altitude h. Check your result by the methods of elementary geometry. 

7. Show that the function 

when a ^ X < c and when c < x ^ b, 
when X = c 

has no integral, and hence that Slf(x) dx does not exist. Show that 
S\f{x) dx exists and equals b ~ a. (See Fig. 65.) 

8. It will be shown in Part C of this chapter that* 

§^/(a:) dx = g{x) dx (17) 

if / and g differ in value at only a finite number of points, or if is defined 
at only a finite number of points where / is undefined. It follows that, if 
we can construct a summable function g differing from / in the manner 
indicated and such that S\g{x) dx exists, then we can evaluate f{x) dxhy 
(17) and (9). Thus, if in Ex. 7 we let g{x) = 1 for all x in the interval 
a ^ X ^ hj then 

Sa/(^) dx = Sj g{x) dx = Jll dx = b - a. 


When possible, construct a suitable function g(x) and evaluate: 

-s: ^ 

1 — cos X 


(a) ^ X log X dx. 

S r/2 


dx. 


■ dx. 


(d) 


_,r /2 Sin^ X 

9. Show that SJ /(x) dx does not exist when 


0 a/i - x'-^ 

§ dx. 



1 when X is rational, 

0 when x is irrational. 


10. If /(a;) := ~ log X, show that Sj/(a;) dx does not exist. 

Suggestion. Let Ni, N 2 , * • • be a sequence of positive numbers such 
that lim W/c —> + 00 . Remembering that lim (— log x) + 00 and that 
k~^ w x—^0 

~ log a; ^ 0 when 0 < a; ^ 1, show that Sk in (2) can be made>iV'Aby 
properly choosing Xu Since lim Nk lim Sk and Sj/(a;) dx 

«3 k —^ 00 

does not exist. However, it will be seen later that the region bounded by 
2 / = — log a;, a; = 0, a; = 1, and 2 / = 0 has the finite area 1. This result 
indicates that Definition 13.2 is inadequate when f{x) becomes infinite. 
(We shall discuss this difficulty in Part D of the present chapter.) 

* Definition 13.2 may be extended to the case where f(x) is undefined at a 
finite number of points in the interval a ^ a; ^ 5 if it is stipulated that the 
points Xi in (1) and (2) must be taken where/(a;) is defined. 
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11. We say tiiat/(a;j is unbounded in the interval a < x hit there are 
points in this interval at which \f(x)\ > however large N may be. Show 
that Si fix) dxas given by Definition 13.2 never exists when/(a;) is unbounded 
and everywhere positive (or negative). 

Show that, if f(x) is everywhere positive (or negative), then fix) dx, 
SI”/(a:) dx never exist in the sense of Definition 13.2. 
However, integrals of these types are very common and useful when defined 
as in Sec. 31 below. 

12. Let fix) be given by the following graphs. In each case, constmct 
the graph of the integral Fix) of fix) passing through (0, 1). Estimate 
areas by means of small squares. 



(a) ih) (c) (d) (e) 


13. Using Theorem 10.1 of Chap. I in the manner indicated in the proof 
of Theorem 13.1, but applied to the entire interval from x = a to x — b, 
prove 

Theorem 13.2 {Theorem of the Mean for Integrals). If f{x) 
is continuous over the interval a ^ x ^ b, then there exists a value 
^ of a < ^ < 5, such that 

(b - 


Illustrate the meaning of this theorem with the aid of a sketch and (5). 

14. Elementary Applications of Definite Integrals. In this 
section we give a number of examples 
to show how definite integrals may be 
used to evaluate various physical and 
geometrical quantities. 

Example 1. Find the area bounded by 
the continuous curve ?• = fiO) and the radius 
vectors at ^ and 0 = A 

Subdivide the angle — a into smaller 
angles* A0. In each angle AV take values 
Vi and 0- so that n = fiOi) and r- =/(^J) 
are the maximum and minimum values of r = fid) in the fth angle A 9 . 
Draw arcs of circles with center 0 and radii u and rf Then 

* In this example we take the increments Aid as equal merely for the sake 
of simplicity. 
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Area sector OPiQi = AS = |[/(0i)P Afi, 

Area sector OP-Q,' = Wfie'Af A0. 

Construct the sums S„ = and s„ = A9, Since 

i=l i=\ 

j{e) is continuous, il/(0)]2 is continuous, Sgi[/(9)]2 de exists, lim & and iun 

.»1—4 oc fi. —f « 

exist, and 

lim s,, = lim A',. = ( 1 ) 

On the other hand, s,. g area sector 0.4B g i',. for each n, and 

lim s„ ^ area sector (JAB ^ lim (2) 

7i—> 00 ^ oc 

It follows by (1) and (2) that 

Area sector GAB = s; de, (3) 

To illustrate: The circle r = 2a cos 6 is traced out when B varies from 0 to x. 
Hence the area of this circle is Sq J(2a cos $)^ dd = xa^. 



Example 2. A solid S is such that the area of the cross section of it cut 
by any plane x = a;o is A{xq). Find the volume of that part of S between 
the planes x ~ a and x = b. 

Subdivide the solid/S into laminas Li, • • • , of thickness Aa; by planes 
perpendicular to the a:-axis. In each interval Ax choose Xi and xl so that 
Afe) and A{Xi) are the maximum and minimum values of A{x) in the ith 
lamina. Suppose S is such that we can construct cylinders C,- and d of 
height Ax^ having for cross sections the sections of S cut by the planes x ~ Xi 
and X = and such that Li contains a and is contained in Ci. (See 
Figs. 67 and 68. The elements of these cylinders need not be parallel to 
the x-axis.) It follows the^t 

Volume d ^ volume Li S volume Ci, (4) 

But if we cannot construct Ci and a in this manner (see Fig. 69), then (4) 
may not hold and we must compute the volume of S by some other method 
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(see Sec. 17). By Ex. X, 26, below, the volume of any cylinder is the 
product of its base and altitude. Hence (4) may be written as 

A ix'i) Aa: S volume Li £ A {xi) Ax. (5) 

Yv’e leave it to the student to show that the volume 7 of S is 

7 = <fs. (6) 

fCf. Example 1 and the proof of (5) in Sec. 13.] 

For instance: A solid is such that any section of it perpendicular to the 
^-axis is a right triangle ABCj where A is on the curve y = in the xy-plsme, 
B is on the line z = x + 1 in the a;«-plane, and C is on the rc-axis. To find 




the volume V of this solid between the planes x = 0 and a; = 2, we observe 
that A(x) = + 1). Hence 

^ = So + 1) 

It is sometimes necessary to find A (x) by integration. Thus, to find the 
volume V of the solid bounded by the surfaces z — cos xy^ z = 0^ y = 0, 
a; = 1, and a; = 2, we first compute the area A{xo) of the section cut by the 
plane x = Xo: 

S yo f^T/2xQ 

^ cos {xoy) dy = cos (xoy) dy, 

where we express the upper limit of summation y^’m terms of Xq in order 
that A may be a function of xq alone. To obtain the formula yo = 7 r/2xo 
we observe that the point (a;o, 2/o, 0) lies on the surface z = cos xy. Hence 
0 = cos ( 2 : 02 / 0 ), 2 : 02/0 = Tr/2j and 2/0 = Tr/2xQ, It follows that 

^ (®) ” cos xy dy 

and 

S 2 /•2 i*7rl2z 

^ A{x) dx = I cos xy dy dx = log 2. 

If the solid is a volume of revolution, then cylindrical coordinates are 
sometimes useful. Suppose S is bounded by the surfaces z = /(r), 2 = 0 , 
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r ^ a, and r = 6, and suppose /(r) is continuous and nondecreasing from 
r = a to r = b. Subdivide S into cylindrical shells Li, • • • , L„, of thick¬ 
ness Ar. In each interval Ar choose Vi and so that f(ri) and are 
the maximum and minimum values of f(r) in the tth shell, and construct 
cyhnders Ci and ca of heights/(ri) and. f{rl) as indicated in Fig. 71. Because 
f(r) is non-decreasing, we may take u and rj as the outer and inner radii of 
the ^'th shell. It is seen that 

^Trlfir'i) Ar < volume Ci ^ volume Li ^ volume Ci < 2Trrif{ri)Ar. 

We leave it to the student to show that the volume F of is 

^ = S! dr. (7) 

The case where /(r) is nonincreasing between r = a and r = b is dealt 
with by considering the volume F' of the solid above z == /(r) and below 
some plane 2 = 0 . The above argument shows that V' = So27rr [c — fir)] dr, 
and (7) follows at once from (15) of Sec. 13. It is seen by (14) of Sec. 13 




that (7) can be used for any function f{r) with a finite number of maxima 
and minima between r = a and r == 6. 

Thus, the volume V bounded by 2 = 2 : = 0, r == 1, and r == 3 is 

y = 2irr(r2) dr = 40x. 

If the solid S is bounded above by 2 = fir) and below by 2 = ^(r), then 
by (15) of Sec. 13, 

7 = S* 2xr Hr) dr, (7') 

where/i(r) =/(r) — gir). 

Example 3. Find the length of the curve y — fix) from a; = a to x = 
when f ix) exists and is continuous. 

If C is any continuous arc from P to Q, then the length of C is defined as 
follows: Let Pi, Pt, ‘ , Pn, Pn+i any set 0 / n + 1 successive points on C 

with Pi — P and Pn+i = Q, and let Sn denote the largest of all the chord lengths 

Pjl, • - , PATi. If 
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lim y PiPi^i = lira (P1P2 + P2P3 + • ■ • + PrP^x) (8) 

1 = 1 

oLways exists and has the same value for all choices of the points Pi, then the 
common value of this limit is called the length of C. 

Ta evaluate the limit (8) when C has the equation y = f{x), we may write 

p,p.+i = V(Aixy + = -y 1 + (9) 

where the notatioa is indicated in Pig. 72. By hypothesis, f(x) exists, 
and fay Theorem 10.1 of Chap. 1, there exists a point n such that 


By (9), 


= 


PiPi+1 - Vi + If'MV 


By hypothesis, f{x) is continuous. Hence \/1 -f \f'(^)]^ is continuous, 
SjVl + I/'WP dx exists, the limit (8) exists by virtue of (10) and Defini- 
2 tion 13.2, the curve C has a length Z, and 

” 1 = S* vr+ifw dx. (11) 

yT I To illustrate: If C is the segment of the line 

-1—^ y — 2x from a; — 0 to a; = 3, then the length of C 

/a is Z = S3 a/ 1 4- 4 da; = 3\/5. This result checks 

with that obtained by elementary methods. 

Example 4. Let C be a curve in space, let 5 
Fig. 73. denote arc length along C, let A and B be two 

points on C, and suppose that s — a at A and s — bat B, A point particle 

P moves along 0 and is acted on by a force such that the magnitude of its 

component in the direction of C at any position of P is F{s). Find the 
. work done on P by the force when P moves from A to B. 

Divide the arc from Ato B into subintervals of length As. In each inter- 
\val As choose Si and s^ so that F{si) and F{Si) are the maximum and minimum 
[values of F{s) in the ith interval As. If Wi is the actual work done by the 
force acting on P in the zth interval, then 

P(Si) As S Wi ^ F{si) As. * 

We leave it to the student to show that, if F is continuous, then the work 
done by the force on P in going from A to P is 


W = § F{s) ds. 


Thus, suppose an electric charge is carried along an arbitrary path y — f{x) 
from the point (a, h) to the point (c, d), and suppose an electric field exerts a 
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constant force on the charge in the direction of the positive end of the 
:z;-axis. Let s be measured along the path from (a, b). The component of <i> 
tangent to the path is = 4> cos a, where a = tan""^ (dy/dx). Hence the 
work done is (see (8) of Chapter I, Sec. 7) 


W = 


S ' 

cos a ds 

0 


rj r 

= I 4>l COS a ~ I dx — I 

Jo \ Ja 


^dx — (c — a)#. 


It is seen that the work is independent of the path chosen from (a. b) to 

(c, d). 

Example 6. Let 22 be a region on a plane vertical face of a vessel con¬ 
taining ■water. Find the total force of the water on R, the height of the "water 
surface being given. 

Subdivide R into strips Si, , Snoi width Ah bj^ horizontal lines 

at depths ho, hi, • ‘ hn below the water surface. Let the width across 


Water surface 



Fig. 74. 


R at depth h be l{h). Suppose R is such that 1(h) increases with h, and also 
such that, when we construct the rectangles n and Ri of height Ah with bases 
l(hi-i) and lihi), respectively. Si contains /'i and is contained in Ri [see Fig. 
74 (a)]. Since the unit pressure at depth h is -wh, where ‘w is the density of 
water, 

(whi-i) l(hi-i) Ah ^ Pi ^ (whi) l{hi) Ah, 

where Pi is the total force on Si. As in the preceding examples, it is seen 
that, if 1(h) is continuous, the total force on R is 

P = ^\h l{h) dh, (13) 

where a and b are the least and greatest depths of R. If 1(h) decreases as h 
increases [see Fig. 74 (c)], or if it is not the case that Si contains n and is 
contained in Ri [see Fig. 74 (b)], then (13) may be obtained by considering 
the total force on a rectangle containing R [cf. the discussion of volumes of 
revolution following (7)], or by breaking up R into smaller regions by vertical 
lines. 

As an iQustration of (13), the total force on a gate valve 4 ft, in diameter 
whose center is 50 ft. below the surface of a reser^mir is 

p ^ wh2\/4 — (50 — h)^ dh = 2wJ*_^ (50 — y)\^4 — dy = 200art/j. 
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EXERCISES X 


1 . Find the areas bounded by the following curves: 

(a) r = 2a sin 0. (b) r == 3 — 2 cos 6. (c) r = a sin 20, 

(d) r = a cos 30. (e) == 2a^ cos 20. (f) r = a sin^ (0/2). 

(g) r = sec 0 + tan 9 from 0 = 0 to 0 = ?r/4. 

(h) = a^h^/ia^ sin^ 0 + cos^ 0). 

(i) the area common to r = 3 cos 0 and r == 1 -f- cos 0. 

(j) the smaller part of the circle r = 1 cut off by r = 0. 

2 . If a: = ^(0, 2/ = are the parametric equations of a curve C, if 
xi = (p{ti) and X 2 = ^(^ 2 ), and if the equations x = <^(0, 2/ = define y 
as a single-valued function of x when t varies from h to ^ 2 , show that the area 
A bounded by C, the x-axis, and the ordinates at x = xi and x = X 2 is 


A - 



(14) 


Using (14), find the areas bounded by: 

(a) One arch of the cycloid x = a (0 — sin 0 ), y = a(l — cos 0 ) and the 
x-axis. 

(b) The curve x = a 0 , y — a{l — cos 0 ) and the x-axis from 0 = 0 to 

0 = 27r. 

(c) The hypocycloid x — a cos^ 0 , 2 / = a sin ^ 0 . 

(d) The loop of the curve x^ -f 2 /^ = Zaxy. (Hint: Represent this curve 
by the parametric equations x = Zat/{1 -f- t^)j y ~ SaiVCl + ^®). 

3. Find the volumes of the following solids, using both the method of 
sections and the method of cylindrical shells whenever possible: 

(a) The solid obtained by rotating about the x-axis the area bounded by 
y = x 2 , y = 0, and x = 1. [Hint: Use cylindrical shells concentric with 
the x-axis. Then h{r) = 1 — "x/r in (7').] 

(b) The solid obtained by rotating the area in (a) about the ?/-axis. 

(c) The solid obtained by rotating about the x-axis the area bounded by 
2 / = sin X, y = 0 , X — 0 , and x — x/ 2 . 

(d) The solid obtained by rotating the area in (c) about the 2 /-axis. 

(e) The solid obtained by rotating about the x-axis the area bounded 
by x^^ + y^^ = 0 ?^. 

(f) The solid obtained by rotating about the line 2 / = 4 the area bounded 
by 2 / == and x — yK 

(g) The solid obtained by rotating about the line x = — 2 the area 
bounded by x — y^ and x == 1 . 

(h) The toms obtained by rotating the circle about the line 

y = b. (h > a.) 

(i) The solid bounded by z = r, z — sin r, and the cylinder r = tt(2. 

(j) The solid bounded by (x^/a^) + (y^/a^) 4- (z^/c^) — 1. (Write 

= x^ -{- ) 

(k) The solid bounded by x* +y^ + 22 .— 5 = 42 . 

(l) The solid such that any section perpendicular to the x-axis is an 
equilateral triangle whose base is a chord of the circle x^ H- 2 /^ = aK 
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(m) The solid to the left of the plane x — b such that any section per¬ 
pendicular to the a;-axis is an isosceles triangle of height 10 whose base is 
a chord of the parabola x = 

(n) The solid in the first octant to the left of the plane a; = 1 such that 
any section perpendicular to the a;-axis is a square whose base is a chord 
between the curves y — and x = y\ 

(o) The solid between the planes x 0 and rc = 1 such that any section 
perpendicular to the a;-axis is a circle with center on the curve y — sin x and 
passing through the a;-axis. 

(p) The solid in the first octant to the left of the plane x = 2 such that the 
section cut by the plane x = xo is bounded by the curve y ^ xo — z^. 

(q) The solid in the first octant between the planes x — 1 and a: == 3 
and bounded by the surface z ~ x cos (y/x). 

(r) The solid bounded by the surface x^ + and the 

coordinate planes. 

4. If the area bounded by the curve r = /(0) between 6 - a and 6 = 0 
is rotated about the polar axis, show that the volume of the solid obtained is 

^TT 

— sin d dd, (15) 


Using (15), find the volumes obtained by rotating the following areas 
about the polar axis: 

(a) The triangle bounded by 0 = 0, 0 = Tan“^ {(i/h), and r cos 9 = h, 

(b) The circle r = 2a cos 6. (c) The cardioid r = a(l — cos 6). 

5. Find the lengths of the following curves: 

(a) y^ = x^ from rr — 0 to a: = 4. 

(b) y — — x^ from x = --a io x — a. 

(c) y — log cos X from x = 0 to a: = tt/S. 

(d) The entire hypocycloid 

(e) 2/ = (a;^/3) b from a: = 0 to a; = 3. 

6. Show that the length of the curve r = g{9) from 6 = ato 6 = 0 is 



(16) 


[Hint: change the variable of integration in (11) from a; to 0 by means of the 
relations x — r cos 6, y = r sin 0, remembering that r = g{0).] Using (16), 
find the lengths of the following curves: 

(a) The cardioid r = a(l — cos 6). (b) The circle r = 2a cos 6. 

{c) r = a cos® (0/3). 

(d) The spiral r = 9 from 0 = 0 to 0 = tt. 

7. Show that the length of the curve x - <p{t), y = ^(i5) from t = to 
t = his 




( 22 . 


(17) 
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Pindtheiengthof one arch of the cycloid a; = aid - siiie),y = a{l - cos 5). 
Show that the length of the ellipse x = asin <p, y h cos <p is 


■ sin- (p d(p, 


4a 


where e is the eccentricity of the ellipse and = a^(l — e^) (see Sec. 35 of 
Chap. Y). 

8 . Show that the length of the space curve y = (p(x), z = i]!/(x) from 
X = a i,o X = 5 is 




(18) 


Pind the length of the line x — 2y — —z from (0, 0, 0) to (2, 1, —2), and 
check by elementary geometry. Write (18) with y the independent variable. 

Show that the length of the space curve x - y = z = e{t) from 
t = to t = ^2 is 




(19) 


9. The force F of attraction between two point particles of masses M 
and m distant r units apart is F — k (mM/r^). Find the work done by F 
when r varies from 2 to 1; from 10 to 1; from 1000 to 1; from “infinity” 
to 1; from 1 to 0.1; from 1 to 0. 

10. The force F exerted by a spring is P = kx, where x is the extension 
of the spring beyond its natural length. For a certain spring P = 100 
when a; = 5. Find the work done in stretching the spring from .r = 2 
to 2; = 6- 

11. A body falls according to the law 5 = {g/k^){e~^^ -|- /ci — 1). If the 
force F of resistance is P = cv, where v = ds/di, find the work done against 
F when the body faUs from i — 0 to ^ = 10. 

12. If an electric current flows around a circular coil of wire of radius a, 

the force P exerted on a small magnet located on the asis of the coil and at 
distance x from the center of the cod is P = kxjia^ + Find the work 

done by P when the magnet is brought from x — a 12 to x =0. 

13. The force F of repulsion between tvro positive electric point charges 
E and E* distant r units apart is P = k{EE'/r^). If E is fixed at the pole 
and it E* is carried along an arbitrary path r = /(0) from the point (a, <x) 
to the point (6, /3), show that the work done is independent of the path and 

is equal to kEE' (^0 f provided the path does not go through the pole. 

“=s:v-w 

-] 


Hint: If we write s 


dd, then by Theorem 29.2, 


— = ^ + 
d& 


($f 


Also, see Ex. YI, 5 of Chap. I. 
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14. K an electric current flows along a long, straight wire, then a force 
F = A;/r is exerted on a small magnet distant r from the wire, the direction 
of F being perpendicular to the wire and to the radius vector r. If the wire 
is perpendicular to the r0-plane and goes through the pole, and if the magnet 
is carried along an arbitrary path r = f{d) from the point (a, a) to the point 
{hj l3), show that the work done is independent of the path and is equal to 
/c(i3 - a), provided the path is traced out by the point (r, d) as $ varies from 
a to jS. Discuss the determination of a and ^ when the path goes around 
the wire more than once. 

15. Show that the work done on a particle, when accelerated by a force 
is equal to the gain in kinetic energy of the particle. [HmT: Write 


dv dv dx 


dv 


16. Show by (12) that, if gas e.xpands in an engine cylinder according to 
the law p = f(v), where p is the unit pressure and v the volume of the gas, 
then the work done on the piston by the gas is 


W 


= ^' ■pdv. 


( 20 ) 


[Hint: If A is the piston area, then F — pA. In (12) let s == v/A.f Evalu¬ 
ate (20) when pv^ — C with pi, Vi, and p 2 given. 

17. Show that (20) holds when the gas is contained in an expanding 
sphere. 

18. If each particle of material in a volume V is raised (or lowered) to a 
certain horizontal plane H, show that the work done is 

W S* whA{h]dh, (21) 


where w is the density of the material, h is the distance from the plane H 
to an arbitrary horizontal section of V, and .4 (h) is the area of this section. 
Using (21), find: 

(a) The work done on a turbine by the water in a hemispherical reservoir 
of 100 ft. radius when the reservoir is drained through the turbine, the tur¬ 
bine being 500 ft. below the original water level. How many 100-watt 
electric lights could be supplied by this turbine for 10 hr. if a watt-hour 
equals 2655 ft.-lb. of energy? 

(b) The work done in building the great pyramid of Gizeh. [This 
pyramid was originally (about) 480 ft. high with a square base 760 ft. on a 
side. The stone in this pyramid weighs (about) 200 lb. per cubic foot.] 
If a slave did 500,000 ft.-lb. of work in a day, how many slaves would be 
needed to build this pyramid in ten years? 

19. Find the force exerted by the water on a vertical trapezoidal dam 
100 ft. long at the top, 40 ft. long at the bottom, and 30 ft. high, the water 
level being at the top of the dam. (w = 62.4 for water.) 

20. A hole is torn in a ship’s side, the hole being roughly an ellipse with 
axes 10 and 2 ft. long, respectively, the long axis horizontal and 8 ft. below 
the water line. Find the force exerted by the water on a patch over this hole. 
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■ 21. The sides of a storage tank are vertical planes. Find the force 
exerted by the water on that part of a side bounded by the curves y = 

2 / = 0, and a; = 3, the water level being 15 ft. above the line ^ = 0. 

22. Derive a formula for the force of attraction between a point particle 
of mass M at the pole and a fine wire of mass m per foot, the wire being 
represented by the equation r = /(0) and extending from 0 = a to 0 == /?. 
Derive a formula for this force, using rectangular coordinates. (Use the 
law of attraction in Ex. 9.) 

23. Derive a formula for the weight of the material in a volume F, the 
density p of the material being a function of x alone [see (6)]; of r alone 
[see (7)]. 

24. Derive a formula for the rate of flow of water in a circular pipe, given 
the velocity of the water as a function fix) of the distance r from the center 
of the pipe. 

• 25. Derive a formula for the total amount of light falling from a point 
source S upon a plane area in the form of a circular ring, the source being 
on the line perpendicular to the plane of the ring and passing through the 
center of the ring. (The density of illumination at any point P of the ring 
is inversely proportional to the square of the distance from P to the source 8 
and directly proportional to the cosine of the angle SPN, where PN is 
perpendicular to the plane of the ring.) 

26. Show that the volume of any cylinder is the product of its base by 
its altitude. 

27. Average FaZwes. If f{x) is a real function of x, the average value 
7 of fix) with respect to x over a given interval a ^ a; ^ 5 is defined to be 

1 r 

—' m dx. 

~~ Orja 


Let fix) =2 for —1 ^ a; < 0, fix) = a; + 2 for 0 ^ a; < 2, and 
fix) = 4 (a; — 3)2 for 2 ^ a; ^ 3, Find the average value of fix) over the 
interval [ — 1, 3]; over [2, 3]; over [0, 2]. 

28. Find the average value of each of the following functions for the 
interval —3 ^ a; ^ 3: x^; cos (3a;/2); sinh x; Zx^; sin (a;/2). 

29. Repeat Ex. 28 for the interval —3 ^ a; ^ 0; for 0 ^ a; ^ 3. 

30. Find the average over —2 ^ a; ^ + 2 of the functions 2 cos^ x; 
(cos 2x sin^ a; — 2). 

31. Root-mean-square-Values, By definition the root-mean-square value 
7 of fix) over the interval a Sx ^his 


f = r.m.s 




[/(a?)]^ dx 


(a) Compute r.m.s. for the function given in Ex. 27. 

(b) Compute r.m.s. for each of the functions in Ex. 28, for —3 ^ a; ^ 3. 

(c) Repeat Ex. 31b for the intervals — 3 ^ a: ^ 0 and 0 ^ a; ^ 3. 

(d) Find r.m.s. for sin t over 0 ^ ^ 7r/4; 0 ^ ^ ^ 7r/2 ; 0 ^ ^ tt; 

O^t ^2 t, 
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32. Let /i = sin {wit + Si), /2 = sin {w^t + S2), where si and 52 are real 
constants, and Wi and W 2 are real and rational. Find the average of the 
product /1/2 over a complete period of the product (/1/2). 

[Ans. Zero, if wi 5^ W 2 ; i cos (si — S 2 ) if Wi = W 2 .] 
What happens when wi and W 2 are not commensurable? 

33. Find the average of the product of sin t and cos t over a complete 
period of their product. 

34. Prove the following: 

Theoeem 14.1. Let f{x) and g{x) he two single-valued functions defined 
and continuous over a ^ x ^ b, except for possibly a finite number of points. 
If the ratio of the functions is not constant throughout^ then the average value 
of the product of f and g is numerically less than the product of their r.m.s. for 
the same interval. If the ratio is constant throughout the interval, the average 
value of the product fg is equal to the product of their r.m.s. for the same interval. 

35. Prove the following: 

Theoeem 14.2. If g{x) is not a constant, the average value of the function 
g{x) is numerically less than its r.m.s. value for the same interval. If g is 
constant, the average value of g{x) is numerically equal to its r.m.s. for the 
same interval. [Hint: In Ex. 34 setf(x) = 1.] 

36. An even function is one for which 

K-x) ^f{x), 

and an odd function is one for which 

/(-») = 

Prove: (a) The average of an even function over — o ^ a: ^ a is equal to 
the average over —a^xSO and to the average over 0 ^ a: ^ +a. 

(b) The average of an odd function over —a^x^ais zero. The 
average of an odd function over —a ^ rc ^ 0 is the negative of the average 
over 0 ^ X S +a. 

(c) The r.m.s. for any even (or any odd) function is the same for each 
of the intervals —a Sx^O, O^x^a, —a ^ x ^ a. 

37. The electromotive forces for a set of three networks are given by: 

(a) 61 = 1600 sin (3607ri + 31°) - 30 cos (UOrt - 13°). 

(b) 62 = 110 cos eOri + 32 cos (ISOxi + 69°). 

(c) es = 100 cos bOTrt + 400 sin SOtt^ — 20 sin ISOiri -|- 10 cos IbOrt, 
and the corresponding currents by: 

(a') ii = 12.52 cos (3607ri + 87° 20') + 0.237 sin (1207r^ - 34° 30'). 

(b') i 2 = 2.76 sin (GOtt^ - 22°) + 3.45 cos (ISOtt^ + 13°). 

(o') ig = 12 sin SOtt^ + 30 cos 507ri + 8 sin 1507ri — 6 cos IbOirt. 

(i) Find the smallest period for each of the currents and e.m.f. given 
above. 

(ii) Find r.m.s. value of each of the e.m.f's. and currents for an interval 
large compared with the period. How will these values compare with volt¬ 
meter and ammeter indications? 

(iii) The instantaneous powers of the networks above are pi — eiii, 
P 2 — 62^2, pz = edh respectively. Find the average power of a complete 
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period in each case. How will these values compare with wattmeter 
indications? 

38. The current and e.m.f. for a certain line are expressed in the form 

e — El sin {wt + ^i) -h Ha sin (3v}t -j- + Es sin (Bui Hr i> 5 ), 

i = 7i sin (wt -f- ^i) + Is sin (Bwt + ^a) -h I b sin (Bivt -r- 


Prove that for complete period, the r.m.s. value of e.m.f. and are 


El -i- Hi + 


A-II 


and that the average power is 

Eili cos (01 — ^i) 4 " Ezis cos (03 ■ \pz) ~ir Hslscos (0b — 1^5) 


39. (jeneralize the result in Ex. 38 if 

00 CO 

^ Hjsifc-i cos (2A' l)wt 4“ ^ F'iir-] sin 1) 

90 00 

^ hk-i cos {2k — l)n;i 4- ^ H 2 k-i sin (2k — 
k=^i 

- _^ El+Fl + El+Fl+ ■ 

_ Eili 4" EiHi 4“ Eziz -^FzHz -r 

P --- 

_ If the impedance of the circuit be denoted by s, then e ~ zi. Show that 
p the,.equality holding when the ratio eji = s is a constant, i.e., when 
the impedance is a pure resistance; the inequality holds when 2 contains 
non-zero reactance. In electrical engineering work, pf&i is known as the 
poioer factor. 

15. Line Integrals. It is readily possible to state Definition 
13.2 in more general form so that definite integrals may have 
much wider application than has been indicated above. Let us 
think of/ as denoting any quantity having a definite value at each 
point of some portion of space, i.e., as a point function; for 
example, / may be the intensity of an electric field at any point 
of space, or/may be the unit pressure at any point in. the interior 
of a turbine, or / may be some other physical or geometrical 
quantity; in particular, / need not be a function of three variables, 
and the value of / at any point P may be determined without 
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reference to coordinate system. We shall denote the value 
of / at P hy f(P) (see Sec. 23 of Chap. I.) 

Definition 15.1. Let f denote a real, single-valued function 
defined in some region R of space*, 

and let AB be an arc of finite 
length of a curve C lying in R. 

Perform the following operations: 

1. Subdivide the arc AB into an 
arbitrary finite number Ui of nmi- 
overlapping subiniervals h. 1 2 , 

— • , In^ of lengths Ai$, A 2 S, • • • , 

AnS which need not he equal. II. 

In each interval L choose an 
arbitrary point Pi. III. Form the sum 

S'- = 

= /(Pi) +/(P2j ^26' + + f(Pn) AnS. (1) 

IV. By repeated applications of steps I to III, construct an infinite 
sequence 

Si = 5/(P.) S, = ■ ■ • 

i=l 

rik 

S,,. = X^iPi) AiS, (2) 

in any manner such that 

lim h = 0, (3) 

00 

where 4 is the length of the longest interval in the sum &. If 
lim Sk exists and has the same value for every possible construction 

90 

of the sequence (2) meeting condition (3), then this limitisdenoted 
hy^ S2/(P) ds, i.e., 

* It is possible to give a purely algebraic interpretation to the content of 
this section by regarding ^^space” as the set of ail number triples (a;, y, z). 
t A and B are not numbers but merely letters denoting the end points of C. 
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S^/(P)ds = lim&. (4) 

^ h-^ 00 

We call S|/(P) ds the line integral of f with respect to s along the 

arc is, and we say that f is simmahle along AB if S| /(P) ds 
exists. 

It should be observed that Definition 15.1 involves no specific 
reference to any coordinate system. A physical interpretation 
of (1) and (4) is given by Example 4 of Sec. 14. We shall now 
give a geometric interpretation of (1). Suppose f{x, y) is a 

continuous function of x and y, AB is an arc of a curve C lying 
in the domain of definition of y), S is the cylindric surface 



through C wdth elements parallel to the g-axis, A'J5' is the curve 
of intersection of S with the graph of f{Xj y), and Pi denotes 
{xi^ yi). Theny(Pi) AiS represents the area of a cylindric rectangle 
of height f{Pi) and base AiS, and the sum (1) represents an 
approximation to the cylindric area ABB'A\ (In Fig. 76 the 
dotted lines dbc, def, • • • represent the sections of S cut by 
planes parallel to the rc^z-plane through h, e, • • • .) It may be 
shown, as in Sec. 13, that S^f(P) ds represents exactly the area 
ABB'A^ (see Ex. XI, 3), 

Example 1. An approximate value of (x^ — yz) ds along the line 

X ^ 2y = —2: is obtained by subdividing the interval from (0, 0, 0) to 
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(2, 1, —2) into five equal parts of length, f and taking Pi for each subinter¬ 
val as the end point nearest the origin. Then 

Pi - (0, 0, 0), P2 (0.4, 0.2, -0.4), (1.6, 0.8, -1.6 

and by (1) we have 

[02 - (0)(0)](-i) + [(0.4)2 « (0.2)(-0.4)](|) + * . . 

+ [(1.6)2 - (0.8)(-l,6)](f) ^4.32. 

We leave it to the student to show that is a lower bound for the value 
of the given integral, and to find an upper bound for this value. 

As in the case of a total derivative [see Chap. I, Sec. 18, 
paragraph (a)], it is implied in the notation Sf /(P) ds that / is 
always to be evaluated along that curve C whose arc length is 
measured by s. To compute Sff(P) ds it is customary to repre¬ 
sent /(P) along C by that function f{s) such that /(P) ^ /(s) 
when P and 5 denote the same point on C. It is evident that 
Si/(P) ds = S^^/(s) ds, where s = at A and s == at B, and 
by Theorem 13.1 it follows that, if / is integrable, 

Slmds = £Mds. (5) 

If / is represented by a function f(x, y, z) of the rectangular 
coordinates x, y, and 0 in space, and if C is represented by the 
parametric equations 

X = p(s), y = q{s), z = r(s), (6) 

then/(s) = f[p(s), q(s), r(s)]. By (5) and the remark following 

Definition 11.2, 

S^/(-P) y> 2) y> (7) 

where in the right member of (7) x, y, and z are determined by 
(6). Formulas similar to (7) may be obtained when / and C 
are represented in other coordinate systems. 

Thus, in Example 1, the parametric equations of the path of integration 
are x - |s, y - is, z = — fs, where s denotes arc length from the origin, 

and the given integral is equal to ds = 6. 

Definition 15.1 may be modified in many ways. For example, 
let AiX denote the length of the projection of the interval li on 
the x-axis. If in Definition 15.1 we replace AiS everywhere by 
AiX, we arrive at the quantity 
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nk 

y> 2 ) ( 8 ) 

i=l 

where P moves along C. If the equations of C are 

y = ^ = r{x), (9) 

then it may be shown that 

y> 2) dx = fjylx, y, s) dx, (10) 

where in the right member of (10) y and 2 : are determined by (9). 

Example 2. Evaluate SS'.is y dx along the right-hand half of the circle 
a;2 _{_ 2/2 = 25. 

To represent ?/ as a single-valued function of x along the path € of integra¬ 
tion, we must break up C into two parts, Ci and Co, extending from (0, *5) 
to (5, 0) and from ( 5, 0) to (0, 5), respectively. Then -y = 
along Cl and y - 2B — along Co. Hence 


S 0,6 ^ 5,0 

^_^ydx = 


25r 

2 "' 


Observe that the limits in the integrals correspond to the direction of motion 
along Cl and Cs. 



Fig. 77. 


Example 3. Evaluate y dx along the line x = 0. 

The line segment from (0, -5) to (0, 5) has a pro¬ 
jection on the a;-axis of length 0 (i.e., dx = 0), and the 
value of the given integral is 0. However, if we try to 
evaluate the given integral by the method of Example 
2, we find that we cannot express ?/ as a function of x 
along the path of integration. This example illustrates 
the common situation in which SJ f{P) dx cannot be 
represented as in (10). 


In Definition 15.1 let Ad be the time required for P to pass over 
the interval It. If A<s is everywhere replaced by Ai«, we are led 
to the quantity 


0-5 

y, 2) dt = lim y/(P,-) Ait. 

k—o « 


If the equations of C are 
a: = p(t), 


y = y{t), 


2 - r(f), 


( 12 ) 
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S^/(x, y, z) dt = y, z) dt. (13) 

Formula (11) may be modified so as to define a Stielijes integral. 
Let M be a parameter along C and let <p{u) be a function defined for 
Us ^ R = If ^<<-1 and Ui are the values of u at the end points 
of Ji, if Ai(p = <p(ud — <p{uir-i), and if in Definition 15.1, AiS is 
everywhere replaced by Ai<p, then we are led to the quantity 

nk 

SI f(P) d<p{u) - ^m) A,^ (14) 

i — 1 

which is called the Stielijes integral of / with respect to <p along C. 
This integral has many applications in modern mathematics, and 
is of particular interest when ip is discontinuous so that the 
differential dip{u) does not exist. 

All of the integrals discussed above are referred to generally as 
line integrals. 

EXERCISES XI 


1. Using (i), find approximate values'of the following integrals. Choose 
the points Pi so as to obtain upper and loxoer hounds of the values of these 
integrals as in Example 1. Use only a small number of inter\'als, say 3, 4, 
or 0 . Also, evaluate the integrals directly by (7), (10), or the like. 

(a) Sll (x- -f 2y) ds, S?;? + 2y) dx, and S^:f (x^ + 2y) dy along the 

line y =' X 1. 

(b) Sill {x^ - xy) ds and {x^ - xy) dx + {x^ -f- xy) dy along the short 
arc of the circle x^ = 25. 


ws; 


9,18 

0,0 X 


■ ds and 


S 9,1J 

0,0 


9.18 ^2 


rr -hi 


d x -h 


1 


-h 1 


dy along the curve 


9^2 = 4 ^ 3 _ 

(d) SJI’lfl,''’ (a + yz^) ds and Sal'lfll'’' (x + yz^) dx + xyz dy along the line 
X = 2y ~ —s. 

3,10,9 yz 03,10,9 yz , , yz , ^ 

^ -- ds and ^ - dx -h dz along the 

1,0 -h 1 ‘^O.l.o rc2 -h 1 + 1 

curve y ~ x^ + I, z = x^/Z. 

C^Bx-y ^ ^ — y j 

(f) 


S 3,10, 
04.0 


dx along the curve 


9\/2 ,1 

X = t — Z, y = - - z — —i^ 1, where A is at i =0 and .B is at i = 4. 

'^3 2 


(g) Siiog (x^ + 2/^-b 2^) ds and Si log {x^ + + 2 ") dz along the helix 

X ~ a cos 6, y = a sin B, z = ad, where A is at 0 =0 and .B is at 0 = tt. 

2. Evaluate the following integrals: 

(a) St;ii y dx along the curve x = y’^. (Two ways.) 

(b) S 5 ;i 4 xy dx along the hyperbola - y^ == 9. (Two ways.) 
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(c) SqIS a? dy along the curve y = sin x. 

(d) Sc xy^ dy, where C is the circle ^ 1, and where the subscript 

C indicates that the integral is to be taken all the way around the curve C 
in the counterclockwise direction. [Start at the point ( 0 , 1 ) and breakup 
C into two parts.] 

(e) Sc — y^) dx, where C is the closed path consisting of the lines 
2 / == 0 , a; == 1 , and y ^ x. 


S x “b y 

- dy, where C is the square consisting of the lines 

C xy 100 

X - ±5, 2 / = ±5. 

(g) SolS {x -f y) dx +xdy when C is the curve y = 2x - and also 
when C is the line 2 / = 0 . 

(h) 8c {x + y) dx + X dy around various closed curves. Why is the result 
always 0 ? 

(i) Sc (x — y) dx + dy when: ( 1 ) C is the ellipse 9y^ = 144 , 

(2) C consists of the parabola y = x^ and the line y - 2. (3) C is the 
square with sides on the lines y — 0, y = 3, x = 0, x — Z. (4) C is the 
closed curve consisting of the line x — 1 and the curve y^ = x^. ( 5 ) C is 

the closed curve consisting oi y — x and x == y^. 

(i) {x^ + y^) dx zdy xy dz along the curve x^ — y - l/z. 

(k) Sc X dx (x — z) dy y^ dz when: ( 1 ) C is the curve of intersection 
oiz = -f 2 /^ 3 = 1 . ( 2 ) C is the curve of intersection oi z = + 2 /® 

and a: +2 = 1. (3) C is the curve y - x + z - x^ from ( 1 , 2, 1 ) to 
(— 1 , 0,1). (4) C is the curve of intersection of x^ ~\-y^ = z^ and - p 

(1) Sc^dx -\-2y dy + a; dz around various closed curves in space. Why 
is the result always 0 ? 

3. With reference to Fig. 76, show that SJ/(P) ds represents the area 
ABB'A', and that S\f{x, y) dx and S^fix, y) dy represent the areas of the 
projections of the figure ABB'A' upon the xz- and 2 / 2 -planes, respectively 
[cf. the proof of (5) in Sec, 13]. 

4. Show that 

S. ^ = S . sec a d® = S /(P) sec /3 dy = S'® f{P) sec 7 dz, 

where <x, jS, y are the direction angles of the path C of integration at any point 


on C, and where sec a 


dx 


v^+(iy+(i) 


when the equations 


of C are in the form y — q(x), z — r{x), sec jS and sec y being expressed 
in a similar manner. Also, show that Sf /(P) cos a ds — f{P) dx, etc. 
Evaluate Sj;o;J xy ds along the curve y = Zx, z — x^. 

5. Define the symbol /o/(tA) d<p(u). When does 


S /(ii)d«j(«) = F/(ii)dp(w)? (15) 

a ja 

Evaluate Blfiu) d<p(u) when f{u) = and <p{u) is given by the formulas. 
ip{u) = —3 when 0 ^ w < 1 and <p{u) = hu when 1 ^ u ^ 2. Can this 
integral be evaluated by (15)? Ans. + 3e. 
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16. Applications of Line Integrals. In this section we shall 
give a few typical applications of line integrals. 

Work. Let C be a curve in space with arc length s along which 
a point particle is moving, and let a, /3, y be the 
direction angles of C at any point on C. Suppose 
that at each point P on C this particle is acted on 
by a force of magnitude F{P) along the line with 
direction angles ap, jf (which vary with P). Let 
e be the angle between the direction of the force and the direction 
of C at any point P. Then the component of the force in the 
direction of C is F(P) cos and it may be shown (as in Example 4 

of Sec. 14) that the work done on the particle by the force in 
going from A to B is 

TT = F{P) cos e ds. (1) 

To evaluate this integral let us represent the x, y, and ^-com- 
ponents of F by X{x, y, z), Y(x, y, z), and Z{x, y, z). Then 

FiP) cos ap = X(x, y, z), F(P) cos fir = Y(x, y, z), , 

F{P) cos rp = Z(x, y, z). ^ ’ 

If in (1) we write 

cos 6 = cos oif cos a + cos /3p cos ^ + cos 7 p cos 7 

dx . a dy , dz 

= cosa.^ + cos/3.^ + cos 7^ 

(see Chap. I, Ex. XIX, 37), it follows by (2) that 

+ £ Z(x,y,!)^ds, 

and hence that 

F = J7 X(x, y, z) dx + Y(x, y, z) dy + Zix, y, z) dz, (3) 

where x, y, and z are determined as functions of each other by 
the equations of the path of the moving particle. We leave it 
to the student to state the requisite hypotheses and restrictions 
in order that this result may be valid. It follows from Ex. VIII, 
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14, that W is independent of the path C Joining A and B when 
and only when X dx + Y dy + Z dz is exact. If C lies in the 
.T 2 /-plaiie, then cos 7 = 0, Z and Y may be represeiilied along C 
as functions of x and y alone, and the work done is 

W = X{x, y) dx + Y{x, y) dy.. ( 3 ') 

Fig- 79 . being independent of the path when and -mly when 
X dx + Y dy 

is exact. 

It is often advantageous to write (1) in vector notati jfi. 
Definition 16.1. If F arid G are two vectors of le7igths F and G, 
then the ^mhol F • G, called the scalar product of F and G, is 
defined by the formula 

F ' G — FG cos d = le^igth of F X le 7 igth of G X cos ( 4 ) 
where 6 is the angle between F and G (Fig. 79). 

In constructing the integral ( 1 ), we take the limit of the sum 
Sk = F{Pi) cos Ais + F{Pf) cos 62 A 25 + * ■ • 

+ F{Pn) cos Ar.^s, ( 5 ) 

Let A<r be the vector joining the end-points of the interval 4-, 
let Fi be the vector representing the actual force acting at 
and using the same intervals li and points 
Pi as in (5), let us foimi the sum 

Sfc = Fi * Air + Fo * A2r + • 

+ F.,. A. r. (6) 

If is the angle between F^ and A^r, then 
by (4) 

Fi • Ail = F{Pi) cos FfAiC), ( 7 ) 

where AiC is the length of A<r. Suppose F and C to be such that, 
for any positive number e, we can take all the intervals AfS 
sufficiently small that* 




It is insufficient to assume merely that hm 


AiC cos 0 ^- 


AiS-^oAiS cos 02 


— I at each point 


Pi. To illustrate this point, let y = 1/a;, so that dy = — (l/a;^) Ax. 
Although lim Ay fdy = 1 when Ay and dy are computed from anv fixed point 

Az—i‘0 


X == xo, yet Ayldy becomes iniSnite when computed with the values x - 1/2", 
Ax — (1/2^") — (1/2") (n “ 1, 2, ■ • ■ ) even though Aa; —^0., Without 
condition (8) we might be able to choose Pi (for example) for successive 
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1 


(Aic) cos d'i . , , 

€ < 7T x - " < 1 + € 

(AiS) eos di 


( 8 ) 


for every value of i from 1 to rik and for every position of P,- in li. 
Then 

(1 — e)Sb <&<(!+ ()Sk, (9) 

and as e can be taken arbitrarily small, (5) and (6) have the same 
limit as ifc . If we denote the limit of (6) by SfF • dx, then 

ir = S! F • = S! F(.P) cos e ds 


= dx+Ydy + Z dz. 


( 10 ) 


Fluid Flow, Suppose a liquid of unit depth is flowing over 
the horizontal a;^-piane in such a manner that the vector velocity 
V of the liquid is everywhere horizontal and independent of the 
depth of the point at which it is meas¬ 
ured. Let C be an arbitrary curve in the 
:ry-plane; let .4 and B be two points on C, 
and let S be the cyiindric surface through 
C with elements parallel to the We 

wish to compute the volume Q of liquid 
flowing per unit of time across the arc AB 
(i.e., through S between the ordinates at 
A and B). We shall give here only an 
intuitive derivation of Qj and shall post¬ 
pone to Sec. 20 the rigorous derivation 
of Q, The region occupied by the liquid flowing across a 
short interval of are As during a sufficiently short interval of 
time is a cylinder of unit height whose base KLL'K' (see Fig. 
81) is approximately a parallelogram* with edges of lengths 
As and V - At (approximately, V varying along the path of flow 
and perhaps also varying with the time at each point). Hence 
the volume R of this region is approximately 
= (F ’ A{)(As) sin 6 (1), 



values of h so that the ratio of the first terms in (5) and (6) behaved in this 
same manner. It will be seen in Part C that (8) involves the idea of uniform 
eontinuity» 

* Can this be said of the Hquid flowing across the interval LM^ or across 
the last interval NB, however small As and A^ may be? [See Chap. I, Ex. II, 
1(e), (f), for other possible illustrations of the curve A'K'L'M' • • • ,] 
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where 9 is the angle between V and the direction of C. The 
volume of flow per unit of time across As is then R/At = F sin 0 As 
approximately, and an approximate value of the total flow Q is 

n 

^ Vi sin 6i AiS. We shall show in See. 20 that 
£ == 1 

Q = V sin 9 ds. (11) 

To evaluate this integral let us represent the x- and y-com- 
ponents of V by Fs(a:, y) and Vy(x, y). Then, a and being the 
inclinations of C and V to the a:-axis (see Fig. 82), 

F cos |3 = Fx(a:, y), F sin d = Vy(,x, y), 


and 


sin 0 = sin [3 cos a — cos |3 sin a = sin 


,dx 

ds 


cos 

ds 


( 12 ) 


so that* 


Hence 


Q = j\y{x,y)^ds- j\,ix,y)^ds. (13) 


Q = Vy(.x, y) dx - Fx(2:, y) dy, 


(14) 



where x and y are determined as functions of each other by the 
equation of C, Q being independent of the 
curve C joining A and B when and only 
when Vy dx — Vx dy is exact (see Theorem 
12,4). 

It should be observed that (1) and (11) 
have not only the physical interpretations 
already given them^ but may be used to 
“total amount” of any vector quantity along 
Thus, (11) represents the total magnetic 


C/^ 


Fig. 82. 


represent the 
or across a curve C. 
flux across C when V represents the flux density in direction and 
magnitude. Again, (1) represents the “circulation” of a fluid 
along C when F is the vector velocity of the fluid and C is a closed 
curve. It should also be observed in (11) that Q is regarded as 

* Throughout this book it must, be remembered that we are quoting 
Theorem 13.1 every time we change from Sf to Jj. 
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negative when 6 is negative; however, the sign of Q is immaterial 
in (1). 

Thermodynamics. It will be shown in Ex. XVI, 4, that, if p 
and V are the unit pressure and volume of a certain quantity of 
gas, the (external) work done by the gas when expanding in a 
container of arbitrary shape is* 

W = §2 p dv (15) 

when p is expressed as a function of v alone. If p varies with 
» as indicated in Fig. 83, then W is represented by the shaded 

IP ^ 

(Vu Ti) 

\C. 

Fig. 84. 

area. However, if p is represented as a function of v and the 
temperature T, i.e., p — p(v, T), then the integral in (15) is 
meaningless until T has been determined as a function of v. 
Suppose T is given by the relation T = (p{v) whose graph C is 
shown in Fig. 84. Then successive points on C represent the 
successive states of the gas as v varies from vi to v^. It follows 
by (15) that 

W = p(v, T) dv (16) 

represents the (external) work done by the gas when the function 
p is evaluated along C. 

It is sometimes the case that we may represent the internal 
energy U of the gas as a function of v and (T, i.e., U — U(v, T). 
This being the case, we may write 

where A is a constant, when v and T are related by the equation 
T = (p(v). Hence the change in U in going from state 

8i = (i;i, Ti) 

* We assume throughout that all the requisite conditions of thermody¬ 
namic equilibrium are satisfied. 
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to state /S 2 = (» 2 , Ta) is 



(17) 


Since the total heat Q that must be added to the gas in going 
from 81 to /S 2 is the gain in U plus the external work done, it 
follows by (16) and (17) that 


Q 


=/:a 


dT + 


lev Ji 


+ P 


dv. 


(18) 


Since dp/dT ^ 0, the integral (18) is not exact, and Q and W 
depend upon the path C, i.e., upon the succession of states through 
which the gas passes in going from Si to 82 . If we define the 
change in entropy of the gas in going from Sj to 82 by the formula 


E 


~ Js. T dT). 


dT + 


T 


dT 

dv 


p 


dv. 


(19) 


then E is independent of the path C if and only if 


1 d^U _ 1 r dW 1 , 

TdvdT TldT dv dr\ H -h pJ> 


i.e., when 


0 . 

dT ^ dv 

(20) 

If the gas is such that 


pv = RT, 

(21) 


where jR is a constant, then p = RT/v^ dp/dT = R/v^ and the 
left member of (20) reduces to merely 
-•dU/dv. But dU/dv ^ 0 if and only if 
U is independent of v. Hence we have 
the following result: The change E in the 
entropy of a gas due to the change from 
state Si to state 8 % is independent of the 
manner in which this change of state takes 
place when and only when the internal 
energy U is independent of ik It is found 
experimentally that condition (21) and this latter condition are 
often met (at least approximately). 

Areas, Suppose an area K in the xy~p[ 2 Lne is such that the 
upper and lower parts of its boundary C may be represented by 
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the equations 1/2 = f 2 ix) and yi = fi{x) as indicated in Fig. 85, 
and also that the right and left parts of its boundary may be 
represented by the equations = g^iy) and Xi = gi(y). It is 
evident that. 

K = £ y 2 dx - £ y,dx ^ - [£ dx + £ y, dx] 

= - £y<^^> (22) 

where in the last integral y = 2/1 along ADB and y = ys along 
BE A, and where the subscript C has the significance indicated 
in Ex. XI, 2d. Likewise, 

^ "" Id ~ fd ^ fd fe^= £xdy, (23) 

where in the last integral x = xi along DBE and x = xi along 
EAD. If we add (22) and (23), we find that 


K = ^£ xdy — y dx. 
EXERCISES Xn 


(24) 


1. If the cc^mponents of a force F are X - y — z, Y - x -{■ z, Z ^ ij — x, 

fold the work done in going from (0, 0, 0) to (1, 2, 3). Does the result 

depend on the path chosen? 

2. If the components of a force F are X — bx^y Y — yz, Z — ~ z- 

find the work done in going from (1, 2, 1) to (3, 4, 9) along the path 

.y — X I, z — x^. Does the result depend upon the path chosen? 

3. If the components of a force F are X = y-, Y = find the work done 
in going once around the circle y^ = 1. 

4. According to Newton^s laws, the motion of a body is determined by 
the equations 


d^x 

m— = A, 
dt- 


dy V 
m— = 7, 
dt^ 


d-z 

dt^ 


where X, F, and Z are the rectangular components of the force F acting on 
the body. Multiply these equations respectively by dx/dt, dy/dt, dz/dt and 
integrate from U to h to show that the gain in kinetic energy of the body 
is equal to the work done on it by F. 

5. Fluid of unit depth is flowdng over the a:;y-plane. Find the rate of 
flow over the curve y = from rr = — 1 to rc = 2 if Yt = — y^ and 
Vy = xy. 

6. Fluid of unit depth is flowing over the ajy-plane. Find the rate of flow 
over the circle ^ y^ — 1 Vx = y — and Vy = 2xy — x. 

7. Find the rate of flow of fluid of unit depth across the path x - 
y = 2u ~\-l from w = 0 to w = 2 when Vx — Yv = l/C^; -f 2 /). 
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8. End the work done by a quantity of gas expanding from » = 1 to 
V = 6 if it obeys the gas law (21) and (a) T = To; (h) p — po', (o) T - Ic/vK 
9 Find the change in entropy of a gas going from the state p = 100, 
» = 5 to the state p = 10 ,» = 20 if it obeys the law (21) and if it be assumed 

10. Solve Ex. IX, 4a, c, d, e by formula (24) 

11. Derive formula (3) of Sec. 14 from formula (24). 


17. Surface Integrals and Volume Integrals. The concept of 
a line integral, as given in Definition 15.1, may be patly extended 
by carrying out the process of repeated subdivision and summa¬ 
tion, not merely for a curve C, but for a surface 
/S or a volume V in space. We shall give this 
extension in detail for a surface S, but shall 
leave it as an exercise for the student to write 
out this extension for a volume V . The proc¬ 
ess of constructing integrals may be carried 
even further, but we shall not undertake to do 
this at the present time. 

Definition 17.1. Let f denote a real singh- 
/ valued function defined in some region R of space, 
let She a surface lying in R, and let Khea por¬ 
tion of S having a finite area. Perform the fol¬ 
lowing operations: I. Subdivide the area K into an arbitrary finite 
number rai of nonoverlapping* regions Ri, Ri, • • •, Rn, of areas Aid, 
Ajd, ■ • • An A which need not be egual. II. In each region Ri 
choose an arbitrary point Pi. III. Farm the sum 



ni 

S\ ~ '^f{Pd ^iA 

^ =/(Pi) Aid +/(P2)A2d. + ■ ■ ■ -h/(Pn,) And. (1) 
IV. By repeated applications of steps I-III, construct an infinite 
sequence 

m ^‘2 

Si = xm) AiA, s, = 

i=i 

nk 

Sk = Xm) A4, • ; • (2) 


♦ The common boundary of two regions Ri and Rj may be included in both, 
either,, or neither of these regions. 
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tn any manner such that 

lim b]c = 0, (3) 

hr-^ CO 

where h is the diameter of the smallest sphere which can he circum’- 

scribed about each of the regions Ri in the sum lS^-. If lim Sk exists 

k-^ 00 

and has the same value for every possible construction of the sequence 
(2) meeting condition (3), then this limit is denoted by Sa'/(P) dA, 
i.e., 

Sj(P) dA (4) 

We call Sjs:/(P) dA the surface integral of f with respect to A over 
the region K, and we say that f is summahle over K if SkKP) dA 
exists. 


The notation in (2) should be interpreted as indicated in Definition 13.2. 
It should be observed that it is insufficient to suppose in the sequence (2) 
merely that the largest of the areas LtA in the successive sums approaches 
zero, for the regions Ri may take the form of strips going clear across K 
which in successive sums become narrower without becoming shorter; 
while the areas of such strips all approach zero, it is possible in one sequence 
(2) to choose all the points Pi at the 'Hops” of the strips, and in another 
construction of (2) to choose all the points Pi at the "bottoms” of the strips, 
with the result that the sequence (2) would have two different Hmits for 
the two constructions. Condition (3) avoids this difficulty, for under it 
no two points of any one region Ri can remain a finite distance apart, how¬ 
ever small. 


Example 1. Let K be the rectangle in the xy-plsme with vertices at 


(0, 0), (4, 0), (0, 3), (4, 3), and let f(P) = 
f(x, y) == a;® ~ xy. If we subdivide K into regions Ri 
by drawing the lines a: — 1 and y then an 
approximate value of BkUP) dA is 



Graph 
of f(x,y> 


fih i)(l) +/(3, i)(3) +/(i 2) (2) 

+ /(2, 2) (6) - 21. 

The definition of Sa/(P) dA involves no 



specific reference to any coordinate system. 

Physical interpretations of Sa/(P) dA will 
be given below; in the particular case where /(P) is repre¬ 
sentable in the iovmf(x, y) and the surface S is the a^-^-plane, then 


it may be shown in the usual way (see Sec. 14) that Sa /(x, y) dL 
represents the volume of the cylinder indicated in Fig. 87. Formula 
(7) of Sec. 15 has no direct analogue in the present instance, for 
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the symbol //(a:, y, z) dA is meaningless; however, Sjc/(a;, y, z) 
may be evaluated by methods to be given below. 

Definition 17.1 may be varied in many ways as was Definition 
15.1. For example, if Aid.' is the area of the projection on the 
xy-piane of 'the region Bi, and if in Definition 17.1 Aid ig 
everywhere replaced by Aid', then we arrive at the quantity 
Ss:/(P)<ld'. The quantities S£:/(P) dd" and Si.-/(P)dd"' 
may be similarly obtained, where " and indicate projection 
on the xz- and j/z-planes. Even though Sji:/(P)dd and each 
of these latter integrals involves only a single limit, they are all 
referred to as double or surface integrals inasmuch as the integra¬ 
tion is over a two-dimensional 
region. 

We now take up the problem 
of evaluating double integrals and 
we begin with a very simple special 
case. For clarity of notation, we 
shall always denote regions and 
areas in the a:y-plane by K’ and A', 
regions and areas in the xs-plane 
by K" and A", and regions and 
areas in the j/s-plane by and 
A'". 

Theorem 17.1. Lei K' he the 
portion of the xy-plane hounded by 
the curves x = a, x — b, y = c, and 
y = f (a:), where a <h, where c ^ ^(x) for values of x in the interval 
a -A X -^h, and where f/ is coniinuous and single-valued. Iff{x, y) 
is defined, summahle. and continuous over K', then 

Ssr./iX y) dA' = f(x, y) dy dx. 

Subdivide the region K' into strips by the lines x — a, 

X = xi, X = X 2 , • ■ • “X = Xm- 1 , and x = h, where 

a < xi < < x„ <h. 

Let AiX = Xi — Xi-i. By Theorem 13.2, there exists a value 
Xi of X, Xi —1 <i Xi <C Xi, such that the area of the fth strip is 
[<h(x{) — c] AiX. Subdivide the interval c ^ y ^ \p{xi) along 
the line x = Xi into n,- subintervals having c, yi, y^, • • • , y^.-i, 
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^(xi) as successive end points with the restriction that g„_i 
is not to be greater than the smallest value of f in the iih strip. 
Draw the lines , ST as in Fig. 88. Let A,-z/= y, — gj_i. 

By Theorems 13.2 and 13.1, wherein/(a:) is to be taken as the 
continuous function of y denoted by/(a;i, y). there exists a value 
yj of y, yj-i < y,- < Vi, such that 

f(xi, Vi) Afy = P' f(zi, y) dy. (5) 

Let us now construct the sum (1) taking as the regions Ri the 
small figures ■ • • , CDEF, ■ ■ ■ , into w'^hieh K' has been 
divided, and taking as the points Pi the various points (x,-, yj). 
Because of the manner in which Xi was determined, the area of 
the region STVU is AiX Anfi. Hence the sum (1) may be written 
in the form 

m r 7it 

2 ) Vi) 

i=iLi=l 

ni 

= Vi) Aix + 

;=i 

where each term in the right member represents the mm of all 
the terms/(x, y) AA' for one vertical strip, and where the outer 
summation in the left member represents the addition of totals 
for all the strips. By (5) we may write the ?th term of the right 
member of (6) in the form 

m 

y'd ^jy 

-i=l 


and (6) may be written as 

m f m I ”1 )n 

^ AiX = 2/) AiX. (7) 

1=113 = 1 J 1 = 1*^° 

It is evident that all of the quantities AjX and Ajy may be taken 
arbitrarily small except for the quantities A„.t/, i.e., the last 
interval of each strip. (Recall the restriction on yn^-i.) How- 


' = y) 

= /fe- y) Eix, 


Hu. 

"~i“ (•!*»,.. yj i Ajy Au^^ (b) 
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ever, \j/ is continuous, and by Theorem 8.7 of Chap. IX, An.y, and 
even the maximum height of each region STVU, can be made 
arbitrarily small by taking Aa sufficiently small. Hence this 
method of choosing regions R'i allows us to construct the sequence 
(2) in such a manner that (3) holds. By hypothesis. 



where 5 is defined as in Definition 17.1 and where the condition 
5 —> 0 implies that the largest of all the numbers Aj-y and Aja; 
approaches 0. On the other hand, f(x, y) dy is a continuous* 

m 

function of x alone, and lim f(xi, y) dy] h.iX exists and 

is denoted by y) dy dx. By Theorem 13.1, this 

latter quantity is equal to v) Hence 


m 

i = 1 

The theorem follows at once from (7), (8), and (9). 




Fig. 90. 


With reference to Fig. 89 it is seen that 

2/) dA' = y) dy dx, (10) 

forf 

y) dA' = y) dA' - y) dA' 

^ £fr^ 2/) dx ~ fix, y) dy dx. 

* See Theorem 29.1. 

t If Six, y) is not already defined over all of L' = Z' + M', then its defi¬ 
nition may be extended in any convenient manner to include L'. 
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Hence 

2 /) dA' = K^, V) y) ' 5 ?/] dx 

2/) dydx. 

With reference to Fig. 90 it may likewise be shown that 

Sji;, y) fix, y) dx dy. (11) 

In the event that the region K' is such that both (10) and (11) 
hold, then the right members of (10) and (11) are equal, and we 
have 

Theorem 17.2. Let K ' be such a portion of the xy-plane that 
its boundary may he broken up into two parts y = <p{x) and y ~ -^{x} 
extending from x = a to x b, and also into two parts x = aiy) 
and X = r{y) extending from y == c to y = d, where (p, i}/, <7, and r 
are continuous and single-valued with <p{x) ^ o^'^d (T{y) g T{y), 

If f(x, y) is definedj summable, and continuous over K', then 

£££ =XX^ y^ ^y- 

It should be observed that jSC' in the preceding theorem is an 
axial region (see Sec. 11), and that this 
theorem may be extended to more general d 
regions iT' by breaking up K' into axial 
regions. 

We now wish to extend the preceding 
results to the case where the integrand is c 
a function f{x, y, z). Suppose the sur¬ 
face S in Definition 17.1 is represented 
by the equation 

z = r(x, y), (12) 

where z is single-valued and continuous, and suppose the region 
if on >S is such that its projection on the a;2/-plane is a region K' 
for which (10) holds. Since f{x, y, z) ^ f[x, y, r{x, y,)] when 
the point {x, y, z) is in the region if, 

y> 2) dA' = V’ 2/)] <^A', (13) 

for if if is subdivided into regions iJ^, then the projections Rl of 
Ri constitute a suitable set of subdivisions of if', and is 
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the same with reference to both Ri and R'i] moreover, if (xi, yi, ^i) 
is a point in Ri, then (xi, yi) is in R'i, and by (12), 

f{zi, Vi, 3y) A4' = Axi, yi, r(xi, yi)] 

so that (13) follows at once. But by (10), 


Hence, by (13) and (14), 

2) dd' = y> (i5) 

where in the right member z = r{x, y), and where ip{x) and ^(s) 
represent the boundary of the projection K' of K on the a;t/-plane. 
If the region K' is such that (11) holds, then 

S^/(r, y, z)dA’ = Xc XXX 

Similar formulas may be derived for Bicfix, y, z) dA" and 
^kX{x^ y, z) dA'". 

It remains to evaluate Sic/(a:, z) dA. Let M and H be two 
planes intersecting in the line I at an angle d. Then d is also the 



(a) (b) 

Fig. 92. 


angle betw^een normals to M and H. Let A be the area of a 
region K in. Mj and let 4^ be the area of the projection Kh of 
K upon H. Then 

As = A cos or A = Ah sec d. (17) 

This result is evident when K is b, rectangle with two edges 
parallel to I, for Kb is also a rectangle and (see Fig. 92a) 6' - 6, 
d' ~ d cos 6 . It may be shown that (17) holds for a general 
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region K by approximating K by rectangles in the usual way 
(see Sec. 14 and Fig. 92b). 

In Definition 17.1 let S be represented by ( 12 ), and suppose 
that there exists a tangent plane at each point of S. Let Aijl? 
be the area of the projection of Ri upon the tangent, plane 
Ti at Pi, the operation of projection being parallel to the s-axis. 
Suppose S is such that, if e is an arbitrarily small positive number, 
the regions Bi may all be taken sufficiently small that 


1 


e < 


AjAr 


< 1+6 


for each value of i. Then [cf. the derivation of (10) in Sec. 16] 

SjiP) dAT. (18) 

But by (17), 

f(Pi) AiAT == f(Pi) sec 7 t AiA\ 

where ji is the smaller angle ma(ie by a normal upon Ti with 
the 2 ;-axis. Hence 

S^/(F) dAr = SjiP) sec 7 dA'. (19) 

Since* sec 7 = \/l + + z|, it follows by (18) and (19) that, if 

fiP) =/(+ y, z), then 

^J{P)dA = S^/(^)sec7dA' 

= y> +zlA-zl dA', ( 20 ) 


where y is the smaller direction angle with the ;s-axis of any normal 
to K, where z = r(x, y), and where the last integral may be 
evaluated by (15) or (16). [In the last integral it is immaterial 
whether we write K or because of (13).] It may be shown in a 
similar manner that 

S^/(P) dA = S^/(^) sec d dA" = S^/(P) sec « dA"\ ( 21 ) 

where a and (3 are the smaller direction angles with the x- and 
y-axes of any normal to K. If in ( 20 ) and ( 21 ) we take/(P) ^ 1 
and let A denote the area of K, thenf 


* The student should verify this. See Chap. VII, Ex. II, 1, 2. 
t For a further discussion of surface area, see Sec. 15, Chap. VL 
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A = JJk' 7 dy dx = J sec dz dx 

= / Sk’" 

If in (20) we write g{P) = f(P) sec y, then/(P) = g(P) cos-y, 
and (20) assumes the form 

9(P) cos ydA = Sk ^(^) (22) 

Formulas (21) may be modified in a similar manner. 

We now give a few examples to illustrate the meaning and 
use of surface integrals. 

The 7noment M of a point mass m about a line I is rvi, where r is 
the distance from m to L If we consider a plane area K as having 
unit mass per unit of area, then the moment AiM of a subregion 
Ri of K about a line I in the plane of K is such that 

r'. At A ^ AtM ^ Ti AiAj 

where r(- and r* are the smallest and largest distances from I to any 
point of Ri, It is seen that the moment Mioi K about I is 

Mi = ^^rdA, (23) 

where r is the (directed) distance from I to the point P of K. In 
particular, if K' lies in the xy-plme, the moments of K' about the 
lines y ^ k and x h are 

Sx' ~ ^) Sx' (^ “ ^) 

respectively, these integrals being evaluated by (10) or (11). 
It follows in the same way that, the moment of inertia / of a 
point mass m about a line I being r^m, the moment of inertia Ii 
about Z of an area K on an arbitrary surface S is 

= (24) 

where r is the distance from I to any point (x, y^ z) of K. In 
particular, the moment of inertia about the rc-axis is 

■f* = Sx (2^^ + ^^) 

and if K' lies in the xy-igl&ne, /* = S.s:' y^ dA'. If r is the distance 
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from the origin 0 to any point {z, y, z), then the moment of 
inertia of K about the origin is 

^0 = Sj, = S;, + y^ + 2^) dA. (25) 

The integrals in (24) and (25) may be evaluated by (20) or (21). 

We give another example relating to fluid flow. If fluid is 
flowing in such a manner that it has everywhere the same con¬ 
stant velocity V, then the fluid flowing across (through) a plane 
area A in one unit of time forms a cylinder with base .4, slant 
height Vj and altitude F cos 6, where d is the inclination of V 
to a normal upon A. The volume of this cylin¬ 
der, A V cos d, is numerically the rate of flow of 
fluid across A. Since V cos 6 is the magnitude 
Vn of the component of V normal to A, the rate 
of flow of fluid across A is .4Fn. Now suppose 
fluid is flowing in an arbitrary manner across a 
region X of a surface S. Let the velocity of the 
fluid at any point be represented by the vector V, and let 9 bo the 
angle between V and the normal to K at any point P of K. 
Then (see Sec. 20) the rate of flow of fluid across K is 

e = S;, cos « = S;. dA, (26) 

where V is the magnitude of V, and Yn is the component of V 
normal to K at any point P of K. (This may be seen intuitively 
by breaking up K into small regions AA.) It is seen that the 
sign of cos and hence the sign of Q, depends upon the choice of 6 
as between the two angles from V to the normal. To settle this 
question of sign it is customary to erect a unit vector n, called the 
unit normal^ along the normal to K at each point P of iiT; ^ is 
then the angle between V and n. The vector n may be taken in 
either direction along the normal at P, and the effect of introduc¬ 
ing n is essentially that of determining a positive” and nega¬ 
tive” side of K, If we define the vector A^Ar to be a vector in 
the direction of n and of length AiAy [see paragraph below (17)] 
then by (18) and Definition 16.1, we may write (26) in the form 

Q S^V-dA. (27) 

Formulas (26) and (27) may evidently be used in connection 
with any quantity whose value and direction at any point P may 



Fig. 93. 
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be represented by a vector V; the set of all vectors V correspond¬ 
ing to the points P of our space is called a vector field, and (26) 
and (27) give the flux of this field across K. Thus, if V represents 
the direction and intensity of a magnetic fi.eld, then (26) and 
(27) represent the total magnetic flux across K. 

In order that (27) be meaningful, it has been assumed that n 
varies continuously from point to point over the surface S 




without, for example, sudden changes in sign or direction. It 
is not always possible to determine n in this manner even though 
S has a tangent plane at each point. Thus, consider the Moehius 
strip formed by a long narrow piece of paper one end of which is 
given a half twdst before the two ends are 
brought together. In going once around the 
strip and returning to the starting point, the 
vector n must experience a discontinuous 
change of direction. Again, if a surface is 
creased (like a cusp), it may be necessary to 
deform the surface slightly by rounding off the 
crease before n may be everywhere continu¬ 
ous. We say that a surface S is orientable 
if (after any necessary slight^’ deformation) it is possible 
to construct a vector n at each point of S so that n is continu¬ 
ous at every point of S. We shall assume throughout this discus¬ 
sion that we deal only with orientable surfaces. 

If S is a closed surface (e.g., a sphere), and if V is a vector field 
across S (e.g., a magnetic field), then by properly choosing n at 
each point of S (e.g., in the “outward'^ direction), the sign of 
V • dk determines whether Q is inward or outward at any point 
P of S, and (27) represents the net flow across S, that is, the net 
flow out of, or into, the region bounded by S (see Fig. 96). 

The process of orienting a surface has other applications. For 
example, 


^ y) - y)\ 


( 28 ) 
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represents the volume of the region R bounded by the surfaces 
Ki and Ki with equations z = fi{x, y) and 2 = f^ix, y), where K' 
is the projection of R on the a:2/-plane. By (22), 

V = y) cos y dA — 2/) cos y dA. (29) 

By taking n “outward,” so that cos y is positive over if2 and 
negative over Kx, we may Avrite 

F = z cos y dA, (30) 

where S is the entire surface of R and where 
2 is determined as in (29). Formula (30) can 
be extended to more complicated regions. 

With these conventions in mind it is / 
possible to express (26) and (27) in a form 4 
more convenient for computational purposes. Fig. 97. 

Let a, d, y be the direction angles of n, let av, i3 yv be the direc¬ 
tion angles of V, and let X, Y, and Z be the components of V 
parallel to the axes. Then, as indicated in (22) and (15), 

a = S V cos ddA 

= V (cos av cos a H- cos /8f cos P 4 - cos 71- cos 7) dA 

{X cos a + Y cos p + Z cos 7) dA (31) 

= + + (32) 

+ ff^A±Z)dydx, (33) 

where in each double sign we take the sign of cos cos and 
cos y, respectively, as determined at the point where X , F, Z are 
evaluated. If x, y, or 2: is multiple-valued on K, then the first, 
second, or third integrals in (32) and (33) must be broken up 
into parts as in (29) and (28). In particular, if X is a convex 
closed surface, and if n is the “outward ” normal, the last integral 
in (33) is evaluated by integrating +Z over the upper part of Jv, 
integrating —Z over the lower part of K, and adding the results; 
the other integrals in (33) are evaluated similarly by using + over 
the right or front part of K and — over the left or back part of K. 
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It should be observed that (31) to (33) are general formulas for 
any integral Sk V cos 6 dA, where V is any vector with rectangu¬ 
lar components X, Y, Z. 

We leave it to the student to write out in complete detail the 

definition of a volume or triple 
integral: 

S^/(a:, y, 2) dv 

rik 

= lim Vi, 2i) AjF, (34) 

where i? is a region in space. We 
^ also leave it to him to prove the 
following formula, where ri, r2, 

\l/j a, and b have the significance 
indicated in Fig. 98, and to give 
Fig. 98. five other forms of this formula 

obtained by changing the order of integrations: 

S^/ (a:, y, Z) dV = y> 2) 32 By dx. (35) 

EXERCISES XIII 

1. Find My^ J®, ly^ and 1q for the areas bounded by: 

(a) 

(b) y ^ y — 1. Also find 1 about t/ = 1. 

(c) 4:X^ — 4 — 2 /, ~ 1 — y. Also find I about a; = 1. 

(d) One arch of the cycloid x = a{e — sin 0), y = a(l — cos 0), and 

2 / = 0 . 

(e) The coordinates x and y of the center of gravity of an area in the 
a; 2 /-plane are defined by the relations 

Ax = Myj Ay — M®. 

Find the center of gravity of the areas in parts (b), (c), and (d). 

2. Find A, /y, Js, and /o for the following surfaces: 

(a) a:/a + y/h z/c = 1 and in the first octant. 

(b) s = cut off by 2 / + s = 1 and t/ = 0. 

(c) z — x’^ 2y‘ below 2 = 1. 

3. Let S be the surface of revolution obtained by rotating the curve 
y = /(a:) about the line y ^ h. Derive the formula 

^ = F - hWl + dx, (36) 

using tangent cones instead of tangent planes. Also, derive (36) directly 
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from (21). [Note (11) of Sec. 19.] Find the areas of the surfaces obtained 
by rotating the following curves in the manner indicated: 

(a) about y = 0. 

(b) y — sin x from x — 0 to x = t about y — 2. 

(c) y^ = from a; = 0 to a; = 1 about x = 1. 

(d) One arch of the cycloid x = a{6 — sin 5), y = a(l — cos B) about 
2^ = 0. 

4. Evaluate the integral (31) in the following cases, n being the outward 
normal: 

(a) X = Y — xzj Z = y- — K is the entire sphere 

+2/2+22 = ^2. 

(b) X - X — 2/j Y — A- Z — 1, K is the entire cube of edge 2a 

with center at (0, 0, 0) and with faces parallel to the coordinate planes. 

(c) X = Y — Z ^ x^ y^ — z^, K is the entire cylindric surface 

^2 + 2/2 = 2 = 0, 2 = 1, including its bases. 

(d) X = X, F = xy, Z = xyz, K is the surface of the region bounded by 
g _ ^2 + 2/2 and z — 1. 

5. Find the volume V, the moments Mxy, Mxz, Mys about the coordinate 
planes, and the moments of inertia 7®, 7y, 7o of the sohds bounded by: 

(a) x2 + 2 /^ + 2 ^ “ above z — 0. 

(b) x2 + 2 /^ = 1 — s above z = 0. 

(c) z = 1 - x2, z = 0, 2/ = 0, X + 2/ 1. 

(d) x2 + z2 = a2^ 2/' + = ^2. 

(e) z = x2 + 2 /^ 2 : = ^/^ 2 = 1 ~ 2 /^ 2 = 0. 

(f) The coordinates x, y, z of the center of gravity of a solid are defined by 
the relations 

Fx = ilf, Vy ^ Mxz, Vz - Mxy. 

Find the centers of gravity of the above solids. 

6. Give in complete detail the definition in (34). 

7. Prove (35). 

8. Prove the following theorems of Pappus: 

(a) If a plane area A be rotated about a line I in the plane of A and 
not cutting A, the volume of the solid generated is equal to the product of A 
and the distance traveled by the center of grav¬ 
ity of A, 

(b) If a plane curve C be rotated about a line 
I in the plane of C and not cutting C, the area of 
the surface generated is equal to the product of 
the length of C and the distance traveled by the 
center of gravity of C. 

18. Green’s Theorem. There exist 
many close relations among line, surface, 
and volume integrals, and in this section we 
shall develop a few of these relations. Let X be a region in the 
a;2/“plane of the sort described in Theorem 17.2. (In this section 
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we shall diop our convention regarding the use of primes.) Let 
M{x, y), nIx, y), My , and Nx be defined and continuous over 
K. By (10) of Sec. 17, we have, in the notation of Theorem 
17.2, 


S. 


dM{x, y) 

dy 


dA 


dM 

ip(x) dy 


M{x, ^(a;)] dx 


= J] I {M{x, y)]5g» I dx 
- r M[x, ip{x)] dx 

J a 

= — M[x, i>(x)] dx ^ M[x, <^(a;)] dx^ 

i 


=rx 


= - I M{x, y) dx, 


where G denotes the boundary of K, where y — <p(x) along the 
lower part of C and y = ^|/{x) along the upper part of C, and where 
the point {x, y) traces out C in the 'positive (counterclockwise) 
directioBo It follow^s in the same manner that 

s, <*'1=JX’ ^ “ X*{ } 


= ^^N(x,y)dy, (2) 

w^here x = a-iy) along the left part of C and x = riy) along the 
right part. If we subtract (2) from (1), we obtain 

Theorem 18.1 {Greenes Theorem). If K is the region described 
i7i Theorem 17.2, and if M, N, My, and are defined and con¬ 
tinuous over K {including the boundary C), then 

s,(f 

+ N{x, y) dy, (3) 

where C is traced out by the point {x, y) in the 
Eig 100 ' positive direction. 

Green’s theorem is valid for much more 
general regions than is indicated in the preceding statement of 
it. For example, let K be the region shown in Fig. 100, and let 
K be broken up into a finite number of parts Kx, K%, • • • of the 
sort indicated in the theorem. Then the theorem holds for each 
part. But in computing the line integral along the boundaries C\ 
and C 2 of Ki and K^, the integral along the common part PQ of 


Q 
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these boundaries cancels out because PQ is traced in opposite 
directions in the two cases. Hence 

Sr- .rc ~ = ~ f M dx + N dy.. 

where 7 is merely the (exterior) boundary of the combined region 
Ki + K<i. This process may be extended to the remaining parts 
of K to show that (3) holds for the entire region K. We leave 
it to the student to develop for himself as general a statement as 
possible of Green’s theorem, and, in particular, to consider the 
case where K consists of several disconnected parts as indicated 
by the shading in Fig. 101 (a). [To determine the direction in 


Fig. 101 (a). Fig. 101 (b). 

which the various parts of the boundary must be traced out, 
connect the various parts of the boundary as indicated in Fig. 
101 (b), where the connecting lines are regarded as coincident so 
that the integrals along them have the sum zero.] In the applica¬ 
tions we shall make of Green’s theorem we shall always explicitly 
assume that K denotes a region for which Green’s theorem is 
valid. 

Green’s theorem enables us to compute a double integral by a 
line integral, or conversely, to compute a line integral by a double 
integral. 

Example 1 . Evaluate /c (3a;- — y^) dx — 2xy dy^ where C is the entire 
circle = 1. 

Solution, By (3), the given integral is equal to 

(-2?/ -{- 2y) dA = 0. 

It must be emphasized that this method for evaluating a line integral is 
available only when C is a closed curve, as othervdse C does not bound a 
region K. 

Example 2. Evaluate Sk (2y — 6a;) dA = J* (2y — 6a;) dy dx, 
where K is bounded by the circle = 4. 
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Solution. Let My = 2y. Then we can take M ^ x^. Again 

Hz — 6x, and N - 3(a;2 -{- y^). By (3), the given integral is equal to 

“ Jc ^ ~~fc ^ = 0, 

where C is the boundary of K. 

Example 3. By Green’s theorem, —ifcydx — xdy — Sic (1) dA = A. 
This result is consistent with (24) of Sec. 16. 

We list a few corollaries of Green’s theorem: 

Corollary 18.11. If My(x, y) = Nz{x, y), and if C is any 
closed curve in the xy-plane such that M, N, My^ and are defined 
and continuous over the region K hounded by C, then 

M dx + N dy — 0. 

Since My = Nx, the left member of (3) is 0, and the corollary 
is immediate. This corollary is illustrated by Example 1 above. 


Example 4, If C is the entire circle x^ + y^ = 1, it follows by direct 
computation that 


X 


-y 


„ , „ da; + = 2ir, 

c a;2 + 2/2 x^ -j- y- 


(4) 


for the differential is exact 


d: 


x^ + y- 


dx + 


1 + yi 


y 

dy ■■ tan“i - + const., 



and as the point (a;, y) moves positively around C once, tan"^ (y/x) increases 
in value by 27r. We cannot quote Green’s theorem to conclude that the 
given integral is 0 because Af, N, My, and in this 
case are discontinuous at the point (0, 0) within C. 
This example illustrates once again the fact that the 
hypotheses of a theorem must be fully met or the 
theorem cannot be applied in a given case. It is evi¬ 
dent that the given integral is O for any closed path 
* C which does not contain (0, 0). 

Fig 102 

COEOLLAEY 18.12. Let M{x, y) and N(x, y) 
he given functions, let A and B fee two points in the xy-plane, and let 
C 1 and Csbe any two curves joining A and B such thatM,N,My, and 
NX are defined and continuous over the region K hounded by, and 
including, Ci and Ca. If My = Nx, then 


f^Mdx + Ndy = ^^^Mdx + N dy. 


( 5 ) 
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Let C denote the closed curve from A around to A consisting 
of Cl and C2. By Corollary 18.11, 

0 = f^Mdx + Ndy 

= M dx + N dy — dx + N dp, (6) 

where fci and fcs are each taken from A to B, the minus sign 
arising from the fact that the part of Jc along C 2 is taken from 
B to A. Equation (5) follows at once from (6). 

While Corollary 18.12 is merely a restatement of Theorem 12.4, 
the preceding proof gives further insight into this important 
result. 

Example 6. Evaluate JqJ — y^) dx — 2xy dy along the curve 
sin (7rxyl2) + log (2a; — 2 / 4- 1) =0. 

Solution. Since the condition My ^ Nx is met, along with all continuity 
requirements, we may choose any path we please from (0, 0) to (1, 2) 
instead of the given path. If we take the path y = 2x, then the given 
integral equals 

£ -x^dz-f^\’-dy = -3. 

If we choose the path consisting of the line segment h from (0, 0) to (1, 0) 
and the line segment h from (1, 0) to (1, 2), then we evaluate the given 
integral along h and h separately and add the 
results, where y — 0 and = 0 along h, and 
X = I and dx ~ 0 along U' 

(£3,<d.-o)+(o-£‘2,d,).-3. 

Corollary 18.12 is sometimes misstated 
as follows : Let M, N, My, and iV-c be defined 
and continuous over a region K, and let 
A and B be two points of K. If My = N^, 
then Jc M dx + N dy has the same value along all curves C join¬ 
ing A and B and Ijdng in K. That this statement is false is seen 
by taking K as the shaded ring shown in Fi,g, 103. The curves 
Cl and C2 lie in K, but the integral in Example 4 has the value 
3t/2 along Ci and the value — 7r/2 along C 2 . While M, N, My 
and Nx, are defined and continuous in K, the difficulty is that Ci 
and C2 bound a region L which does not lie in Z; in particular, 
the point (0, 0) is in L, though not in K. The above statement of 
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Corollary 18.12 is valid if we restrict K to be “simply eormected ” 
in the sense that, if C is any closed curve in K, the region bounded 
by C is in K. 

It follows from Corollary 18.12 that if My^ Nx, then 

po,!/0 

Ja,b 

being independent of the curve C along which it is taken, has 
exactly one value for each point (3^0? y 0) hen (u, is fixed. 
Thus the quantity (7) is a function of the point (xo, yo). If we 
denote this function hj fix, y), then 

fixo, ya) = y) y'^ 


With this notation in mind we may state 

COEOLLABT 18.13. Let M, N, My, Nx he defined and continuous 
over a simply connected region K. If My = Nx, and if f{x, y) 
is the function defined over K by (8), then dffdx — M(x, y) and 
df/dy s Nix, y). 

By Definition 16.1 of Chap. I, 


.ffrco + Aa:, yf) - fixo, yo) 

fzixo, yo) = liin --- 


Aa:—>0 

Iff a;o4-Ax,yo 




rxotya 1 

Mdx + Ndy - \ M dx + N dyj, 


(9) 


= lim — 

Aa;—>0 

where by Corollary 18.12 we may choose the path of integration 
as we please within K. Let Ci be any 
1 arc in K joining (a, b) with (xo, yo), 

CifSo,yx) (xf+Ax,yo) let I be the straight line y = yo, and 
let C be the curve consisting of Ci and 
^ 1. Then (9) may be written in the 
Fig. 104. form 


(a,b) 


•1 ^a:o"l“Aa:,2/o 

fxixo, yo) = lim -y- I Mix, yo) dx + Nix, yo) dy (10) 

Aa;-+0 

since the path of integration is Z. But dy = 0 along I and 
/jiVdy==0. By Theorem 13.2 there exists a number 6, 
0 < d < 1, such that 

1 ^aro+Aac.i/e 

M(a:o + • Aa:, 2/o) = v- Mix,yo)dx. (11) 
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Since M. is continuous, it follows by (10) and (11) that 
/a;(a;o, 2/o) = iim M{xt, + 6 ■ Lx, yo) = Mixa, yo). 

The second part of the theorem is proved in a similar manner. 
As an immediate consequence of Corollary 18.13 we have 
Corollary 18.14. If M and N meet the conditions of Corollary 
18.13, and if My = then y) dx + N(Xy y) dy exists and 

is given hy the formula 

JM(x, y) dx + N{x, y) dy = f{x, y) + C, 

where f(Xy y) is the function given hy (8). 

While Corollary 18.14 is merely a restatement of Theorem 12.2, 
yet the preceding discussion gives further insight into this 
important result. 

EXERCISES XIV 

1. Show that JJio {^x^y — y^) dx H- (a;® — 2xy) dy is independent of C. 
Check this result by evaluating this integral along three different paths. 

2. Find ic {x — y) dx around the circle x'^ y^ = 1. Carry out this 
evaluation by direct substitution and also by Greenes theorem. 

3. If Vx = 4a;/(rc2 + y"^) and Vy — 42//(a;2 -f 2/^)5 find the rate of flow 
of fluid across 

(a) The unit circle with center at (0, 0). 

(b) Any simple closed curve not enclosing (0, 0). 

Account for the fact that Greenes theorem is applicable in one case but not 
the other. What physical interpretation may be given to explain the differ¬ 
ence between the two results in (a) and (b)? 

4. Evaluate Jo — y’^) dx + {xy) dy around the figure bounded by 
y — A — and y — 0. Use Green’s Theorem and also some other method. 

5. Find the work done on a particle moving along the path y = 1 — 
z = 2x — Z from (0, 1, —3) to (2, —3, 1) when 

X{x, y, z) = xVj Y(Xj y, z) = 2 , Z{x, y, z) x — z, 

6. Using three different paths, find the work done on a particle in going 
from (0, 0) to (1, 2) when Zfe y) = x/'s /+ y\ Y{Xj y) = yl's/x’^ + y"^. 

7. Solve Exs. XII, 3 and 6 by Green’s theorem. 

8. Find the work done on a particle going from (0, 0, 0) to (1, 2, 3) 
when X (a?, y^ z) = 2a;, Y (a;, 2 /, z) = 2 , X (a;, y, z) = y. Use three different 
paths. 

9. Prove the converse of Corollary 18.11, i.e., that if M, iV, ilfy, and Nx are 
defined and continuous over a simply connected region K, and if 

J^Mdx ’hXdy =0 

for every closed curve C in K, then My = Nx. 
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Hint: Suppose at some point {xo, yo) it were the case that 
My(xo, yo) - iV*(a:o, yo) > 0. 

By continuity, My — Nx > 0 over some region R about (xq, yo). Thus the 
left member of (3) is not 0 for the region R. 

10. Let fix, y) and g(x, y) have continuous second derivatives. By 
taking M (dg/By), AT = (dg/dz) in (3), show that 

( 12 ) 

and hence that 

TO 

where = (B^g/dx^) + s denotes arc length along the boundary C 

of the region K, and dg/dn denotes the directional derivative of g in the 
direction normal to C at any point on C. To what form does (13) reduce 
when s 1? To what form does (12) reduce when f{x, y) ^ g{x, y) and 
A/ - 0? 

11 . Show that the area A bounded by the lines a = a, a = |8, and the 
curve r = f{d) is given by 

A ~ xdy — y dx — r® dff. 

Hint: x - r gos 6, y = r sin 6. 

12. Using both integrals in Ex. 11, find the smaller area bounded by 
-j- y2 = 25 and x - 3. 

19, Transformatiou of Double Integrals. In this section we 
shall apply Green’s theorem to evaluate a double integral 
^kKx, y) dA = JJkKxj y) By dx by introducing a new {u, v) 
coordinate system over the region K. [Cf. (3) in Sec. 10.] Let 
N{x, y) be such that/(a:, y) = dN{x, y)/dx. By (2) of Sec. 18, 

S fix, 2/) = S ^ = f Nix, y) dy, (1) 

oX Jc 

where C is the boundary of K. Let C be represented by the 
equations 

^ y = ( 2 ) 

where t varies from to ti as (x, y) goes around C once from some 
point Pq. Then 


(/ A^ -h/arPs -{-fydy) dA 
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N(x, y)dy = N(x, y)^ dt. (3) 

Let us introduce a new coordinate system by the relations 

X = piu, v), y = q{u, v). (4) 

As the point {u, v) moves along C, u and v are functions of t, and 




Nix, y) 


\dM dt 


dv dt) 


dt 


= I „ 2/)|| du + N(x, 2/)|| dv, 


(5) 


where the last integral is evalu¬ 
ated by transforming the xy 
equations of C into uv equations 
with the aid of (2) and (4). By 
Greenes theorem, 

X 



L 


Nix, y)^ du + Nix, y)^ dv 


Fig. 105. 




dv du 


( 6 ) 


where the limits for the double integrals are given by the uv equa¬ 
tions of C in the usual manner.* It follows by (1), (3), (5), and 


* To see this more clearly, regard u and v as rectangular coordinates in a 
wv-plane. Then the uv equations of C represent a closed curve Cuv in the 
w 2 ;-plane. Since u and v vary in exactly the same manner along C and Cuvj 
as do also the values of N, dyjdu^ and dylbv (see Fig. 105), 


Q 2V— dw + iV- = S dv. + N^-^ dv, 

du dv du dv 


there being no difference whatever between the two integrals except their 
geometric representation. As indicated in (6), 


s. 


N^ du+ N— dv 
, du dv 


C C BN(dx By Bx 

J JKuv dx \aw Bv dv du) 


dv du, ( 7 ) 


where Kuv is the region bounded by C„t,, and where the limits for //xu, 
are determined in the usual way. Since the range of variation of u and v 
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(6) that 


///<*’ 


where d{x, y)/d{u^ v) denotes the Jacobian of x and y (see Sec. 20 

of Chap. I), and where f{xj y) is 
U u==uo+du. ^ expressed as a function of u and v by 
(4). In the preceding proof we leave it 
to the student to state explicitly all 
conditions regarding continuity, ranges 
of values, etc., that have been implicitly 
assumed. 

-- ^ If f(Xj y) ^ 1 in (8), then the area A 

Fig. 106. of a region K is given by 




A-S^d)"-(9) 

where the absolute value is introduced because the Jacobian 
may be negative. To give an intuitive derivation of (9), suppose 
the region K is subdivided into small curvilinear parallelograms 
Ri as indicated in Fig. 106, where the equations of ST^ for exam¬ 
ple, are x = p(wo, v)^ y = q{uQ, v), or in uv coordinates, u = 

If u and V represent arc-lengths along the boundaries of E, then 
the area of Ri is approximately du dv sin a, where a is the angle 
between the curves u ^ uq and v = vq. But it was pointed out 
in Sec. 20 of Chap, I that sin ct — dix^ y)/d{u^ v) when u and v 
represent arc lengths. Hence the area of Ri is approximately 
\d(Xj y)/d(Uf v)| dudv, and (9) follows by the usual summation 
process. 


Example 1. In polar coordinates (4) assumes the form 


X — r cos 6, y — T sin 

and as d(a;, y)/d{r, d) = r, (8) becomes the form.uia for volume in polar 
coordinates: 

z By dx = zr Br do ■■ J* zr B0 dr. (10) 

li z — f(r)j a function of r alone, and if K is the ring bounded by r = a and 
r = 6, then 

is exactly the same over Kuv and K, the last integrals in (6) and (7) are 
exactly the same, only the geometric representations being different. 

I 
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S rb /• 27 r 

^zdA = rf(r) dd dr = 27rr/(r) dr. (11) 

If ”2 = 1, (iO) gives the area bounded by a plane curve: 




r 5r dd. 


( 12 ) 


In particular, the area bounded by r = a(l — cos S' is 


'27r /•a(l“Cos9) 


/."X 


T dr dd — 


Example 2;. In parabolic coordinates (4) assumes 
the form 

X — i{u — v), y — -x/mlT 
and as d(x, y)/S(u, v) = i(u -j- v)l\/uv^ (8) becomes 

y) dydx = j' ~ *’)> 



Fig. 107. 


1 -f i; 


dv du. (13) 


In particular, the moment about the a;-axis of the area bounded by the 
parabolas u — a, u — h, v = v = d 


Q r’> lu+v ^ 1 r f'" 

^ y dA ^ \ I y- —^ Bv du ^ - \ I 
K Ja Jc 4 -y/ 1 ^ 2 ; 4ja Jc, 


{u -{- v) Bv du. 


In Sec. 16 of Chap. VI we shall show how (9) may be used to define the 
area of a warped surface (a concept we have so far taken for granted). 


EXERCISES XV 


Show that 

1. y) dA = 2/g S\j{u -\-v,u — v) Bv du when 

X = u — Vj y = u + V, 
where K is the region bounded by 

y - X = 2a, y — X = 2h, y A-^ ^ y x = 2d. 


2 . /o /(», y) ^ydx 

-2 r»6(u+i) 


n 6 
I 

=rr 


/ 


uv 


(/) 


L2(it + 1) M + lj2(j/ +1)’ 

V 


■ Bv du 


2{u + 1)' 


du dv A- 


n 2 

— 1 


(/) 


2{u -h 1) 


du dv 


when X — y/(u -h 1), 2 / — uv/{u + 1) (see Fig. 108). 
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Hint: draw the parametric curves u ^ uo aud v — vo by writing the 
equations of transformation in the form u = y/2x, v ^ 2x + y, and plotting 
the graphs of these equations for various values of u and v. Determine the 
uv equations of the bounding curves. Interpret the various integrations as 
a process of ^‘adding up'’ little quadrilaterals by rows in one direction or the 
other. 

3 . fxo y)dydx = jl-ifj Bu dv = Bv du when 

u = y xy, 

where Xq is the solution of the equation Zx — I =0. 

^ fj Bu dv 

= ;j fffj Bv du + Si Bv du 

when u = a; + 2/j — y^, 

20. Green’s Theorem in Space. Theorem 18.1 relates a 
double integral over a plane area to a line integral around the 

boundary of this area. This theorem 
may be extended (1) to relate a volume 
integral to a surface integral taken 
over the boundary of the volume, and 
(2) to relate a double integral over a 
warped area to a line integral taken 
around the boundary of this area. In 
this section we take up (1), and in the 
next section we discuss (2). 

Let R be an axial region whose bound¬ 
ing surface S can be broken up into 
upper and lower parts K 2 and Ki with 
equations z = r2(x, y) and 2; = ri(x, y). 
Let Z{x^ y, z) and dZJdz be defined and continuous in R. By (35) 
of Sec. 17, 



B ^K' Un{x,y) dz J 

= S , y> 2/)] — z[x, y, ri(x, y)]} dA' 

K: 

y ( 1 ) 


where y is the direction angle with the 2 ;-axis of the outward 
normal n at any point of S, and where K' is the projection of R 
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on the It follows in a similar manner that 




( 2 ) 


where a and |8 are the direction angles of n with the x- and 2/-axes. 
If we add the results in (1) and (2) we obtain Green’s theorem 
in space: 



, BY , BZ 


) 


dV 


{X cos a + F cos /S + Z cos y) dA, 


(3) 


where each term may be evaluated as indicated for (1). The 
region R may be generalized in the manner indicated in Sec. 18. 

If X, F, and Z are the rectangular components of a vector V, we 
define the divergence of V, div V, by the formula 


dX , dY , dZ 

div V = -r--—b —• 

dx dy dz 

By (26), (27), and (31) of Sec. 17, (3) assumes the form 


(4) 


S^<ii^ydV = S,yndA=Ss^-dA. (5) 


It may be shown by (3) that 


fix, y, z) Bz By dx 

{See (22") of Sec. 20 in Chap. I; also, see Osgood, "Advanced 
Calculus," p. 271.] 

We shall now give a physical interpreta¬ 
tion to div V; we shall do this in a simple 
intuitive manner and then in an accurate 
mathematical manner. Consider the fluid 
in a small volume with edges dx, dy, dz. 

Let A and A' be the centers of the faces of 
this volume parallel to the yz-^lsxie, and 
let Z and X + dX be the a;-components of the velocity V of the 


An 



Fig. 109. 
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fluid at A and A'; let Y, Y + dY, Z, Z + dZ be the other 
components of V at the centers of the other faces. Then 
{dy dz) (dX) (dt) is the increase in volume V due to dX in time dt, 
and dx dz dY dt and dx dy dZ dt are the increases in F due to dY 
and dZ in time dt. Hence the total rate of increase in F is 


dt 


= dy dz dX + dx dz dY + dx d.y dZ, 


and the rate of increase of V per unit of volume is 

I dV dX , dF , dZ 

lim:^-^ = — + — + -^ = div V, 
7->o V dt dx dy dz 


(7) 


where we write, for example, lim dX/dx = dX/dx because y 
and z are constant. 


To give a rigorous derivation of (7), consider an arbitrary particle ? 
of fluid flowing in space. If (x, y, z) is the position of P at time then x, y, z 
depend upon t and the position (xo, yo, zo) of P at some fixed instant U, i.e., 

X - p(xo, 2 / 0 , So, V = 2 / 0 , t), z == r(xo, 2/o, ^o, t). (8) 

Let Rq be the region occupied by a certain portion of fluid at time to, and 
let R be the region occupied by this same portion of fluid at time t. By 
(8), we may regard (.ro, yo; so) as a set of parametric coordinates of R, and 
by (6) with/(a;, z) =1, the volume F of P is 

F = I I I /( - ^ ] dzo dpo dxo, (9) 

J J JR Vo, 2/0, Zo/ 

where the subscript 0 serves merely to distinguish the variables Xo, 2/01 -So 
from the variables x, y, z. By a direct extension of Sec. 33 below, we may 
write 


Now 


1^- j J 


( 10 ) 



d dx 

dx 

dx 


dx 

d dx 

dx 


dx 

dx 

d dx 


dt dxo 

dyo 

dzo 


dxo 

dt dyo 

dzo 


dXo 

dyo 

dt dzo 




dy 

+ 

iE 

d dy 



dy 

dy 

d dy 


dt dXo 

dyo 

dzo 

dXo 

dt dyo 

dzo 

dXo 

dyo 

dt dzo 


d dz 

dz 

dz 


dz 

d dz 

dz 


\ dz 

dz 

d dz 


dt dXo 

dyo 

dzo 


dXo 

dt dyo 

dzo 


dXo 

dyo 

dt dzo 


for the first determinant represents the result of differentiating the first 
factor of every term in the expansion of /, and the second and third deter- 
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minants arise when all zhe second factors and then all the third factors are 
differentiated. Now at i = h, x and xo mean the same thing, i.e., x ^ xo; 
likewise, y ^ yo, z = 3 .,. Hence 


Qyo dZu dxr. dzo dxo dyo ~ ' dxo ^0 ~ ^0 

On the other hand, the components of velocity of a particular particle P 
are 


X =-. r Z 

31 at at 

since Zo, yo, ^0 are fixed for any one particle. Hence 


d dx d dx dX d dY 

dt dxo dxo dt dXo dt dy^, dyo 



™ dZ 

dt dZo dZo 

= (div V)to, 


( 11 ) 


and by (10) 


(fM/1 


(div V),u d.3(i dyu dx(i. 


( 12 ) 


Since x, z are not involved in this result, we nui>' drop all the subscripts. 
By an extension of Theorem 28.1 below, 

//X ^ ^ 


so that by (12), 


V dt 


= [div V]p„ 


where Pi is some point in it*. If we let R shrink to any given point Po in 
P, then Pi -> Po, and 


1 dV 

liiii - — 

Y-^Po V dt 


[div V]po, 


as in (7). Because lim (1 / V)(dV/di) is invariant for all coordinate systems 
F-J-Po 


based on the same unit of length, it follows that div V is also an invariant. 


Because dV/dt represents the rate Q at which fluid is flowing 
across the surface S bounding a region E, it follows by (12) and 
(5) that (26) and (27) of Sec. 17 hold under general conditions. 
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It is seen, moreover, that (13) of Sec. 16 is merely a special case 
of (26) in Sec. 17 since in (13), F sin 0 = Vn. 

If p is the density of a fluid at airy point P, and if M is the total 
mass of the fluid in a region R, then M = Sjjp dV, and 


dM 

dt 


S 


R dt 


dV. 


(13) 


But by (26) of See. 17 and (5), the rate of increase of M due to 
the flow of fluid into R across its boundary ;S is 

-Sg pF„ dA = -Sj, [div (pV)] dV. (14) 

Again, if matter is being created or destroyed (as by radioactive 
processes) at any point P at the rate \p, X being the “growth 
factorthen the rate of increase of M due to these “sources’^ or 
“sinks’’ is 


Since the sum of (14) and (16) is dM/dty it follows by (13) that 
+ div (pV) - Xp] dV = 0. (16) 

Since (16) holds for every region R, 

+ div (pV) - Xp = 0, (17) 


for if the integrand of (16) were (say) positive at some point Pq, 
then by continuity considerations the integrand would remain 
positive throughout some region R about Po and the left member 
of (16) would be positive for this region R, In the function 
p{Xy y, 2 , t) let Xj y^ z be given by (8). Then the point (x, y, z) 
represents a particle P as it moves along its path, and dp/dt 
represents the rate of change of density of the fluid at the moving 
particle P. If we expand dp/dt and div (pV) completely, then, by 
(17), we have the equation of continuity: 

divV = X-i^ (18) 

p dt 

where dp/dt is computed at a moving particle P. As a particular 
case, if matter is neither created nor destroyed, so that X == 0, 
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and if the material is incompressible, so that dp/dt = 0, then we 
obtain the equation governing the flow of an incompressible 
liquid: 

div V = 0. (19) 

As another particular case, let us regard p as the quantity of 
heat in a substance per unit of volume. Then p = CT, where 
(for normal ranges of temperature T) C is a constant called the 
specific heat of the substance. Again, if V denotes the velocity 
of a “particle” of heat, then pV represents the rate of transfer 
of heat at any point. Moreover, it is known by experiment 
that this rate is — if grad T, where K is the specijic conductiviiy 
of heat for the substance, where the magnitude of grad T is 
dTfdn, and where the components of grad T &ie X = dT/dx, 
Y = dT/dy, Z = dT/dz (see Sec. 22 of Chap. I). By (4), 

div (pV) = div C-K grad T) = ~k(0 + 

Substitution of these results in (17) leads to the heat equation: 


div grad T = 


. d^T d^T 

dx^ dy^ dz^ 



( 20 ) 


where c- = C/K, and where X represents sources or sinks of heat. 
In particular, if the flow of heat is steady, so that dT/dt = 0, 
and if X = 0, then (20) assumes the form 


d^T 

dx^ 


+ 


d^T , d^T 


dy^ 


+ 


dz^ 


= 0 . 


( 21 ) 


EXERCISES XVI 

1. Extend the results of Ex. XIY, 10, to the case where/and g are func¬ 
tions of X, y, z. 

2. Develop the analogues of Corollaries 18.11 to 18.14 for surface integrals, 
with the condition div V == 0 taking the role played by the condition 

My = Nx, 

3. Show that SsFiP) dA = Sb (grad F) dV, where S is the bounding 
surface of Rj and dA is a vector of length dA in the direction of the surface 
normal n. 

4. Show that the work done by an expanding gas is IF = ^ydv regardless 
of the shape of the container (cf. Ex. X, 16). 

5. Find the force of attraction between a circular disk having electric 
charge p per unit area and a point charge e on the axis of the disk and 
distant a from the disk. 
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6. Show that the force of attraction between a particle P of mass rn and a 
homogeneous sphere S of mass M and radius a is P = kMm/d\ where a 
and d is the distance from P to the center of S. Show that there is no force 
acting on a particle inside a homogeneous spherical shell of any finite thick¬ 
ness. Use these results to discuss the variation in the weight of a body as 
it moves from a point outside the earth to the center of the earth., 

7. (a) A force field is solenoidal if the total flux is zero across every closed 
surface S containing no point of discontinuity of the field (i.e., if there is no 
mass, charge, etc., within S). Show that the inverse square law gives a 
solenoidal field of force. 

(b) Show that, for a solenoidal field, the flux across each end of a tube of 
force is the same; also, show that the intensity of the field within a (small) 
tube varies inversely with the cross-sectional area of the tube. 

(c) Show that the total gravitational flux through a spherical shell of any 
radius with a particle of mass m at the center is —47rm. (The flux density 
at any point is equal to the force acting on a particle of unit mass at that 
point). Extend this result by (a) to an arbitrary shell containing a particle 
of mass m, 

8. Use Greenes theorem to solve Ex. XIII, 4. 

21. Stokes’s Theorem. We now take up the second extension 
of Green’s theorem mentioned in the preceding section. Let S 

be a surface which may be repre¬ 
sented in both of the forms 

2 = r{x, y), (la) 

y = 2), (lb) 

where r and q are continuous 

and single-^^alued. Let S be 
oriented by erecting a (continu¬ 
ous) unit vector n at each point 
of S, Let C be a simple closed 
curve on S bounding a region K. 
We say that a point P traces 
out C 'positively when P moves 
around K in that direction which would cause a right-hand screw 
to progress in the positive direction along any vector n of if. 
Now suppose K to be such that its projections and K' on 
the xy- and a^si-planes are bounded by the curves C' and C" 
vdth equations 



Fig. 110. 


y = y = C'M, (2a) 

s = C{'ix), z - C'/fx). (2b) 
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Since C is represented by the pair of equations (la) and (2a), 

Sp X(a:, y, Z) dx = Se- V, r(x, y)] dx, (3) 

the integral Sc being taken around C in the positive direction 
relative to n. By ( 1 ) of See. 18, 


X{x, y, r{x, y)] dx 


=^j‘r 


dX[x, y, r{x, y)] 


where Xy = 


dX(x, y, 






) z = r{x, y), and the 


choice of sign depends on the choice of n. By Ex. VII, 10 

X L ^'1 - X XX ® 

for C'l and C's result by eliminating y from (lb) and ( 2 a) Bv 
(3), (4), (5), 

= Sx - Xy cos 7) dA, ( 6 ) 

where ^ and 7 refer to n. It follows in a similar manner that 

Sp <^ 2 / = Sjf cos 7 - F;, cos a) dA, 

3^ Z dz — (Zy cos a — Zx cos , 8 ) dA. 

Upon adding ( 6 ) and (7), we obtain Siokes’s theorem: 

X dx Y dy A- Zi dz = [{Zy — Y^) cos a 

+ (Xg — Zx) cos 8 + (Fj — Xy) cos 7] dA. (8) 
As in (10) of Sec. 16, we may write 


X dx A- Y dy A- Zi dz = V • dx, 

where X, Y, and Z are the components of a vector V. If we 
define ctarl V to be the vector whose components are {Zy — F,), 
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{Xz - Zz), {Yz - Xy), then, as in (31) and (27) of Sec. 17, we 
have as the vector representation of ( 8 ), 

ScV-dr = S^curl V-dA. (9) 

Let (curl V)„ denote the component of curl V normal to K 
at any point of K. By the theorem of the mean, we may express 
the right member of (9) in the form 

Sjj (curl V)„ dA = (curl V)„1 p,A, ( 10 ) 

where A is the area of K. As in (7) of Sec. 20 , we have by ( 9 ) 
and ( 10 ), 

(curl V) Jp, = lim V • dt. ( 11 ) 

As a consequence of ( 8 ), Corollaries 18.11 to 18.14 extend at 
once to functions of three variables; in particular, we have 
Theorem 21 .1. If X, Y, Z and their partial derivatives are 
defined and continuous over a simply connected region R, and if 
Zy = Yz, Xz = Zzij Yx = Xy, tkcn Si X do: + Y dy + Z dz is 
independent of the path {in R) from A to B. 

Theorem 21.2. If X, F, Z and their partial derivatives are 
defined and continuous over a simply connected region and if 
Zy = Yz, Xz = Zx, Yx = Xy, then JX dx + Y dy + Z dz 
and is given hy the formula 

Jx dx + Y dy + Z dz = f{x, y, z) + C, 

where f{xj y, z) is the function such that 

f{xo, Vq, zq) = X dx + Y dy +■ z dz, 
and where the path of integration is arbitrary within R. 

EXERCISES XVII 

1. Prove Theorems 21.1 and 21.2. 

2 . (a) Show that S 5 curl F - dA = 0, where is a closed surface. 

Hint: Let C be a closed curve on S dividing S into two parts. Note that 

the left member of (9) has opposite signs when C is traced out in opposite 
directions. 

(b) Show that Sij div curl F dF = 0 for all regions R, and hence that 
div curl F = 0. 
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3. Rewrite Theorems 21.1 and 21.2 in vector language, making use of the 
curl. 

4. Give examples of functions to show that Theorems 21.1 and 21.2 may 
be false if X, Z and their derivatives are not continuous every\.vhere in 

or if JS is not simply connected. 

5. Let X, Y, ^ be the rectangular components of a force field F, and let 

these components and their derivatives be defined and continuous in a simply 
connected region R. F is said to be conservative if X da; Y dy Z dz 
is independent of the path C from ^ to P (C being in R). We define the 
'potential U{Xj y, z) of a conservative field F relative to the point A by the 
formula 17(x, y, z) — X dx Y dy Z dz, U{x, y, z) being the work 

done by F in going from A to (x, y, z) along any path in R. Show that the 
component of F in any direction is dU/ds taken in that direction, s being arc- 
length. Conversely, show" that if there exists a function W (a:, y, z) such that 
the rectangular components of F are given by X = dW/dx, Y = dW/dy, 
Z = dW/bz^ then F is conservative. Find the potential function for the 
field around a point charge or point mass, using the usual inverse square law 
of attraction. 

6 . Let X, F, Z be the rectangular components of the velocity V of a fluid 
at any point P. Interpret X dx A- Y dy Z dz as the circulation or 
rotation around a closed curve C. The field V is called irrotational (vortex- 
free) if i c X dx Y dy Z dz = 0 around all closed cuiw^es C. If V is 
irrotational, show that X dx -{■ Y dy Z dz is independent of the path 
from A to P. (Consider the closed curve formed by any two paths from 
A to P.) Define velocity potential for irrotational flow. Discuss analogies 
between quantities in this and the preceding exercise. 

PART C. RIEMANN THEORY OF INTEGRATION 

22 . Introduction. The concept of the definite integral of a 
function f(x) as the limit of a sum originated from the idea that 
the function/(a;) may be represented by a “curve/’ and that this 
limit is the area between the curve, the a;-axis, and the two 
bounding ordinates (see Sec. 13). 

However, the definite integral of a function may exist when the 
function is discontinuous, so that the graph of the function does 
not bound an area. Moreover, SI fix) dx may exist when 
Jlfix) dx does not exist. Hence it is necessary to investigate 
the properties of the symbol SI fix) dx without reference to any 
geometric representation and without assuming the existence of 
hfi^) dx (as was done in Ex. IX, 3). The first rigorous arith¬ 
metical treatment of the definite integral was given by Riemann 
in 1854. We shall adopt Riemann’s definition in the sections 
to follow. It will be seen that fix) dx, as defined by Riemann, 
exists only when fix) meets certain conditions. 
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Very recently, there have been advanced by Lebesgue (1916), 
de la Vall4e Poussin, W. H. Young, Bliss, Hildebrandt, and 
others, general definitions of the definite integral, in each case 
the purpose of the newer definition being to remove the limita¬ 
tions placed on the integrand as required in Riemann's treatment. 
We shall not concern ourselves with a study of these later theories 
of integration. 

23. S and s. We* shall assume that/(a:) is a function bounded 
in the interval [a, 6], i.e., the interval a ^ x ^ b. (See Ex. IX, 
11, and p. 818.) Let us form a partition (P of [n, h] by subdivid¬ 
ing [a, b] into n subintervals: 

(P: [xo, Xi], [xi, X2], • • • , [Xn~l, Xnl 

where 

a — Xo < Xi < Xi <••' < Xn-l < Xn = b. 

Let M' denote the least upper bound f and m the greatest lower 
bound oif{x) in [a, 6]. Likewise, we use Mr, Mr to denote those 
bounds in the interval [rcr-i, xj. Let 

n n 

S = s = - Xj-i). 

3=1 3=1 

We leave to the reader the proof of 

Thboeem 23.1. To every partition CP q/ [a, 6] into suhintervals, 
there corresponds a sum S and a sum s, and s S S, 

Since s ^ M(b — a) and S ^ m(b — a), s has an upper homid 
and S has a lower bound. We shall denote the greatest lower 
bound of the sums S by J and the least upper bound of the sums 
5 hy I. (The existence of J and I is proved in Chap. IX.) 

We shall now prove 
Theorem 23.2. I ^ J. 

Let ;S and s be the sums corresponding to the partition (Pi 
of [a, 6]. Subdivide some or all of the subintervals of (Pi into 
smaller intervals and denote the resulting partition of [a, 5] 
by (P 12 , where the end points of the intervals of (?i 2 are a, 2 / 1 , 2 / 2 , 
• ■ • , xi, yjcj yh+h • * • , yi~h ^ 2 ; yi, ' ^ , b. We shall 

say that <Pi2 is consecutive to (Pi. 

See Goursat, ^'Cours d’analyse,’’ Tome I, 3d ed., pp. ITlff. 
f The least upper bound of f(x) in [a, 6] is the smallest number M such that 
^ M for all X in [a, h]. The existence of M is proved in Chap. IX. Th"^^ 
greatest lower bound is defined in a similar manner. 
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Denote the sums corresponding to S and s for the new parti¬ 
tion (P 12 by Sander. Let .^ 2 ^’, • ■ • be the least 

upper bound and the greatest lower bound of J{x) in [a, vi]; 
[Vh 2 / 2 ]; • • • 5 respectively. Then that part of S for [a, Xi] is 
equal to 

M^^Kvi — a) + — ^i) + • • • + 

which is not greater than i¥i(:ri - a), for the numbers 
¥ 2 ^^ ‘ can not exceed Mi. Similarl^T', we can show 

that the part of X for [xi, X 2 ] is not greater than ¥ 2(^:2 — Xi), 
and so on. Consequently, the sum 2 : for [a, &] can not exceed S. 

Likewise, we can show that a for [a, 5] is not less than s. 

Suppose 

CP|‘ ^7 ^1? t2, • • * . Jr.-l, h, 

with sums and and 

(P,?: <^7 'nu ’?2, * • • , Vm-h b, 

with sums Sr, and Sr,, are any two partition^ of [a, b]. If we 
superimpose (?$ and 6 ^^ we obtain a third partition of [a, &] 
which is consecutive to (P^ as well as to (P^. 

Let the sums for (P|+^ be denoted by and 0 -^+,. Since 
is consecutive to (P^, 

= X^j^r, and <^$ 4-17 = 

and since (P^+r, is also consecutive to (P,, 

Sr, ^ 21+77 <^^+V ^ 

From Theorem 23.1, 2 t+^ ^ Therefore, 

^ Sr, and Sr, ^ s^. 

We have now shown that the sum S arising from any 
mode of 'partition of [a, b] is not less than the sum> s arising from 
the same partition, or any other partition, of [a, h]. 

Since J is the greatest lower bound of the sums S, and I 
is the least upper bound of the sums 5, we can find a sum S as 
close to J as we please, and a sum s as close to I as we please 
(from some mode of partition, though not necessarily the same 
partition). If / > /, then there would exist an 5 and an S for 
which s > S, which contradicts one of the relations proved 
above. Hence I S J- 
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24. Darboux’s Theorem. A theorem of fundamental impor- 

tance is 

Theoebm 24.1. (Darboux’s Theorem). If « is any preassigned 
positive number, there exists a positive number ri, dependent on e, 
mch that the sum S exceeds J by less than e, and the sum s is smaller 
than I by less than e, for all partitions (P of [a, 5] for which each 
partial interval (bounded by consecutive points of (P) is less than 
or equal to y in length. 

Proof. Let a > 0. Since the greatest lower bound of the 
sum S is J, there exists a subdivision of [a, 5], 

a, aij a^, * ‘ (f) 

with sums Si and Si for which Si < J + (e/2). Let be a 
positive number smaller than all the partial intervals in ( 1 ). 
Next, consider any subdivision of [a, b], 

a = Xo, iCi, ■ ' ■ ) b, (2) 

with sums/S 2 and S 2 , such that (a^r air—i) = ’Jjr = 1 , 2 , • • • ,n. 
The subdivision 

a, Xi, X2, ai, xs, a^, ■ ■ ■ , Xn-i, b, (3) 

obtained by superposing ( 1 ) and ( 2 ) is consecutive to ( 1 ) and ( 2 ) 
with sums Si and S 3 . 

From Sec. 23, Si ^ Sz. Since Si < J + (e/2), we have 
Si<J + (e/2). Moreover, 

Ss - S3 = S[Jkf(a;r_i, Xr)(xr - Xr-i) “ M(a:r_i, a„)(ak - Xr-i) 

-M(at, Xr)(xr - a*)], ( 4 ) 

where M(a, 0) denotes the upper bound of f(x) in the interval 
[a, ( 3 ], and where the summation is extended to all the intervals 
in ( 2 ) which have as an interval point one of the points 

Ctij * * * J CLp-1^ 

Since each interval in (1) exceeds t?, while each interval in (2) is 
less than r], we conclude that no two a's can lie between two con¬ 
secutive x^s in ( 2 ). 

The number of terms in the sum (4) cannot exceed (p — 1). 
Denote by T the upper bound of \f{x)\ in [a, 5]. Consider 

;S2 — /Sa = (iCr—Ij Xr) ]\^ (Xr—lj Ctfc) } (cifc (rr—l) 

-j- {M.(Xr—lj Xi) — X-^^iXr Ctjc)]' (^) 
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Each of the two terms in braces in (5) is nonnegative, and neither 
can exceed 2T. Hence S 2 — Ss ^ 2T'B{xr — Xr-i), where the 
summation has at most (p — 1 ) terms, and where {xr — Xr-i) 
never exceeds 57 . Consequently, S 2 — Sz ^ 2(p — l)Tr], and 
since Sz < J + (e/2), we see that S 2 < J + (e/2) + 2(p - l)Tri. 


Next, further decrease rj, if 


necessary, so that 77 < 


€ 


Then S 2 < J + €. 

This shows that S exceeds J by less than e for any subdivision 
of [a, &] for which the greatest of the partial intervals does not 
exceed a certain positive number 17 dependent on e. 

A similar argument may be made relative to s and L By 
selecting for 17 the smaller of the two t/^s for ^ and s, we are led 
to Theorem 24. L 

25. Definition of the Riemann Definite Integral of a Bounded 
Function. A bounded function f(x), defined in the (finite) 
interval [a, &], is said to be integrable (Riemann) in then interval 
when the greatest lower bound J of the sums S and the least 
upper bound I of the sums s in Sec. 23 are equal. J is frequently 
termed the upper Riemann integral of f(x) over [a, 6 ], and / the 
lower Riemann integral. We define their common value I — J 
to be the (Riemann) definite integral of fix) over [a, 6 ], and we 
shall write this definite integral as 


S^/(x) dx. 


Evidently, we have 

Theorem 25.1. 5 ^ = S for any partition. 

We shall now prove 

Theorem 25.2. If Ji, ^ 2 , • * * , fr, * * • , any valves of x 
{including possibly the end points) in the partial intervals [a, Xi]^ 
[xi, X 2 ], * • • , [Xr-i, Xr], • • • , [Xn-i, b], respectively, and if 
f{x) be integrable over [a, b], then the sum 

Z Ml) {xi - a) +M 2 ){x 2 ~Xi) + • - +Mn){b - :r._:) 

( 1 ) 

has the value of the definite integral ^lf{x) dx for its limit when the 
number n of points of division increases indefinitely in such a way 
that the lengths of the partial intervals all tend to zero. 

Evidently, s S Z ^ S, for mr ^ Mr) ^ Mr in each partial 
interval, r == 1, * • • , n. From Theorem 24.1, as + 00 in 
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.such a way that the lengths of each partial interval tends to 
zero, the sums S and s tend toward J and I, respectively. Since 
/(r)’is integrable, J = 1 = dx. Therefore the sum ( 1 ) 

has the same limit. 

26. Integrability Conditions. In this section we shall be con- 
ceraed with necessary and sufficient conditions for the Riemann 
integrability of a bounded function over the interval [u, 6 ]. 

20 .1. T TiccGsscivy o/fid su^fficiBV/t co'ixd’itioTii that a 
hounded real function fix) he integrable* in [a, 6 ] is that for any 
preassigned positive number e, there shall exist a positive number y 
such that S — s < e for every partition of [a, b] in which all the 
partial intervals are less than or equal to t) in length. 

Sufficiency. Suppose that for a given €, as stated in the 
theorem, there exists an y for which S - s < e. Now S ^ J 
and s g /, so that J - I < e. Consequently 7 = J. 

Necessity. Suppose I = /. Then by Theorem 24.1, for a 
civen positive number e there exists a positive number ij such 
that for every partition of [a, 6 ] in which all the partial intervals 
are less than or equal to j? in length, 

- ./ < i and 7 - <~ 

But since I = J. 

— s = (8 — 7 ) + (7 — s). 

Hence 

s-s<i+| = .. 

Theoeem 26.2. A necesmry and sufficient condition that f{x) 
he integrable Rmnann is that for a7iy preassigned positive number €, 
there shall exist a partition of [a, 6 ] for which S — s < e. 

We shall leave the proof of this theorem as an exercise for the 
reader. 

Theokem 26.3. If fix) is continuous in [a, h] closed, it is 
integrable in [a, 6 ]. 

Since/(a:) is continuous in [a, h] closed, it is bounded in [a, h]. 
(See Theorem 8.3 of Chap. IX). By Theorem 8.7 of Chap. IX, 
we know that for every preassigned positive number e/ {b - a) 

* In tMs chapter whenever we use the term integrable, we shall mean 
integrable Riemann. 
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there exists a positive number tj such that the oscillation* of f(x) 
is less than e/Q) — a) in all partial intervals less than or equal to 
i; in length. Let (P be a partition of this character. Then the 
sums for this (P are such that 

Consequently f(x} is integrable in [a, 6 ] by Theorem 26.2. 

Theorem 26.4. If f{x) is monotone^ in [a, 6] closed, it is 
integrable in [a, 6]. 

Since f(x) is monotone in [a, fe] closed, it is bounded. (See 
Ex. Ill, 6 , of Chap. IX.). Suppose/(a;) is a monotonic increasing 
function. Then for a partition (?: a = xo. x-i, Xz, ■ • ■ , x„^i, 
Xn = bof [a, b], 

f{a) ^ fixO S fixz) ^ ^ g f{b). 

Then 


y=i 

n 

S = 

y=i 

Let (P be such that all the partial intervals {xi — Xi-i) are less than 
or equal to rj in length. Then 

n 

S — s = - /(^)-i)]fe- - -rj-i) < ■nlfiXn) —fixo)] 

= J/(&) - /(a)]. 


Now select rj < Then S — s < e. Hence f(x) is 

integrable in [a, 6 ]. A similar proof may be given for the ease 
when/(a;) is monotonic decreasing. 


* By the oscillation of a function f{x) for any interval 5, we mean M ~ m, 
where M is the least upper bound of f{x) over 5 and m is the greatest lower 
bound over 5. See Chap. IX, Sec. 7 for definitions of closed (and open) 
intervals. 

t A function /(re) is Tnonotonic increasing on [a, b] if J(xi) S fix2) for any 
two numbers Xi and re2 in [a, b] with rci < rc2; f{x) is monotonic decreasing 
if f(xi) ^ fixl) when Xi < X2; f(x) is monotone on [a, b] if it is either mono¬ 
tonic increasing or monotonic decreasing. 
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Theorem 26.5. If f{x) is hounded in [a, 6] closed and if all 
its Taints of discontinuity can he enclosed in a finite number {or 
denumerahly infinite"^ number) of intervals, the sum of the lengths 
of which is less than any ^reassigned positive number, then f{x) is 
integrable in [a, ?>]. 

Suppose the number of discontinuities is finite. Let e be any 
preas'signed positive number and let M denote the (finite) least 
upper bound of \f{x)\ in [a, 5]. Let (P be a partition of [a, 5] 
which includes partial intervals (R which enclose all the points of 
discontinuity of f{x) in a finite number of intervals, the sum of 
the lengths of v^hich is less than e/4:M, Consider the difference 
jS — s for (P. Then the part of S — s coming from (R cannot 
exceed (2M)(6/4ilf) = e/2. Since f(x) is continuous for the 
closed partial intervals a of (P not in (R, we can partition Q into 
a finite number of partial intervals for which the corresponding 
portion of S — s < ^e. Thus for (P, as a whole, 


Hence fix) is integrable in [a, 6]. 

A slight revision of this proof can be made to take care of the 
case when the number of discontinuities is denumerably infinite. 
This is left as an exercise for the student. 

In a similar manner a short demonstration yields Theorems 
26.6, 26.7, 26.8. 

Theorem 26.6. If f{x) is bounded and integrable on the closed 
intervals [a, ai], [ai, a^], • * • ^ integrable in [a, b]. 

Theorem 26.7. If f{x) is bounded in [a, b] and is such that the 
interval [a, b] can be partitioned into a finite number of open partial 
intervals, in each of which f{x) is monotonic or continuous, it is 
integrable in [a, b]. 

Theorem 26.8. If f{x) is bounded and integrable in [a, b] 
closed, then \f(x)\ is also integrable in [a, b]. 

EXERCISES XVIII 

1 . Prove Theorem 25.2 with /(^ 2 ), * • ■ , Kkn) replaced by any 
values fii, iLt 2 , * * ‘ . Mn intermediate between (mi, Mi), (ma, iWa), • • * > 
Mn), respectively. 

* A set of elements is denumerahly infinite if it can be put into one-to-one 
correspondence with the set of all positive integers. 
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2 . Prove Theorem 26.2. 

3. Complete the proof of Theorem 26.4. 

4 . Complete the proof of Theorem 26.5. 

5. Prove Theorem 26.6. 

6 . Prove Theorem 26.7. Is the converse of Theorem 26.7 true? 

7. Prove Theorem 26.8. 

8 . Construct a function on [0, 1] for which the oscillation is 4 in any 
interval arbitrarily small. 

9. Prove: If f{x) is bounded and integrable on [a, h], there exists an 
infinite number of points in any partial interval of [a, b] at which f(x) is 
continuous. 

10. Prove Theorem 26.5 for the case where the number of discontinuities 
is denumerably infinite. 

27. Properties of the Definite Integral. In this section we 
shall exhibit several properties of the definite integral Slf{x) dx, 
where/(x) is bounded and integrable in [a, 6]. 

Theoeem 27.1. If f(x) is hounded and integrable in [a, 6], it 
is also integrable in any subinterval [a, /3] of [a, b]. 

Let e be any arbitrary positive number. Then there exists a 
positive number rj such that S — s < e for every partition 
6^ of [a, b] in which all the partial intervals are less than or equal 
to V length. 

Pick a partition (Pi of this type having a and /3 as two points of 
division. Let S and a be the sums for (Pi over [a, jS]. Evidently, 

s ^ <T ^ X S S. 

Since S — s < e, 0 ^ cr^S — s<e. Hence f{x) is inte¬ 
grable in [a, j^]. 

Theoeem 27.2. If f{x), a bounded integrable function on 
[a, b], is altered at a finite number of points of [a, b], then \j/{x) so 
obtained is integrable on [a, b] and 

§V(x) dx = 

The proof of the first part of this theorem is quite similar to 
that of Theorem 26.5, the second to that of Theorem 25.2. The 
details are left to the student. 

Theoeem 27.3. If f{x) is integrable in [a, 6], so also is C[f(x)], 
where C is any constant. 

This theorem is an immediate consequence of the definition of 
the definite integral. 

Theorem 27.4. If fi{x) andf^{x) are integrable on [a, fe], then 
their sum and product are also integrable. 
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Proof for Sum. Let S, s; S', s' be the sums corresponding to 
the partition 6^ of [os, b] for/i(a:) and/zCo;), respectively. Denote 
by S and o- the corresponding sums for/i(a;) + f^ix) on (?. Then 

S — v ^ {S — s) + {S' — s'), 

from which the theorem follows. 

We shall leave the remaining portion of the proof to the 
student. 

We have as an immediate consequence of Theorem 27.4, 

Theorem 27.5. If f\{x),fi{x), • • • , fnix) are a finite number 
of functions irdegrable on [a, b], then every polynomial in fi{x), 
hix), • • • ) U{x) is iviegrable on [a, 5]. 

Theorem 27.6. If fix) is hounded and integrahle over [a, b], 
then 


It was directly assumed in Sec. 25 that a < 6 in [a, 6 ]. How¬ 
ever, the definition given in Sec. 25 automatically generalizes 
for a > b. In this case the new sum S fox a > 5 is the negative 
of the old sum ^ for the case where a < b, provided the partition 
(P (for a < b) is a, Xi, X 2 y • - • , Xn~ij b and the partition 6^' 
(for a > b) is 6 , Xn-i, Xn- 2 , • • * , a;i, a. A repetition of the 
argument given in Sec. 25 leads to Theorem 27.6. 

We shall hereafter use this extension of the definition of the 
definite integral. It is evident that the preceding theorems of 
Secs. 25 to 27 still hold with at most slight modifications. 

Theokem 27.7. If f(x) is bounded and integrahle on [a, b] and 
if c is any point in [a, b], then 

dx = 

Let <P be a subdivision of [a, b] not having c for a point of 
subdivision. The addition to CP of c as a point of subdivision 
does not increase S, The sum Si for [a, c] and S 2 for [c, 6 ] given 
by this subdivision are not less than S®/(a:) dx and 8lf{x)dx, 
respectively. Hence, every subdivision of [a, b] gives a sum S 
not less than S^f(x) dx + Slf{x) dx. Thus 

S^ /(a:) dx ^ 


( 1 ) 
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The superposition of the subdivisions of [a, c] and [c, 6] together 
form a subdivision of [a, h]. Since subdivisions of [a, c] and 
[c, b] can be made so that the sums Si and S 2 differ from 8^f (x) dx 
and dx, respectively, by an arbitrarily small amount, 

it follows that we cannot have the inequality in (1). 

Suppose g{x) ^ f(x) on [a, b]; then 

<l>(x) = g{x) - fix) ^ 0. 

If g(^) and fix) are integrable on [a, b], then so is <pix). 
Evidently all the sums s are ^ 0. Hence <l>ix) dx g 0. 
Consequently, 

Theorem 27.8. If fix) and gix) are integrable on [a, 0 ] and if 
gix) ^ fix), then B^gix) dx ^ B^fix) dx. 

The student should prove the following theorems which are an 
immediate consequence of Theorem 27.8. 

Theorem 27.9. If fix) is integrable on [a, 6], then 

Sl/(^) ^^^1= Sj/(^)i dx. 

Theorem 27.10. If fix) is nonnegative and integrable in [a, b], 
and if fix) is continuous at x — c in [a, b], with fic) > 0, then 

fix) dx > 0. 

Theorem 27.11. If fix) > gix), and fix) and gix) are inJtegrable 
on [a, b], then 

3 V(rc) dx > gix) dx. 

28. First Theorem of the Mean. Suppose cpix) and i^ix) are 
two bounded functions of x, integrable on [a, b], with ^Pix) ^ 0 on 
[a, 6]. Let M and m denote the least upper bound and greatest 
lower bound of <pix) on [a, b]. Then for all x^s in [a, 6], 

m ^ (fix) ^ M. 

Since i^ix) ^ 0 in [a, b], we have 

mf/ix) ^ <pix)^ix) ^ M\pix). 

From Theorems 27.8 and 27.4, we find that 

T^(x) dx ^ <pix) 4^ix) dx S 4^ix) dx. (1) 
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We have now shown that there exists a number tx such that 

<p{x) ix{x) dx = mS* m ^ IX ^ M. (2) 

A similar argument may be given for the case when ^(x) g 0 on 

[a, 6]. 

From Theorem 8.6 of Chap. IX we know that if (p(x) is con¬ 
tinuous on [a, 6 ] closed, that it takes the value ix for some value 
€ of a: on [a, 6 ]. We have now proved 
Theoebm 28.1. Let pix) and be two bounded Junctions, 
both integrable on [a, 6] closed. If p(x) is continuous and \(f(x) 
retains the same sign throughout [a, b], then there exists a definite 
value ^ of X on [a, 6], for which 

^{x) dx = ^(1) ^{x) dx. (3) 

The particular case of Theorem 28.1 where = 1 leads to 
the ordinary theorem of the mean given in Theorem 13.2, 

pix) dx = (b - a)pQ), a ^ ^ g 6. (4) 

EXERCISES XIX 

1 . Prove Theorem 27.2. 

2 . Prove Theorem 27.3. 

3. Complete the proof of the iirst part of Theorem 27.4. 

4. Prove the second part of Theorem 27.4. 

5. Prove Theorem 27.5. 

6 . Prove Theorem 27.5 with the phrase “every polynomiaU’ replaced by 
'the phrase “any continuous function.” 

7. Complete the proof of Theorem 27.6. 

8 . Prove Theorem 27.9. (Hint: Use Theorem 26,8 and Theorem 27.8.) 

9. Prove Theorem 27.10. (Hint: Use Ex. XVIII, 9.) 

10 . Prove Theorem 27.11. (Hint: Use Theorem 27.10.) 

11 . State a theorem similar to Theorem 28.1 for the case where (p[x) is 
not continuous on [a, 6]. [Hint: Use Eq. (2).] 

29. The Definite Integral as a Function of Its Upper Limit. 

We shall consider the definite integral 

= S!/w (1) 

of a function f(x), where f{x) is bounded and integrable on [a, 6 ] 
closed, and where x is any point on [a, 6 ]. 

If {x + Aa;) is in [a, 6 ], then from Theorem 27.7, 
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Fix + A*) - Fix) - ^*‘'m dt - S’ji» dt 

‘ ( 2 ) 


Hence if M and m are the upper and lower bounds of f{x) on 
[x, X + Ax], there is a number n such that 

Fix + Ax) — Fix) = m(Ax), m ^ ^ M. (3) 

From (3), we have 

Theorem 29.1. The definite integral (1) of a function fix), 
hounded and integrdble on [a, 6] closed, is a continuous function 
of x on [a, b]. 

If fix) is continuous on [a, 6], then from (4) of Sec. 28, 

Fix + Ax) — Fix) = Ax -fik), X I II X + Ax. (4) 

Since lim /(|) = fix), we have 

Aas—>0 


}im ^(^ + Ax) - Fjx) 
A ®—*0 Ax 


= Six)- 


( 6 ) 


This proves 

Theorem 29.2. If fix) is continuous on [a, 6] closed, and x is 
any point on [a, b], then 


30. Second Theorem of the Mean. We shall now state a very 
useful theorem, whose proof we leave to the reader. 

Theorem 30.1. If, in [a, 6] closed, (p{x) is monotonic, \p{x) 
is hounded and integrable, and does not change signs more than a 
finite number of times in [a, 6], then: 

for some definite value of x on [a, 6] closed. 
vix)yl/ix) dx 

= (pia + 0)S^* fix) dx + (pQ) — 0)S^ i^(x) dx, (II) 
for some definite value I 2 of x on [a, 6] closed. 

* ‘Pix)'f'ix) dx = 4/ix) dx + rpix) dx, (III) 
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for some definite value is of x on [a, b] closed, where A g + Q) 
and B <p{b — 0) if <p(x) is monotonic increasing, and where 
A ^ <p(a + 0 ), B ^ <p(b — 0) if <p(x) is monotonic decreasing. 

(IV) 

for some definite value ^4 of x, a ^ ^ ?>, when (p{x) ^ 0 and is 

monotonic increasing in [a, 6]. 

otx = 

for some definite value ^5 0 / a:, a ^ f 5 ^ 6 , when <p(x) § 0 and is 
monotonic decreasing in [a, b].^ 

PART D. IMPROPER INTEGRALS 
31. Interval Infinite but Integrand Bounded. There is a very 
close correspondence between the theory of improper integrals 
and the theory of infinite series whose terms are functions of one 
variable. A development of the theory of improper integrals 
would thus follow the theory given in Part D of Chap. IV. It 
is suggested that Chap. IV be studied before commencing the 
present section. Because of this close analogy we shall confine 
ourselves to only a few typical instances of this theory. In this 
section we shall extend the definition of a definite integral to 
include cases in which the interval is not finite and in which the 
integral has a finite number (or denumerable infinity) of 
discontinuities. 

We shall assume that f(x) is bounded and integrable in every 
finite interval [a, t], where a is fixed and t a. Let 

Fit) = £fix) dx. 

We define f{x) dx by the relation 

I = f(x) dx ~ lim F(t) = lim HfCx) dx, 

J 5 —>+ 00 > 4 * 

when this limit exists, and we speak of f{x) dx as an improper 
or infinite integral. If lim F{t) exists, we say that I converges; 

i—00 

if lim F(t) does not exist, we say that I diverges; if lim F(f) 

■ +* 4 - «• 00 

* Here ^(a + 0) denotes the right-hand limit of ^(a:) as x > a; <p(b — 0) 
denotes the left-hand limit of <p(x) as a; —» 6, 
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(or — oo)j we say that I definitely diverges to + oc (or — =»); if 
F{t) neither converges nor definitely diverges to + oo or — qd , we 
say that the integral is indefinitely divergent. 


Example 1- Since e~^ dx = lim e~^ dx = iim (1 

^— 5 ,^ 30 5>-j~ 

integral is convergent to the value 1. 


'5 =1, the 


T "t* dx dx 

Example 2. I = lim I = 4- that is, the integral 

Ji \^x Vx 


definitely diverges to + . 

Example 3. log (1/a;) dx definitely diverges to — =«. 

Example 4. sin x dx is indefinitely divergent. 


In a similar manner, we define dx to be lim fUXx) dx, 

i—oe 

when this limit exists. We define dx to be 

f(x) dx + Jj ” fix) dx 

when both of the latter integrals converge. Here a is any real 
value of x. It is readily seen that the value of /±«/(a;) dx, if it 
exists, is independent of the value a of a; selected. 


EXERCISES XX 

Evaluate: 

1 . Jf" a;"^ dx. Ans. 2. 5. cos x dx. 

2. a; sin a; dx. (Ind. div.) 6. x sin 2a; dx. (Ind. div.) 

3. dx. (Def. div. to + <».) 7. sinh x dx. (Div. to — 

4 . dx. 8. dx. 

We shall now develop necessary and sufficient conditions for 
the convergence of f(x) dx. 

Coiisider jP(0 = Jif{x) dx, where/(a;) is assumed to be bounded 
and integrable on [a, i] for all t a. The infinite integral 
/+* f(x) dx converges if and only if the function Fit) has a limit 
as i + 00 . From the definition of a limit, we have 
Theoeem 31.1. If for every 'positive nurnber e there exists a 
positive number to $0 that, for all t ^ to, |Z fifix) dx\,< €, 
then the integral fix) dx converges to the value I. / 

As an analogue of Theorem 8.1 of Chap. IV, we have 
Theoeem 31.2. A necessary and sufficient condition for the 
convergence of fix) dx is thatj for any preassigned positive 
number €, there exist a positive number to such that \ft'fi^) dx\ < e 
for all values t' and t'^ for which f^ k. 
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Similar theorems can be stated for the infinite integral 

If }{x) ^ 0 for all x> a, then the function F{t) = /‘/(a;) ^ 
is a monotonic increasing function of t. Hence we have 
Theoeem 31.3. If f{x) ^ Q for every x > a, if 


F(t) = £ fix) dx, 


and if there exists a 'positive number A such that F(t) < A for 
every t > a, then dx converges to a value ^A. 

The following theorem is quite useful as a comparison test for 
the convergence of integrals whose integrands are positive. 

Theorem 31.4. Let f{x) and g(x) be two positive, bounded, 
and integrable functions of x in the interval [a, i{] for all t a: 

(1) If g(x) S fix) when x a, and if ft"" f(x) dx is convergent, 
then gix) dx is convergent and /+“ gix) dx g /J“/(a:) dx. 

(2) If gix) ^ fix) for x ^ a, and if J+“ fix) dx diverges to 
then so does ft"" gix) dx. 

By Theorem 27.8, fi gix) dx ^ fifix) dx for t > a. Therefore 
fi gix) dx < J+” fix) dx. So ft"" gix) dx ^ fix) dx. The 
proof of (2) is left to the reader. 


+ =® 


Example 6. Examine 
It is evident that 


dx 


for convergence, a > 0. 


ja 


a X”’ 1 — n 




I 


dx 


= log i — log a 


n 5 *^ 1 , 

1 . 


If n > 1, 


lim 


dx a^~ 
n — 1 


r--f 

“Ja X”- Ja 

j ^ _j_ 00 ^ so that j ~ diverges. 

Ja Ja X^ 


If n ^ 1, lim 
».4* “ 

The results of this example are quite useful, in conjunction with Theorem 
31.4, when examining certain types of integrals for convergence. 

* + * dx 

. for convergence, a > 0. 


Example 6. Examine 




:■ VT+" 


Since 


1 


rcVl 


< -“ for a: ^ a > 0, and since 


ince J' 


+ dx 


is convergent, 
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The integral f{x) dx is said to be absolutely convergent if 
f{x) is bounded and integrable in every interval [a, if] for t ^ a, 
and if |/(^)| dx is convergent. 

Theorem 31.5. If \f(x)\ dx converges^ then so does 
jt^f(x) dx. 

From Theorem 27.9 



X 2 > Xi ^ a. 


By Theorem 31.2, if \f(x)\ dx converges, then so does 
it^Kx) dx. 

The converse of this theorem is not true, that is, an infinite 
integral of the type under consideration may converge, and yet 
may not converge absolutely. A well-known example of this is 

given by the integral j - dx which is equal to but which 

J 0 X z 

F ' 13 XX 1 X 

is not absolutely convergent since I - - dx diverges. 

Jo X 

The following theorems are often useful in testing for the con¬ 
vergence of infinite integrals. 

Theorem 31.6. Let f(x) he hounded and integrable in every 
interval [a, ^], where a > 0 and t a. 

1 . If there exists a number v > 1 such that x^ f{x) is bounded 
when X ^ a, then fix) dx converges absolutely. 

2. If there exists a number v ^ 1 such that x"'fix) has a positive 
lower bound when x ^ a, then Jf*" fix) dx diverges definitely to 
+ 00 . 

3. If there exists a number v S 1 such that x^ fix) has a negative 
upper bound when x a, then fix) dx diverges definitely to 
— 00 ., 

Proof of ( 1 ). By hypothesis there exists a positive number A 
such that tx’/(^)l < and hence |/(a;)| < (A/x”), for x S a. 
Since /t" {dx/x”) converges when y > 1, it follows that 
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|/(a:)| dx converges. From Theorem 31.5 we conciude that 
fix) dx is convergent. 

Proof of (2). As before, fix) ^ A > 0, so that {A/x^) g f(^x) 
for X ^ a. Since {dx/x^) diverges definitely to +oo 
^ 1, it follows that ft'” f(x) dx diverges to + «= * 

The proof of part (3) of this theorem is left to the reader. 

Let/(:r) be bounded for x ^ a. If lim [x^fix)] exists, it follows 

X—)•+ 00 

that x^f(x) is bounded in [a, +oo]. If this limit is positive 
x^fix) will have a positive lower bound, while if this limit is 
negative, x^fix) will have a negative upper bound when a is 
suflSiciently large. 

We then conclude from Theorem 31.6 

Theorem 31.7. Let fix) he hounded and integrable in every 
interval [a, t], where t ^ a > 0. 

1 . If there exists a number p > 1 for 'which lim [x^fix)] exists 

x~>+ » ’ 

then ff^ fix) dx converges; 

2. If there exists a number v I for which lim [x^fix)] exists 

X—00 

and is not zero, then ft” fi^) dx diverges. 

3. If there exists a number v ^ 1 for which x^fix) diverges 

definitely as x—^ , then ft” fix) dx diverges. 

The essential thing in these last two theorems is that we are 
comparing the integral ft” fi^) dx with the integral idx/x^), 
and determining the convergence or divergence of the first inte¬ 
gral from that of the second. 


Example 8. Examine 


r 

me I 

Jo 


; dx for convergence. 


Since lim x^\ 


L(9 


= bi 


(9 + 

it follows from Theorem 31.7 that 




Example 9. Examine 


X (9 + a*)" 

4x^ 




dx converges. 

dx for convergence. 


X 


5 - 9)2 

Since lim x[4xy{x^ - 9)2] = 4, we know from Theorem 31.7 that 
00 

- 4 - 00 

4a;3 


( 0:2 „ 9 ) 


” dx diverges- 
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Theohbm 31.8. If y\x) is hounded and integraUe in every 
interval {a^ for ^ ^ a, and if ^(x) dx converges absolutehjj 
then <p{^)4^{^) dx is absolutely convergent. 

Since <p{x) is bounded, there exists a positive number A such 
that |^(a;)i < A for x ^ a. Evidently, for > Xi > a, 

(""‘lipixjs • 'H^) \ dx < .4 P' \\P(x)\ dx. 

By hypothesis, the right-hand integral converges as x^ +^ , 
and the theorem follows immediately. 

Theobem 31.9. Lei ip{x) he monotone and bounded for x ^ a, 
mid. suppose that ^(x) is hounded a7id integrahle in every interval 
[a, for t ^ a, and not changing sign more than a finite number of 
times for x > a. 

1 * df 7p(x) dx corvverges^ so does /+“ (p(x)xp(x) dx. 

2 . If lim ip(x) ~ 0 , and if fi rpix) dx is hounded for t > a, 

CO 

then <p(x)^(x) dx is convergent. 

Proof of (1). By the second theorem of the mean, for 

a < ^ ^ rr2, 

ip{x}\p{x) dx — ^(x) dx. (1) 

By hypothesis, there exists a positive number .4 such that 
|^(a:i)j < A and |^(a: 2 )| < A. Also, for every positive number e, 
there exists an x sufficiently large, say .Y, such that when 
X ^ Xi < X2. 

fix) d.x\ < ^ and jj^ 4>{x) dz\ < ~ 

Hence, 

J "*"' <p{x)\l/(x) dx < e for X ^ Xi < 

XI 

so that the given integral converges. 

Proof of (2). Since Jil^ix) dx is bounded, there exists a 
positive number A such that \f\,^j/{x) dx\ < A. Returning to 
(1), we have 

IX^ dxj ^ j I/{x) dJ\^ -f }l/{x) dxj < 2A 
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j^"^P{x) dx <2A. 


Since lim <f){x) = 0, if « is any positive number, there exists 
positive number X, such that for x ^ X, 

k(^)l < 4^- 

From (1), we then conclude that for X Xx < Xi, 


<p{x)\f/(x) dx 


Hence (p{x)-^{x) dx converges. 


EXERCISES XXI 


1 . Examine 


2. Examine 


“X 

“X 


' sin2 Zx 


da; for convergence, a > 0. (Hint; Compare 


5 25x2 + 36 


dx for convergence. Divergent. 


3. Prove: If n and a are positive, 


dx and 


sin X 


converge absolutely. 

4. Show that if a > 0, e“®® cos hx dx converges absolutely. 


5. Show that 


ja 


, dx converges absolutely. 


6 . Show that 


sm X , 

g-z-converges. 


(1 — dx converges. 

X 


7. Show that, if n and a are positive, 

r -j- 00 . 

sm X 

- dx converges. 


- dx converges. 


8 . Show that 


sin X dx converges. 


J 1 1 -f X2 

9. Prove the first theorem of the mean for infinite integrals: 
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<p{x)xli(x) = M / ^(x) dXj 

where m ^ ii ^ M. Be sure to state all the hypotheses needed. 

10. Prove the second theorem of the mean for infinite integrals: 

I Ax)I'{x) (to = ¥.(a 4- 0) I 4,{x) dx + lim >p{x) f ^(a;) tto, 
where a ^ | 

32. Infinite Integrals, Intepand Unbounded. In this section 
we shall extend the definition of the Riemann intepal to include 
the case where f{x) is unbounded in the neighborhood of a finite 
number of points in the interval of integration. * 

Suppose fix) is bounded and integrable in every interval 
[a + b], where a < a + ^ < b, and suppose that a is the only 

point in the neighborhood of which fix) is unbounded. If 

lim fix) dx exists, we define the infinite integral flfix) dx to be 

>+0 

lim R+tfix) dx. 

«-»+o 

Similarly, if fix) is bounded and integrable in the arbitrary 

interval [a, b - |], where a < h - ^ < 6, and if 6 is the only 

point in the neighborhood of which/(a;) is unbounded, we define 

the infinite integral Rfix) dx to be lim R-^fix) dx, when this 

0 

limit exists. 

If a and b are the only points in [a, &] in the neighborhood of 
which f(x) is unbounded, and if f(x) is bounded and integrable 
in [a + 6 — |], we define the infinite integral faf(^) dx to be 

f^f(x) dx + f^f(x) dx, where it is understood that these integrals 
exist according to the definitions given above, c being an arbi¬ 
trary point on [a, 6]. The sum as defined is independent of the 
position of c in [a, &]. (Why?) 

If f{x) is unbounded in the neighborhood of a finite number of 
points :ri, x^, • • • , x^ in [a, b], with 


a ^ Xi < X 2 < ^ ‘ ‘ < Xn S b, 

we define the infinite integral faf(x) dx to be 

* Further extensions of the concept of a Riemann integral will not be 
made here, for such generalizations are of no importance in view of the more 
modem treatments of integrals, such as the one due to Lebesgue. 
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dx = 

£^f{x) dx + J^7-^(a--) dx + -r • • • + £j{x) dx, 

when each of the integrals on the right-hand side exists as defined 
above. 

It is implied in the preceding definition that f(x) is bounded 
in any partial interval of [a, 6] which contains no point 

^ 1 } ^2j * * * ) 

We shall use the terms convergent and divergent in the same 
sense as in Sec. 31. 

If f(x) is unbounded in the neighborhood of only the points 
a:i, X 2 : ■ ' ‘ , Xr,. then if f(x) dx converges, where « > we 
define the infinite integral it” f(x) dx to be the sum 


£ ' * f(x) dx = f(^) dx + d:r + • • • 

+ fix) dx + if' fix) dx. 

This definition is e\'idently independent of the value of c. 

We shall leave it to the reader to formulate the definitions of 
J fix) dx and J±» f(x) dx. 

We shall now develop certain theorems which give us tests for 
the convergence of flf(x) dx. It is evident that we need con¬ 
sider only the case where there is but one point in the neighbor¬ 
hood of which f{x) is unbounded, and this point is at an end of 
the interval of integration. 

Theorem 32 . 1 , If for every positive number e, there exists a 
positive number B such that |Z — Jl+^f(x) dx\ < € for every J for 
which 0 < J ^ 6, then the integral fafix) dx is convergent. 

This theorem follows immediately from the definition of a limit. 

The infinite integral faf(x) dx is said to be absolutely co?ivergent 
if fix) is bounded and integrable in everj^ interval [a + 5], 

’where a < a + I < h? and if i\ \fix) \ dx converges. 

Since 


r 

Ja+i (z - a)" 



[(& - a)i- 


s J? 


n 1 , 


it follows that 



dx 

—■ a)^ 


,. dx 

lim I 7- 

»-j-o a)^ 


(b — a)^~^ 
1 ~ n 


converges when 0 < n < 1. The integral diverges if n ^ 1. 
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In a mamier quite like that followed in Sec. 31, we can prove 
Theorem 32.2. Let f(x) be hounded and integrahle in every 
interval [a + 5], where 0 < ^ < (6 — a): 

1. If there exists a number v,0 < v < I, such that (x — a)^ f(x) 
is bounded for a < x ^ bj then f^f{x) dx is absolutely convergent. 

2. If there exists a number y ^ 1 such that (x — aY f{x) has a 
positive lower bound (or a negative lower bound) for a < x ^ b, then 
Yaf(x) dx diverges to + oo (or to — oo). 

3. If there exists a number x', 0 < ?/ < 1, such that 

lim (x — a)^f(x) 

x -^ a-\-0 

exists, then f^f(x) dx is absolutely convergent. 

4. If there exists a number v ^ I such that lim (x — a)^f(x) 

*--> 0+0 

exists and does not vanish, then f\f(x) dx diverges; if 
(x - a)i(x) + CO, 

07 — as x—^ a + 0, then Saf(^) dx diverges. 

Theorem 32.3. If <p(x) is bounded and integrahle in [a, b], and 
if Ja converges absolutely, then Y dx converges 

absolutely. 


Example 1. Show that 
1 


X‘ 


dx 


x{S + x) 


diverges. 


Let I{x) = 


Since lim. xl{x) = by Theorem 32.2, the given 
x{3 -j- x). 3 


integral diverges. 


Example 2. Examine I /o \ \ /~ convergence. 

Jo (3 “T X)\' X 


dx 


Letl(x) = Since lim [x^fix)] = by Theorem 32.2, the 

.{d-tx)\Ix *-^+0 3 

given integral converges. 

Example 3. Examine I / —-- for convergence. 

Jo Vx(d - x) 

The integrand f(x) = l/\/xiS — x) is undefined at a; = 0 and x = S. 


= 1, we see 


dx 

P dx ( 

dx 

II 

1 

CO 

o 

o 

CO 

1 

d 

0 a/ a;(3 — a:)’ 


any number between 0 and 3. Since lim x^'~7========~ 

a;_^4_oL V x{3 — X) 


from Theorem 32,2 that 


r 


dx 


a/ x( 2 — x) 


converges. Since 
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lim 

a;—>3 ■” 0 




= 1, 


it follows that 
converges. 


r 


dx 


converges. Hence the given integral 


■\/ x{Z — x) 

EXERCISES XXn 


1. Show that 



sin (1/^ -g convergent 
X 


but not absolutely con¬ 


vergent. Replace x by I/ 2 /-) 

^x/2 . 

2 . Show that I ^ dx converges for 0 < n < 1. 

3. Discuss the convergence of /J- dx. (Hint: consider the three 

cases n 1, 0 < n < 1, « ^ 0-) , „ 

4. Prove that log sin x da: = -(ir/2) log 2. 

5. Evaluate log (1 - cos x) dx. 

6. Evaluate ji log (1 + cos x) dx. , , 

7. Examine each of the following integrals for convergence, and evaluate 


if possible: 


(a) 

(b) 

(c) 

(d) 



Sa^dx 
x^ -f* 4a^ 


Ans. 2Tra^. 


dx 

X ’ 


Ans. —» + 00. 


cos X dx. (Oscillates.) 


dx 

•%/ log X 


(e) 

(f) 

(g) 

(b) 


r 

I 

i 


X dx 


{ax + x^)' 
dx 


's /1 — x"^ 


dx 


(2x - 

X'- dx 


-yj 2a — X 


(Convergent.) 
(Convergent.) 
(Divergent.) 
Ans. dira^. 


8. Examine each of the following for convergence: 


(a) J 

r»-h« 

dx 

0 

^/(l - a;2)(l — kV). 

j 

1^4-00 


(b)J 

L 

e”®* dx. 


p+oo 

dx 


rcV"4 -h 

(d) 

p + CO 

x^ dx 

L 

(9 + 

(e) 

'0 

g-oV cos hx dx. 



dx 

Ja 

CO 

1 

'b 

> 

00 



olli df 

- dx. 

x^ 

p + eo 


(h) 

cos dx. 

Jo 


p-l-oo 

x'^ dx 


(a» + x^y 
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9. Examine for convergence: 


rs dx 

Jo Vzs - 

A ns. 

tI2. 

: C 

A ns. 

Convergent if n < 1: 

Ja (b - =')’■ 


divergent if n ^ 1. 


10 Prove; If Ja /(^) written in the form 

■*h 

tn{T.\ aT. 

a <b, 


J 


<p{x) dx 


a ib-xy 

and if there exists a positive number A, such that for values of x sufficiently 
close to 6j <pix) is less in absolute value than A, and if n < 1, then the given 
integral converges; but if for values of x sufficiently close to &, (p{x) is greater 
in absolute value than a positive number A, and n ^ 1, then the given 
integral diverges. 

11. Use Ex. 10 to show that 
dx 

converges. 


(a) 




V(1 - »")(! - 

dx 


"■'j 

o 

1 

O 

< 

1 

- -— ar 

- fc2x2) 

/erges. 


12. Examine for convergence: 




(.) j 

1 

dx. 

0 1 — x^ 


Ans. 

Convergent. 

o.)J 

(log x)^ dx. 

0 


Ans. 

Convergent. 

(.)J 

r<= 3.n-l 

- dx,0<c<l. 

'o X — 1 

(d) 

«y 

f + “’ xn~i 

[ 


(.) J 

1 -dx, 0 < c < 1. 

^0 x + l 

(f) 

r*' 

'o X 1 



f ^ X dx 




(g) 

lo (1 - 




(h,J 

C dx. 

lo 1 H- a: 


Ans. 

Convergent. 

(1) 

10 


(Converges if m 

> 0, n > —1.) 

(Hint: set a: — e “.) 








< 0, n > —1.) 

G) 

V 

1 x'^~'^(\.og xY dx. 


(Converges if m 
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(k) 

^ ^ dx. 

(1) 

c. 


(m) 

jo ^ 1 - ^ ^ 

(n) 

t. 

lo 


^-r- « 



(o) 

{ cosh bx dx. 

Jo 

(p) 

1 e x) dx. 


13. (a) Show that cos x log x dx diverges indefinitely. 

(b) Show that JJ cos x log x dx converges. 

14. Show that, if dx is absolutely convergent, then it is convergent. 

Is the converse of this statement true? Illustrate. 

15. Show that each of the following are absolutely convergent;: 


(a) 

(c) 

(d) 


sin (1 lx) dx. (b) 

Hint: Compare with 


r “ cos X dx /. 

Ji V 

J ' “ X cos X dx 
r 4 - 

X cos xdx xi sin Xi j ' 

a2 + *«-' " +£? ■■ X 

■ , C' dx 

Compare the last integral with I —- 

Jir X 


cos hx dx. 


so 

(b) e--- 

\ 

Ji / 


(a:2 + a2)2 
and then let xi 


cos X dx. 


(e) 



sm X , 
- dx. 


(f) 



cos X , 
—^ dx. 

V ^ 


(g) 



sin X cos ax 

dx. 


16. Define f_^f{x) dx and ft^f{x) dx 'when f{x) is unbounded in the 
neighborhood of a finite number of points. 


PART E. INTEGRALS CONTAINING A PARAMETER 
33. Derivative of a Definite Integral. We shall consider the 
function <p(a) defined by means of the definite integral 

(p{a) = f Y “) dx, (1) 

*/aT = a(a) 

where both a(a) and b(a) are continuous and differentiable 
functions of the parameter a within the region c S (x d] and 
where f{x, a) is assumed to be a continuous function of the 
independent variables x and a. in the region a{a) ^ ^ h{a)^ 

c ^ (X ^ d. 
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Since «) is a continuous function of x and a, it follows 
that f(x^ a) is also a continuous function of x and a continuous 
function of a. It then follows that f(xj a) is integrable with 
respect to x over a ^ x ^ h. 

Let Aa^ Ah and A(p denote the increments of a, h, and <p, respec¬ 
tively, when a is increased by Aa. Then 

J f'b -r 

X b , /•6'4-A6 

/(x, a + Aa) drr f(x, a + Aa) dx. (2) 

From ( 1)5 we find that 
A(f = ^(g! + ^ <p{^) 

— f /(^y ^ da: + r [/(a:, + Aa) — f(x, a)] dx 

g/a-r^ci Jo. 

+ fix, a + Aa) dx. (3) 


By the theorem of the mean, 

P f(x.j a + Aa) dx = -~(Aa)/(^i, a + Aa), 

Ja-^Aa 

a + Aa ^ ^ a, 

“ + Aa), 

^ ^ ^2 ^ h 4~ A6. 

We shall assume that ^ = lim exists 

da Aa-^o Aa 

and is continuous. Then, by the theorem of the mean, 

[f{x, a + Aa) — fix, a)] dx = Aa^ faix, a + 8 • Aa) dx, (5) 

where 0 < 0 < 1 and /« = df/da. Substituting the values 
found in (4) and (5) in equation (3), dividing by Aa, letting 
Aa —> 0 , and noting that a, ^2 —> b, we find that 

s/' \ i C ^fi^} xi/v. j_ ^ 

& - -«“• s; + J. S' 

If 6 and a are both independent of a, (5) reduces to 

^ ^ p d/(a^, «) 

da Ja da 
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A simple graphical picture of the various quantities involved 

here may be easily obtained. The 
functions S{x, a) and f{x, a + Aa) 
are represented by the curves DC 
and IF, respectively. <p{a.) is rep¬ 
resented by the shaded portion of 
the area, and by the unshaded 



- 

three integrals appearing in (3) give 
the areas of the strips JAHI, DCGH, and BEFG, respectively. 

It is an immediate consequence of (7) that <p{a) is a continuous 
function of «in the region considered. 

Example 1. Find dv/da if <p{a) = filfoa 20 ~ sin {2ae^^)]dx. 


d<p 

dot 


= —[(cos^ — sin ^“](— 2 sin 2a) 


+ 


p [6a;2„5 _ 2e2» cos (2«e3»)] dx + - sin (2ae5“*)K3a2). 

^/cos 2a 

EXERCISES xxrn 

1. Find the derivative with respect to a of each of the following integrals 


dx. 


(b) r 

Jsin a 


dx. 


So 

X log a . 

sin {x -{- a) dx. 

2 By means of (6), find the derivatives with respect to a of each of the 
follovdng integrals. Check your results by first integrating and then 
differentiating with respect to a: 


j: 


X dx. 


cd dt. 


J *a5 

..'»S 


tan {t + a) dt. 


(X 4- O') dx. 


(a) 

(C) P sin-1 

34. Integral of a Definite Integral. In the previous section we 
found a w^ay to compute {d/da) Jaf(^> “) integral 

may be computed in a similar manner. In fact, 

r Cfix, a) dx da = T T f{^, “) 3a dx (1) 

Ja^ Ja •'“o 

when a and h are constants. 
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Example 1. Consider 

'1 


/: 


X cos otx dx ~ 


Apply (1) ^1^® result. The left member of (1) gives 


x:i‘ 


X cos ax dx doL = 


sin o: 1 — cos a\ 
a ) 


da, 


and the right meraber of (1) gives 

i'x; X cos ax da dx ~ (sm — sin aox) dx 


1 — cos , 1 — cos QJo 


Hence 


sin a 


a 



1 — cos /3 
da — — 


1 — cos ao 

ao 


EXERCISES XXIV 

1. By integrating <p(a) = JJ dx = l/(a + 1), show that 

— X" , , m -jr 1 

I “i- dx=log - —* 

JO log ^ n + 1 

2. Construct an illustration of (1) in which the left member of (1) is not 
easily evaluated by direct methods. 

35 . Uniform Convergence of Infinite Integrals. In general, 
the theorems and properties discussed in Secs. 33 and 34 do not 
hold for infinite integrals like a) dx. Hence we must 

determine the conditions under which these theorems and 
properties are valid. As in the case with infinite series, we are 
led to the concept of uniform convergence of infinite integrals. 

We first consider the infinite integral a) dx, where 

jix, a) is bounded throughout the region aSx^a\b^a^b' 
for all values of a' ^ a. The integral jt"" f{x, a) dx is said to 
converge uniformly to its value <p(a) in 6 ^ a ^ 6', if for every 
positive number e there exists a positive number X such that for 
every a in 6 ^ a ^ 

(p{a) - r^Ax, a) da:! < 6, for a;i ^ X, 

From this definition many theorems may be proved. We 
shall state a few of them below. We shall omit the proofs of 
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these theorems since they so closely parallel the theorems gh^eii 
Chap. IV. 

Theorem 35.1. A necessary and sufficient condition that 
J j «) converge iiniformly in h S a ^ V, is that for every 

positive number e there exist a positive iiumber X, mch that for 
every a ini ’A a \f%lf(x, a) dx\ < e when > Xi'^ X. 

Theorem 35.2. If a) dx converges uniformly in 

i S ca ^ b\ then for every positive number e there corresponds a 
positive number X such that for every a inb ^ a ^ V, 

I * f(x, a) dx < €, 

when xi ^ X. 

Theorem 35.3. Let f(x^ a) = X(xj €i)ix{x)j where X(x, a) is 
a continuous function of (x, a) in a ^ x ^ a\ b S a S 6', for 
all a' ^ a, and where y(x) is bounded and integrable in the interval 
[a, a']. If /(a;, a) dx converges uniformly to (p{a) in [b, b'], then 
(p{a) is a continuous f unction of a in [6, 6']. 

Theorem 35.4. If f{x, a) satisfies the condition's of Theorem 
35.3, then if a and ao are any two points in [5, 5'], 

P f(Xj a) dxdoL = O') dadx. 

Jceo Jo. Jo Jocq 


Theorem 35.5. Let f{Xj a) and {df/da)x have the properties 
stated in Theorem 35.3. If a) dx converges to ^{a) and 



dx converges uniformly in [6, 6'], then ^{cl) has a 


derivative at every point in [b, ¥], and ip\a) 



We shall now consider the convergent integral fa fix, a) dx, 
where fix, a) is unbounded in the neighborhood of points on 
X — a', and is bounded for a g rc g a' — b ^ a ^ when 
a < a' — ^ < o!, 

The integral fa fi^, oi) dx is said to be uiiiformly convergent to 
^(a) in 6 ^ a ^ V, if for every positive number e there exists a 
positive number b such that when 0 < ^ g 


^ioi) — ^ fi^, oi) dx < € 


for every amb S ol SV. 



gEc. 35] INTEGRAL CALCULUS 303 

It should be emphasized that the same number 5 must serve for 
every a in \J>, V]. 

Theorem 35.6. A necessary and sufficient condition for the 
uniform convergence of ft f{x, a) dx to \p{a) in b ^ a ^ b' is 
that for any preassigned positive number e, there shall exist a posi¬ 
tive number 5, such that for every a in [h, b'], 

I P " fix, a) dx\ < € when 0 < g 6. 

“ I 

Theorem 35.7. If ft f(^j of) dx is uniformly convergent in 
[h, h% then for any positive number e there exists a positive number 
5 , such that for every a in [b, b'f \ft-^^f{x, a) dx\ < e when 
0 < ? g 6 . 

Various modifications of these results must be made when 
/ is unbounded in the neighborhood of certain points on a: = a, 
or more generally, onx = Ui, a 2 , • • • , a„. 

Theorem 35.8. Let f{x, a) = X(a:, a)iJL{x), where X(a:, a) is a 
continuous function of (x^ a) in a ^ x ^ a', b S a S b\ and where 
}i{x) is bounded and integrable over [a, a'] except in the neighborhood 
of certain points on a; = Ui, • • • , a^. (/) If /(x, a) dx is 
uniformly co7wergent to in [ 6 , 5'], then f/(a) is a continuous 
function of <x in [ 6 , 5']. (II) Also 

P P f(^j <^) dx da — P/(x, a) da dXj 

Jaa Ja Jo, Jao 


ichere ao and ^ are any two points in [b, 6']. (HI) If (df/da)x 
satisfies the same conditions as /(x, a), if ^l/(a) converges, and if 

— ) dx converges uniformly in [6, 5'], then if'(a) exists in 
a \dajx 

r©.* 


[ 6 , V] and equals 


Example 1 Prove 


Jo 


sm X 

X 


Consider the integral I 


=X 


dx — -- 
2 


dx, « ^ 0. Evidently, 


e~^^/x is monotonic in x when a; > 0. By the second theorem of the mean, 
when 0 < cci ^ ^ ^ 



-sin X dx 

X 


-«x 

- I sin X dx 

Xi Jcei 



sin X dx. 


( 1 ) 
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sin X dx I 


Xi \jxi 


sin xdx -\- 


sin X dx (2) 


Since !/; sin xdx\i2 for all values of r and s, and « 0, 

I I ' sin r < 4— < (3) 

If X, > X. S: :r„ and if :ro > 4/., then for every « S 0, the left member of (3) 
is less than". This shows that the integral / is uniformly convergent to 
By Theorems 35.3 and 35.8 we know that ^{cc) is continuous for 

ago. Hence, 

f-^"sinr, I 

^(0) I -- dx = hm « 


From Theorems 35.5 and 35.8, for a > 0, 


Q-ax X dx. (4) 


The latter integral may be shown to converge uniformly for a g ao > 0. 
Since id dxle— {cos x + a sin x) = -(«= + De'^ sm x, we have 

I e-sinxdx 

so that /(a; = -1.- (1 + and ^(a) = -tan-i „ + c, where C is a 
constant. Since lim <pia) = 0. C = 7r/2. Hence 


-j; 


fp(a) = 


By (4), we have 


sin X , TT , 

Q-ax - dx — tan ^ < 

X 2 


sin X , T 
-dx = 

X 2 


Example 2. Prove e dx = V^/2. 

Since 0 < c”®' < e"* when x ^ 0, it foUows by Example 1 and Theorem 
31.4 of Sec. 31 that the given integral is convergent. Let 




Then, by (10) of Sec. 19 


- '’■*) - XT 
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where K is the region bounded by the lines x = y ^ 0, x - y L Since 
K contains the first quadrant of the circle and is contained 

in the first quadrant of the circle and since > 0 when 

r > 0, 

that is, 

7(1 - e-<=) S ^ ^(1 - e-»'). 


Therefore 


Example 8. 



dx = iim (pit) 

i—+-|- « 

dx = 



2 


dy, it folio wb< at once 


from Example 2 that 





dx 


2« 


Example 4u Show that /f* cos (x®) dx = sin (x^) dx — \\/v/2. 

We shall evaluate these integrals without justifying the operations used. 
By Sec. 7 of Chap. V, = cos x'^ — i sin x-, where = — 1. Hence, by 
Example 3, 




+ 00 


dx 



cos dx 



sin dx 


V 

2V^- 


Since \/ 7r/2 \/i = |a/x/ 2(1 — t), we find by equating real and imaginary- 
parts the results stated in the example. 


EXERCISES XXV 


1. Show that JJ'*’ c”"* dx converges uniformly in a ^ ao > 0. 

2. Show that dx converges uniformly in cc ^ oto > 0. 

3. Determine an interval in which /f" dx converges uniformly. 


4. 

5. 


Determine an interval in which 

Determine an interval in which 



dx converge* uniformly. 
dx converges uniformly. 


6. Prove that if /(x, a) is bounded and integrable in a ^ x ^ a% 
h ^ ce for all a' ^ a, then a) dr converges uniformly in [6, 

pro\dded there exists a function \(aj), independent of <3c, such that (I) X(x) > 0 
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when X ^ a; (II) lf(x, a)\ ^ X(a;) when x ^ a and b ^ a and 
Jj®' Hxi dx exists. " 


7. Show that 


r 


cos X 


dx converges uniformly for a >0. 


S. Show that cos xdx converges uniformly for a ^ 


9. Show 


"■“X 


«0 > 0 . 


sin <xx 


■ dx converges uniformly for o; ^ ojo > 0 

10. Show that j J x^~'^ dx converges uniformly for 0 < ^ a: < 1 

11. bhow that jlx°‘~^e~^ dx converges uniformiv for 0 < 

tri n_ Ti* / X - , ... 


• bounded in x ^ a, b £ c ^ b', and for werv „ 

m [6, 6 ] IS a monotone function of i, if ^(x) is bounded and does not chano-^ 
sign more than a finite number of times in [a, a'] for any a' > a anrilf 
lb7}'^^ ^ exists, then /+» B(x, a)Hx) Bx is uniformly conver^t in 

Ei^uate the following integrals by differentiating with respect to k 
bnovi that the operations involved are permissible. 


'Jo log a; 

I 


sin kx , TT 


14. Prove 

15. /J« e-i^= dx = i V^Th. 

16. f ^ 1- 3 • • ■ (2w - 1) 

Jo 2 2”A;’*+i 

17. From (16) prove xH - log a:)« dx = ot!/(ji + 

X 1 +1* ~ 2 eos (iw/2) ° < 1- 

19. From (18) prove f " ^ dx sec ^ tan 

JO 1 T a;- 4 2 2 


20. j J log fl -r ^ cos a;) dx. 

21. JqX^ dx ~ 1, (A: -f- 1), A; > — 

22. Prove that ^ 


^ 

Jo 


‘ cos X 

23. Prove that Jj* dx = l/h. 

24. Prove that f 


k>l. 


Jo + 2 ^/i^ 


25. From Ex. 22 show that 


r log- 
Jo a 


— cos X 


■ cos X 


dx 


r log 


26. From Ex. 23 show that /+« dx == n\/k^^\ 


h + \/6" ~ 1 
u + - 1 


27. From Ex. 24 show that 


i: 


dx 


_’t J • 3 (2n - 1) 

(a:»+ &)»+! 2^-4 •• . 2n*’*+i ' 
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28. I 


cos mx dx — k/(k‘ + m®), fc > 0. 


29. Obtain by integration from Ex. 28 the relation 


X' 


- dx = - loa;-- 

X sec mx 2 A;^ -f 


30. sin mx dx = m/{k^ -j- m®). A: > 0. 

31. From Ex. 30 obtain by integration 


^+00 

Jo 


—kz 


, u k 

- dx = tan”i-tan"’^ — 

X CSC mx m m 


32. From Exs. 28 and 30 find the values of 


J ^+ao ^ + 

^ xe cos mx dx^ x'^e sin mx ax. 


33. From Ex. 23 show that 

34. From Example 3 show that 


p 4- 00 

^ Jo 


■ dx = log — 
u 


X 


+ _ ^_„23.2 


dx — {u — k)’\/T. 


35. By differentiating, prove 


fjlog (1 -- 2a cos X + dx = j ^ < }’ 


PART F. SPECIAL FUNCTIONS DEFINED BY MEANS OF DEFINITE 

INTEGRALS 

36. Gamma Function. We here consider the integral 
j^oo ]gy methods given in Sec. 31, it is easy to 

show that this integral converges, and hence defines a function of 
n, for all positive real values of n. This function is called the 
Gamma function: 


r(n) = dx. (0 < n < + cc ) (1) 


In particular, 


r(i) = 1 . (2) 

An important property of the Gamma function is given by the 
equation 


Tin + 1) = nr(n), 


(3) 
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the proof of which is obtained by integrating by parts: 


r(nj 


/’-« 1 _ i 1 f' 

_ I dx = -x’‘e ^ +■ « I 

Jo n Jo njo 


x^e ® dx 


= ir(M + 1). 

n 


FTom (3) and (2), we find upon setting 

rt = 1. 2. 3, • • • , n + 1, 


successively, 

r( 2 ) = 1 - r(i) = 1-1 = 1. r(3) = 2 • r(2) = 2-1 = 2 !, 

r(4) = 3 ■ r(3) =3!. - - • , r(« + 1 ) = nl (4) 

In view of property (4), r(M + 1) is sometimes called the 
Suctorial function, and is in fact one generalization of n! to the 
ea.se where n is not a positive integer. 

Relation (3) also shows that the values of the function may be 
determined for all n > 0 if it is determined for all values of n 
over a unit interval. For this reason, in constructing tables of 
r(n), it is sufficient to construct such a table for values of n from 
1 to 2. 

When ft < 0, the integral (1) diverges and hence fails to define 
a function. However, w^e can extend the definition of r(?i) by 
means of equation (3). Let — 1 < n < 0. Then r(n + 1) is 
defined by (1), since {n + 1) is positive. We define r(n) for 
— 1 < n < 0 by means of the relation 


r(n.) = 


r(n -h 1) 


(5) 


Let -2 < n < -1. We again define T(n) by means of (5), 
since in the right-hand side of (5), r(fi -f- 1) is now known. This 
process of extension of the definition of r(n) can be carried on to 
include all negative real numbers n, except the negative integers 
and zero. (Why?) 

From (3) it is easy to see that if fc is a positive integer, 

r(n + 1) = n(n — 1) {n — k)Tin — h), (6) 

and 


ritt -i- hi = (m -r A" — 1) 


(n -F l)nr(M). 


(7) 
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By means of various transformations the integral (1) may be 
reduced to other forms. For example, the transformation x ~ ay 
reduces (1) to 

r(n) = (8) 

the transformation x = y'^ reduces (1) to 

r(n) = 2^'^ “ dy, (9) 

and a; = -(m + 1) log y reduces (1) to 


From (9) with n = |, we find by Example 2 of Sec. 35 that 

Many other similar forms of (1) are given in the exercises below. 
By the methods of Sec. 35, it is possible to show that (1) is 
uniformly convergent for all values of n ^ N, where N is any 
positive number. From Theorem 35.3 we can then conclude 
that r(n) is continuous for all positive values of n. 

By Theorem 35.5 the integral 

r(n) = dx, (n > 0) 

may be differentiated with respect to n under the integral sign, 
giving 

r'(n) = log X dec, (12) 

From Ex. XXV, 33, we know that 

loga: = (13) 

Substituting (13) in (12) we have 

r'(ra) = J J x’‘~^e- dadx. (14) 


jy-i 

yj 


dy. (—1 < m, 0 < rt) (10) 


r(n) = (m H- 1) 


’T y^^log 
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By Theorem 35.4 the order of integration in (14) may be inter¬ 
changed, gi\ing 


™-f T 
■ff 


^n-lg a: 


— Qx da 
0 « 

-rx 

Using relationships (1) and (8), we see that 
r'(n) = 


dx da. (15) 


«L (l+a)'‘J“'“- 

The Gamma function was defined by Weierstrass by the 
equation 




where z is a complex number, and y = 0.5772 
constant. Euler showed that 


is Euler^! 




EXERCISES XXVI 


1. Prove that (1) converges. (Hint: Prove that /J dx converges 

for 0 < n < 1, and dx converges for all real values of n.) 

2. Prove (2 s (6j, and (7). 

3. Prove rXij —^ « as ti -f 0. 

4. Make a table of values of r(n) for every half integer and graph your 
results. 

5. Verify the reduction of (1) to forms (8), (9), (10), and (11). 

6. Prove that (1) is uniformly convergent for all ^ iV > 0. 

/ -I \ 1 


7. (a) From (16) show r'(l) 


(b l From this relation and (16), prove 


= r^(i) + 


-X 

(16), prov 

fir 


-f « (1 + oc)- 


(e; From the expression for r'(w)/r{7i) found in (b), show that when n is 
an integer greater than one, 
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=: f [r2 + rs + 

r(n) Jl 




Hint: In (b) set i == 1 + a. 

Remark. The value of the constant r'(l) is known as Euler’s constant. 
It is denoted by +7) where y — 0.5772157 • • • . 

(d) From the results of (b) and (c), prove that 


T(n) 


1 1 

-, + i+j + 5 + 


y 

—— dy 
0 1 


d- 


n — I 


sin rnr 


show that 


r(w) - r(l — n) 


(b) From (a) prove 

\nj \nj \ n J 

(e) From (b) show that 

k^l 

(d) From (c) show Jj log r(a:) dx = log V^- 
Hint: In (d) let 1/w = ^nX. Then let n ^ 

37. Beta Function. The integral 

( 1 ) 

converges for m and n positive and so defines a function of m 
and n called the Beta function: 

B{m, n) = dx. (m > 0, n > 0) (2) 

Evidently S(m, n) is symmetric in m and that is, 

jB(m, n) = B{n, m), (3) 

for the transformation x = 1 — y reduces (2) to 
* B(mj n) = (1 — y^m-iyn-i ^y = (1 — dx 

= Bin, m). 


(4) 
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As m iht case of the Gamma function, various forms of the 
Beta function may be derived by a change of variable. Thus, if 
in (2) we set x = y/a, where a is a constant, then 

«) = <iy> (5) 

if in ^2^ we place x = sin- have 

B(m, n) = sin2"»-i ^ cos-”“^ ^ d^p; (6) 

if we se% = y/(y + 1), w’e find that 

yrn-l 

. (1 + »)■« P) 

38. Relations between Gamma and Beta Functions. From 
(9) of Sec. 36, w'e have 

r(m)r(n) = 4j^ ' * dxj^'^ d?/ 

= 4^ ‘ jT ' “ dxdy, (1) 

This aoobie integral is to be taken over the first quadrant of the 
,r|/-plar!ft. With polar coordinates, (1) may be written 

, rir/2 /• -r w 

rim)r(r(i =41 I .;.2(m+»-i,p-rSsin2»<-i e cos^-^-^erdrde 

"" fo^ * r2(»‘+»'-V-’-= sin^”-! d cos2“-i 6 dr d6. (2) 

From (9) and (6), we find 


Herjft 


r{7n)r(n) = B{m, n)r{m + n). 


. r(m)r(n) 

Bim, n = . , 

r(m + n) 


Example 1. f o{l - da-= 5B(I, 41 • 

Jo ■ r(Jjf) 

Since r<|.; = rif! = V*-. r(4) = 3!, 
rwi = .|.|. 


we find 


^^5(1 -z)>4a:7da: = H. 


(3) 

(4) 
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Example 2. 


Evaluate the Dirichlet integral 



dx By dz 


(5) 


over that portion of the first octant which is bounded by the ellipsoid 
-h — 1 and the coordinate planes. 

To simplify matters, we shall let == a% = hhj, Then our 

problem is to evaluate 


/ = 



617 dt 


over the octant bounded by the coordinate planes and ^ t? -r s’ = 1. 
Putting in the limits and integrating, we have 


aJ'b'^c' 

~~8~ 

Sn 




i^i pi 

Jo Jo Jo 


,2 j.2 


I j >7* (1 — I ~ v)^ 3l? dl. 

Jo Jo 


By (5) of Sec. 37 this can be written 


I = 


4?^ 


J '’i I - m4-n / \ 


By (2) of Sec. 37 and (4), this is equal to 


I - 


4n 




V{l/2)r{m/2)V{n/2) 

S /1 \ 


(b; 


If / = 1 , m- = 1 , 71 = 1 , the integral (5) gives the volume of an octant of 
the above ellipsoid: 

y ^ xabc 

S r(|) 6 


If ^ = 3 , m — 1 , n = 1 , (5) gives the moment of inertia of this volume 
with respect to the 2 / 2 -plane: 


VZ 



dx By dz = 


a^hc r(|)r(t)r(^) 


s r(j) 

EXERCISES XXVn 


TO^bc 


1. Verify (5) of Sec. 37. 

2. Prove that if integral (5) be taken over the octant bounded by a portion 
of the surface 
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P 


a/ 



= 1 


and the three coordinate planes, then (oj is 


I 


Qi'fjmQU r(2/p)r(m/g)r(n/r) 


pqr 


/i+”+5 + l') 

\p q r J 


(7) 


3. Prove 





ra)r(m) X . y 

——-——. over - + - ^ ft. 

4“ “f" 1) CL h 


a‘b’^ T(l/p)Tim/g)^^+^ 

+ ” + 

\P Q 



PART G. NUMERICAL INTEGRATION 
39. Numerical Integration. By Theorem 13.1, the evaluation 
of S^/(» dx depends upon the determination of an explicit 
representation of the function J S{x) dx. It often happens that 
it is inconvenient or impossible to obtain such a representation 
of f f(x) dx; for example, f(x) may be given by a complicated 
formula or merely by a table of values for certain values of x. 
In such a case it is necessary to rely on certain formulas which 
give an accurate approximation to Blf{x) dx. We shall now 
derive some of the most useful of these formulas. 

It is evident that 


r + a-) rfjr = + x)dz + + x) dx. 

Replace x by a:' — (1/2) in the second integral and by (1/2) — x' 
in the third. Then 

X I- 2 

Sic + x) dx 

- 1/2 

We define ^(x) and ipjtCx) by the relations 
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<p{x) = f{c + l-x^+ f(c - i + x); 

= /'«(c + J - x) + (-l)Y®(c - ^ + x),. 

where fc = 1, 2, 3, • • • . If we evaluate the second integral in 
(1) by repeated integration by parts, we find that 

+ a;) dx = [{x + Bil)<pix)]\f^ + (x.+ Bil)<pi{x) dx 

= [(x + B{l)<p{x)]r + ^[(x^ + 2Bdx + Bd^)^^(x)Y/^ 

+ i[(x* + 3B^lx^ + 3Bd^-x + Bd^)<p,ix)]V^ + • • • , (2) 

where the B’s are arbitrary constants. 

To obtain formulas useful for computational purposes, we shall 
require the B’s to be such that upon making the substitution 
X = 1/2 in (2), the coefficient of <pk(l/2) is 0 for every even k, 
(Pk(l/2) itself being 0 for every odd k. We are thus led to the 
conditions 

1 -f. 5i = 0, f + jBi + 1^2 + ^3 = 0, . . 

•gV d” “b ^'B2 + ^Bs ^B4, + ^5 = 0, 

and under these conditions (2) reduces to the form 



+ x) dx 


B^im + ^wi(O) + ^^2(0) 


+ 


Bd^ 

4! 


‘iosCO) + • • • 


(4) 


Let \P(t) = f(c + rl) +/(c — rl). Then 


dr^ 



(-~0V.(0). 


If we expand \l/{r) by Taylor’s series about r = —-I, we find that 

^272 P373 

m = m - bi<pm + ^<pm - ^^aco) + • • -, (5.1) 

where E = r + •!. Likewise, if ;S = s + T = ^ + i, * * ’ , 
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then 

sm 

^(s) = ~p(0) — Sl^iiO) + — ■ ■ ■ > (5-2) 

^(t) = j(Oj — Tl(pi{0) + — ■ • ■ > (5.3) 

and so on. If we multiply (5.1) by —Klf2, (5.2) by —Ll/2, 
(5.3) fay —Ml/2. ■ ■ ■ , and add the results to (4), we obtain 

the formula 



^x)dx = ^K>P{t) + L^(s) + Mm + • ■ ■ ] 

- \i(b, + 4“)^(0) + ^{If - (6) 

+'■(&+AiV"'+'(n - 

= |{Ji:^(r) +Lm) + • • • ! 

— [?)o^(0) + ?>i^i(0) + 2>2^^2(0) +*'*], (7) 


where 

Aq = K+ L + M-^ ' ‘ * , 

KR + LS +MT + ' - , (8) 

As = + Mr- + • * * . * • • - 


We impose the additional requirement on the iT, Z/, M, • • • 

that 

5, = 5s = 54 = he = hs = * • * =0. (9) 


It follows from (3) and (9) that 

1 “T *2Hi = 0, 

B, + SBs + 2 B 3 = 0, 

+ 4 B 3 + 0 B 4 + 2B, - 0, 

Bz + 5B4 + 9B5 + TBe + 2B7 = 0 , 


Bl — 2-^0? 

Bz — 

B, = -fA4, (10) 

B, = -iAe, 


Hence 

Bs = As d- iAo, B4 = A4 + A2 ” ^-^ 0 , 
Be = Aa -fA4 — fAs + • • * . 


(11) 
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Let ^k{^) denote the fcth Bernoulli polynomiaL* i.e., 

^o(x) = 1, - 2a:s + 

)3i(x) = ar - i, i^sCa:) = a;* - + fa;» - |a:, 

jSaCa:) = a:^ - a: + |, ^eCa:) = a;« - 3 a:® + fa:^ - fa:* + 

= a:® - + ia;, . 

Then by (6) and (7) 

]k-rl 

bk = (A odd) (12) 

where denotes the result of substituting Ai for x* in the 

(k + l)tti Bernoulli polynomial ^k+i(x); e.g., 

^2{A) — Ao — -|- |Ao. 


Thus (6) reduces to 



+ x)dx = ^imr) +ms) + ■ • ■ s 

odd k 


If we let yk+i(x) = ^k+iix + |), so that 

7o(x) = 1, 

Y2(x) = X® - 
'>'4(x) = X^ — Jx® + 

76(x) = X® — -|x* + yVa^^ ~ xiii) 
78(a:) = a:® - ^x® + |^x* - 


then 


^k+i(A) = m+i{R) + Lh+i{S) + 

= Kjk+iir) + Ljk^iis) + • 


(14) 


and (13) may be written in the form 


J- 


i/2 1 

f(c + x) dx = ^{K}p(r) + L\f>(s) + 
!/2 ^ 


+ Lyk+^{s) + • - • 5^.(0), (15) 


Oddfc 


* See Steffensen, ^Tnterpolation,’^ See. 13. 
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where, by the first equations in (10), the only condition on 
K,l'm^ ■ • • is that 

* 4 osE:+L + M+ • • • +P = 1 . ( 16 ) 

If there are v constants K, L, • • • , P, there remain v — \ 
conditions to impose on K, L, • • • , P. Let 

hx = bz-=bs= ■ ■ ■ = = 0 . ( 17 ) 


By ( 15 ), 

Kyi(r) + Lyt(s) + • • • + Pyi{w) = 0 , 

Kyiif) + Lytis) + • • • + Pyi{w) = 0 , 

Kyzf-iir) "h Lt2>.-2(s) + • • ■ + P72>—2(w) = 0. ( 18 ) 

By ( 16 ) and ( 18 ), K = Ai/A, where* 


A = 

1 

72(r) 

T4(r) 

1 

72(5) 

74(5) 

1 

. . . yiiw) 

. . . yi{w) 


T2p- 

-2(r) 

T2p~2(s) 

. . . y2v-i{w) 



1 

1 

1 




0 

72(5) 

• 72(w) 


Ai 


0 

74(s) . , 

. yi{w) 

• 



0 

72»-2(s) . 

■ 72.-2(t0) 



Because each pohmomial yzmix) contains terms of only even 
degree, the first term being x^, A and Ai reduce to 



1 

1 

. 1 

A = : 

p- 

S2 . . 

. 


2 

- 

. . 



s- — 

02 

e- - a2 

. yj2 _ 

CL2 

— 

04 


• w* — 

O4 


— 2 

— 02.-_2 • • 


” (l2v~.l 


( 20 ) 


where us = Xi = 2IT5’ 

* See See. 4 of Chap. VI. 


_ 1 

■ ■ ’ “ 22”‘(2m + 1)’ 
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In particular, we have 

j,-l, (- = 2. 

)K = 1 , 


( v = 3, 


„ _ — a2 \ Tz ^ ■" ^ 2 ( 5 “ 4- 1‘^) + ^4 

^ - o2 _ .2^ * ^ - (^2 ^2)(^2 _ ,.2) 

( v = 4 ., 

) s Hhi^ — 4- + f^vP) + 4- ^“ + 24) -- ae 

I X = - (g2 _ 2’2)(^2 _ y. 2 y^y 2 _ ^2^ 

The other coefficients, L, M, • • • result from suitable permuta¬ 
tions of r, s, ^, • • • • 

So far, r, s, t, • ‘ ‘ have been arbitrary. By specializing 
them we obtain all the well-known Newton-Cotes, Steffensen, 
and Gauss quadrature formulas. For example, if we take 
y = I 7 * = i, we obtain from (15) the Euler-Maclaurin formula: 


odd h 


( 21 ) 


where the first term is called the trapezoidal rule, and where the 
B’s are the Bernoulli numbers: 

Bi = 72(4) = 1^2(1) = 5, Bi= —^6 = 1^, • • • . 

If we write c — ^ = Xo, c + 2~ “ 2) ~ yo,f(^c d" ^2 ~ 

and apply ( 21 ) to successive intervals [xo, Wi], [0:1, X2], 
, [Xr^i, x^], and add the results, we find that 

f{x) dx = ^(j/o -h 22/1 + 22/2 + + 22/n_i + 2/n) 

- - SA"!. ( 22 ) 


I 


odd k 


where h is the common interval length xi — Xq, If we take v — 2, 
r = s = 0, we obtain from (15) Uspenskies formula: 

ri /2 I 

I + x) dx = g(2/o 4- ^yi 4" 2 / 2 ) 

odd A;>1 
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where the first term is called Simpson’s rule. It is seen that 
= (l - 25^)^-”*- successive 

iutervaii". (Xg, X2]. [^^2, ^4], • • * ? [2^271-^2? and add the results, 
we find that 

fix) ax = |(2/o + 4^1 + %2 + 4?/3 + 2^/4 + * • • 

+ 2y2n-2 + 4l/2n-l + 2/2n) 

- 2 ?F+T^(^ “ - !/<.«), ( 24 ) 

oddk>l 

where k is the common interval length Xi — xq. A formula to 
be used in Chap. Ill is obtained by taking v = 2, r = l^s = Q 
in (15). Omitting the remainder, we have 

4h 

J /(a.) dx = y(22/i - 2/2 + 22 / 3 ), (25) 

where h k the common interval length Xi — Xo- Gausses for¬ 
mulas are obtained from (15) by specializing r, s, i, • • • so that 
additiona: b^s are zero. 

It should be observed that (15) is a perfectly general formula 
for the case where the ordinates yi are spaced symmetrically 
about the mid-point of the interval [—1/2, 1/2]. For further 
speeiaJ cases of (15) see: Steffensen, Interpolation/^ Sec. 16; 
Whittaker and Robinson, ‘‘Calculus of Observations.’^ Ques¬ 
tions relating to the convergence of the series in (15) may be 
dealt with by including the remainder term in (2) and (5). 

A-yiiiinetric formulas may be obtained by forming linear 
cumbiiiations of (15). For example, 

dx = P‘/(^) dx + PV(^) dx. (26) 

J^t Jx9 Jxi jxa 

By 1 21 aiid (23), we have (omitting remainder terms) 

fix ) df = ^ ^(1/0 + %i + 2/2) — 2(2/1 + ^2) + ^(2/0 + Vi ) 
= ^(%o + 8t/i - t/ 2 ). (27) 

This formula is more accurate than the fiirst term of (21) and 
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avoids the necessity of introducing extra points of division, 
such as [^A'hile (21) was used in deriving (27), much of the 
error attendant upon omitting the remainder in (21) is made up 
because (26) involves the difference between the last two terms 
in it.] 


EXERCISES XXVm 

In the following exercises use both (22) and (24). Take two different 
values of n, say n = 3 or 4 and n — 10, and use sufficiently many remainder 
terms to attain the required accuracy. Compare the amounts of labor 
involved in each computation. 


1. Evaluate 


2. Evaluate 


s 

s: 


- dx to compute log^ 10 = 2.30258509. 
1 ^ 


; dx to compute tan-^ 1 = ^ = 0.78539816. 


'o 1 + 

3. Evaluate 2/\/^ Sj e"*' dx. Ans. 0.84270080. 

4. Evaluate each of the following to eight decimals: 

(a) Sg \/4 + dz. (b) SJ^Mogiocossdi. (c) SJ'* - 

5. Use a mean-value theorem for integrals to show that 


(a) 


Jix) dx = -( 2/0 + yi) 




xo < i < xi. 


(b) I J(.x) dx = ^(2/0 + iyi + yl) - ^ /<>({), Xo < { < x,. 
fxo o yu 

6. Find expressions, similar to those in Ex. 5, for the remainder after m 
terms of the summation in (22) and (24). 



CHAPTER III 

ORDINARY DIFFERENTIAL EQUATIONS 

PART A. ELEMENTARY TYPES 

1. Introduction. In many branches of mathematics, me¬ 
chanics, physics, and chemistry, there arise equations involving 
derivatives or differentials. Such equations are called differential 
eQuatioTis. The following are t37pical differential equations. 


1 -^' 

(1) 


(2) 

^ + B§ + D».£sinp<. 

( 3 ) 

d-y J-v 
dP- dx^ 

( 4 ) 

gif d^T . 
dx^- ^ dy^ 

( 5 ) 

d-v d"-v dhi ydv 

dx^'^ dy^- dz^ Bt' 

(6) 


Equation (1) appears in the study of the disintegration of radio¬ 
active substances and in various problems of growth; equation 
(2) is involved in the study of simple harmonic motion; (3) occurs 
in the study of oscillating mechanical and electrical systems; (4) 
represents the transverse 'subrations of a stretched string; (5) 
is used to obtain the lines of force and lines of constant potential 
in electrostatics and hydrodynamics; and (6) is the equation for 
the conduction of heat through an isotropic medium. 

In this chapter we shall give a few elementary methods for 
sohdng equations which involve only ordinary derivatives, and 
in Chap. VII we shall take up the question of solving equations 
containing partial derivatives. Many physical applications of 
differential equations will be given in the exercises. 

322 
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2. Definitions. Differential equations which involve but one 
independent variable are called ordinary. For example, equa¬ 
tions (1), (2), and (3) are ordinary. Differential equations which 
involve two or more independent variables, such as (4), (5), 
and (6), are called partial. 

A differential equation is said to be of order n if it involves* 
a derivative of order n and no derivative of higher order. The 
degree of a differential equation is the degree to which the highest 
order derivative enters into the equation after the equation has 
been made rational and integral in all of its derivatives. 

A function y == p{x) is said to be a solution of the differential 
equation 

fix, y, y') = 0 (1) 

if, upon substituting pix) and p'ix) for y and y' in (1), / is trans¬ 
formed into a function of x which is identically zero for all values 
of a;, i.e., if 

fix, pix), p'ix)) = 0. (2) 

This definition can be readily extended to differential equations 
of higher order. Thus, 

y = Ze-^ + x - 2 (3) 

is a solution of 

y" + 2y' + y ^ X, (4) 

for when 

y' = — 3^-^ -f- 1 and y" = 3e”® 
are substituted in (4), we obtain the identity 

3e-" + 2(-3e- + 1) + + x - 2) ^ x. 

Again, the equationf 

y^ + y - x = 

which defines 2 / as a function of x, y = p(x), determines y 
?:S a solution of 

(3a; - 2y)y' = y, 

* For example, we do not consider the equation 0 ^ + 2/^ = 1 as 

0,3^ ax 

involving 

t Equations in x and y are usually regarded as defining as a function 
of X. For a rigorous statement, see Sec. 20 of Chap. I. 


(5) 
= vi^) 

( 6 ) 
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for when y' is obtained from ( 5 ) as a function of x and y, say 
y' = Q(x, y), and y' then substituted in (6) with y replaced by 
p{x), then (6) reduces by means of ( 5 ) to an identity in a:. la 
general we shall say that the equation F{x, 2/) = 0 furnishes a 
solution of f{z, y, y') - 0 when F{x, y) = 0 defines as a function 
ofx,y = p(x), such that y = p(x) is a solution of f{x, y, y') = 0. 
In such a case it is often convenient to call the equation Fix, 2/) = 0 
a solution of f{x, y, y') = 0, though actually what we mean is 
that Fix, y) = 0 defines y as a. function pix) which is really the 
solution of fix, y, y') = 0. 

The question is of considerable importance as to whether or not 
a given differential equation has a solution. But we shall have to 
postpone consideration of this question with the bare statement 
that the existence of solutions to many general types of differ¬ 
ential equations has been established. 


EXERCISES I 


1. State the order and degree of each of the lolloiring: 
(a) Each of the equations in Sec. 1. 


(b) d^yidx^ = yy/s 4- (dy/dxy. 



fd) ^ + 3y -r 
dx 


d*y/dx^j 


= 0 . 


(e) 10*'" - iji/ = 0. 


2. Construct a differential equation of the second degree and third 
order. Construct a differential equation to which the idea of degree is 
inapplicable. 

3. Show that the follow'ing differential equations have the solutions 
indicated: 

(a) i/' - 7y' IQy ^ 0; y = 

(b) -f z/ = 0; ^2 .r 4- 1 - 0. 

dz dz 

(c) X*— 4- y-r ~ z - y- -b 

ox ay 

d^T V 

rr + rr ” ^ ^ + y*) + Tan-* - 

ax^ dy^ X 

dhx dhv 

1 ^) ~ Q. -hit/) -h ^{x — ty), where i* — —1, and 

ox^ ay“ 

where ^ and are arbitrary differentiable functions. 

4. When is the function y = p(x) a solution of the nth order differential 

equation/(x, y, y\ y'% • - • , = 0? 

5. Deime a solution s = p(x, y) of the partial differential equation 


/(x, t/y S. Zxx~ Zxy-f 


0 . 
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Extend this definition to more general type of differential equation. 

6. Let 

<p{x, y, t, X, y) = 0, 

^Jy{x, y, t, X, y) = 0, 

be a system of first order differential equations with t the independent 
variable. (The symbols x and x are frequently used in dynamics for dxfdt 
and dH/dlK) Define the term solution for this system. Extend this 
definition to a more general system of differential equations. 

7. In the study of the steadj^'-state flow of heat in a sphere, the Fourier 
equation (6) of Sec. 1 reduces to 



where T is the temperature at any point in the sphere at distance r from the 

center and is independent of the time. Show that T — A -\— is a solution 

r 

of (7), where A and B are arbitrary constants. 

8. Show that x = {lo^/a) log cosh (at/w) is a solution of the differential 
equation 

7nx — me — 7nk{x)^, (8) 


where a, /fc, w, and w — \/ a/k are constants. 

Equation (8) represents the motion of a particle of constant mass m 
along a straight line when it is acted on by a constant force and is subject to 
resistance proportional to the square of the velocity. In this equation x 
is the distance of the particle from a fixed point on the line of motion, x 
and X denote dx/dt and d^xjdt^, ma represents the constant force acting on 
the particle which would produce the uniform acceleration a, mk{x)- is 
the force of the resistance opposing the motion of the particle and acts in the 
direction opposite to that of the force ma, and vix is the resultant of the 
forces ma and mk(x)^. What is A:? 

9. (a) State the differential equation for the motion of a particle of mass 
M if it moves along a straight line under the action of a constant force ma 
and is subject to a force of resistance proportional to the velocity. Show that 


a(e-*« - 1) 


is a solution of this equation. Find a formula for the 


speed and acceleration at any time t. 

(b) State the differential equation for the motion of the particle in part 
(a) when it is subject to no resistance. Find a solution of this equation. 

10. Show that 


1 _ 

X = {U cos a) 


gt . 1 — 

y ^ + (few sm q: + g )——— 


is a solution of the system 

mx — —kmx, my = —kmy — gm, (9) 

where k, g, and u are constants. 
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This system of differential equations represents the motion of a projectile 
fired with initial velocity 24 in a vertical plane at an angle a with the hori* 
zontal r-axis. The student should give the physical interpretation of each 
term in (9). 

11. The system of differential equations 


£!l ^ ^ 


( 10 ) 


occurs in the study of tidal waves and of wave motion in a canal. In these 
equations t denotes time, g is the acceleration due to gravity, h is the original 
depth of the water, and | and v are the horizontal and vertical displacements 
of a particle on the surface of the water which was originally at position x 
From (10) show that 


£1 

dt^ 



( 11 ) 


Show that 


^ = <p(ct -r x) + I'ict — x) 


( 12 ) 


is a solution of (11), where — ghj and where <p and tj/ are arbitrary differ¬ 
entiable functions. Show that | = 2X sin (nwxll) cos (nwct/l) is a solution 
of (11), where X, c, n, ix, and I are constants, and show that this solution 
may be expressed in the form (12). Give at least three other solutions of 
( 11 ). 

3- Primitives. If we differentiate the function 


y =z + ax + h 
twice, we obtain the result 

= 2 . 


(1) 


( 2 ) 


Thus we eliminate a and h from (1) by differentiating it twice. 
Again, if 


then 


dx 


y = 

= A sin {px — 

Q), 

(3) 

cos {'px — 

9), 

II 

—Ap^ sin (px — q), 


1 ! 

-.4ps 

cos {px 

-9). 

(4) 

d^y 


d^ ^ 



dx^- 

vy. 

dx 

^ dx’ 



Hence 


and elimination of leads to the result 

_ 1 dyd^ 


dx^ y dx dx^ 


( 5 ) 
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Thus we may eliminate the three constants from (3) by differ¬ 
entiating it three times. In general, if 

fix, y,c) = D (6) 

is a relation defining as a function of x and involving an arbi¬ 
trary constant c, and if we differentiate (6) with respect to x, 
obtaining 


Ux v c) 2/, c) dy 

Ji{x,y,c) __0, (7) 

then we may (generally) eliminate c from (6) and (7) to obtain a 
relation 

<p(^, 2 /, 2/0 = 0 ( 8 ) 

not involving c. More generally, if we differentiate the relation 


f(x, y, Cl, C 2 , • • • , Cn) = 0 (9) 

n times, a-nd if (9) defines y as a function of x, then we may (see 
Sec. 20 of Chap. I) eliminate the arbitrary constants Ci, • • • , 
from the resulting equations to obtain a relation 


y , 2/0 2/'0 • • • , 2/^”0 = 0 ( 10 ) 

not involving these constants. 

We say that (9) is the primitive of (10). Thus, in particular, 
(1) is the primitive of (2) and (3) is the primitive of (5). We say 
that the arbitrary constants Ci, • • • , Cn in (9) are dependent"^ 
if it is possible to wTite an equation 

V) ^1? * * ‘ j ^w) =0 (11) 


with arbitrary constants bi, • • • , 6m such that m < n and such 
that any function y oi x obtainable from (9) by assigning values 
to the c^s is obtainable from (11) by assigning values to the Vs. 
For example, the equation y — Ci log x^^ can be reduced to 
^ = 6 log by the substitution b = C1O2. We say that the Vs 
in (9) are independent if they are not dependent- 

It is seen that a primitive involving n independent constants 
leads, in general, to an ?ith order differential equation, and such 
a primitive is always a solution of the differential equation con¬ 
structed from it, provided of course that the primitive defines y 
as a function of x. Conversely, it can be shown that, in general, 

*This meaning of dependent must be distinguished from that intended 
in the sentence Is dependent upon a?.” 
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any nth. order differential eQuation has a solution involving n 
independent constants; such a solution is called a complete primi¬ 
tive or general solution of the given differential equation. Any 
solution derived from a complete primitive by assigning particu¬ 
lar ^'allies to the constants in it is called a particular integral. 

Thus, a complete primitive of y xy' + — is y = cx + i, and 

y = 22 - + I and ^ = x + 1 are examples of particular integrals. 

Sometimes a differential equation has solutions which are not 
included in a complete primitive. Such solutions are sometimes 
called singular and will be considered later. We mention in 
passing that the problem of determining all solutions of a given 
differential equation requires great care. For example, a general 
solution of the equation t/' = 2y/x is ^ = cx^. Yet the equation 

= 2y/x has many solutions which are not included in the 
formula y ^ cx-, one such solution being 2/=/(a:), where 
f(x) = 3x- when a: ^ 0 and f(x) = —2x- when 3 : < 0. The 
reader should have no difficulty in constructing other such 
solutions. This example illustrates the fact that a general 
solution of a differential equation need not include ail particular 
integrals of the equation. Moreover, a differential equation 
may sometimes have tw'O or more different general solutions 
which represent different sets of particular integrals. It is seen 
that one must not attribute too much significance to the term 
general solution, 

III physical, geometrical, and other problems which require the 
soi\dng of a differential equation, initial or boundary conditions 
are imposed on the solution of the equation so as to obtain a 
particular integral w'hich represents the specific physical, geo» 
metrical, or other conditions of the problem. For example, in 
Ex. I, 7, suppose the temperature is maintained at jT = Ti deg. 
over the shell r = ri and at T — deg. over the shell r = r^. 

T> 

Substitution of these values in the solution T = A -h — deter- 

r 

mines numerical values A and B of the constants A and S, where 


I = 

— ri 


p Ti-T, 


It follows that the particular integral T = J! H— represents the 

r 
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temperature in the sphere under the particular boundary condi¬ 
tions that T have the values Ti and Ts at ri and r^. Again, the 
differential equation 

(Ps 

^ S ( 12 ) 

represents the motion of a body falling freely under the action of 
g^a^dty alone and has 

5 at + h ( 13 ) 

for a solution, where a and h are arbitrary constants, and g is the 
acceleration due to gravity. Suppose the body moves so that 
6 - = 5 q and the velocity v = Vq at t = U, The particular integral 
of (12) representing the motion determined by these initial 
conditions is found by making the substitutions 

So = + 6, 2^0 = ^^0 + a, 

and solving for a and h. It is found that a pq — and 
5 = So — ^gtl — voto. Hence the particular integral of (12) rep¬ 
resenting this particular motion is 

5 = igt" + (vo - gto)t + (sq - i-gtl - Voto). 

Again, the particular integral of = 2y/x whose graph passes 
through the point (1,3) is found by substituting a: = 1, = 3 

in the general solution y = cx\ It is seen that c = 3, so that the 
particular integral determined by this boundary 
condition is y = 3x^, In Ex. I, 11, a particular 
integral ^ is determined by the initial condi¬ 
tions of the wave motion, that is, the functions 
<p and ^ are determined b 3 ’’ the initial configura¬ 
tion and velocity of the water, (The method for Fig. 112 . 
finding <p and ^ will be taken up later.) 

Two tj^es of constants sometimes appear in the solution of a 
differential equation: Constants of integration, which may be 
determined initial conditions as illustrated above; and given 
constants of the problem. To illustrate this point, consider the 
following problem in the theory of electric circuits: A resistance 
of R ohms and a coil with a self-inductance of L henries are con¬ 
nected in series with a source of E volts e.m.f. It is known by 
experiment that the drop in potential across the coil is the 
coefficient of self-inductance L times the time rate of change of 
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the current i flowing through the coil, and that the drop in 
potential across the resistance is the product of the resistance R 
and the current i. By Kirchhoff’s law, the algebraic sum of all 
the potential drops around the entire circuit is zero. Hence 

I^^ + Ri = E (14) 

is the differential equation for the circuit. Suppose E. and 
L are constants. Then the current i at any time is given by the 
primitive 

i = ce-^t/L 

where c is an arbitrary constant of integration, but where E, R, and 
L are determined by the physical objects composing the given 
electric circuit. Since there is only one arbitrary constant in 
(15), it requires only one initial condition to determine a par¬ 
ticular integral of (14). If i = io when ^ = 0, then c is deter- 

E 

mined by the relation io = c(l) + and the particular integral 
determined by this condition is 

=(.. - 1 ).--+ 1 - 

Xo further initial condition can be imposed since E, R, and L 
are knovm beforehand. 


EXERCISES n 

1. Form differential equations having the following as primitives, a, 
k, and p being arbitrary’' constants: 

(a) y = Ae^ -f- Be"^. (b) z — A sin 5x A- B cos ox. 

(c) == 10 sin (pt - 30°). (d) A- = aK 

(e) The family of all parabolas whose axis is the rr-axis. 

(f) The family of tangents to the family of parabolas in (e). 

(g) The family of ail lines through the origin. 

fh, The family of all circles whose centers are on the curve y = Zx^. 

(i) The family of all ellipses with foci at (a, 0) and (—a, 0). 

2. Find a differential equation which may be interpreted as representing 
the geometric properties common to the family of parabolas y = cx\ 
Plot a few ounces of this family, say for c = -3, -2, • • • , 3. Interpret 
geometrically the differential equation representing this family, and illus¬ 
trate ^vith the cur^’es you have just plotted. What is the difference in 
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significance between the differential equation you have found and the 
equation y' = 2ca;? 

3. Form a first-order differential equation having mx — as a 

primitive, where m and g are constants. Does this result contradict the 
general statement that n differentiations are needed to eliminate n constants 
from a primitive? Explain. 

4. (a) Verify that y = ca; + - is a complete primitive oi y ^ xy' A 

C y' 

(b) Verify that == 4x is a solution of y = xy' A 

y' 

(c) Plot the singular solution in (b) and several particular integrals in 
(a). What geometric relation does the singular solution have to these other 
solutions? 

(d) Find the particular integral in (a) which passes through the point 

(- 1 , 1 ). 

5. Show that a general solution of 4:{dy/dxY = 9^ is (?/ + = x^. 

Plot a few particular integrals, say for c = — 3, —2, • • • , 3. Show that 
a; = 0 is an integral and plot. Discuss the relation between this integral 
and the other integrals. Find the integral curves which pass through the 
point (3, 1). 

6. Show that y^ A {x A cY = 100 is a solution of 2 /^[l -}- {dy/dxY] == 100. 
Find the particular integrals which pass through (6, 8). Plot a few integrals 
of this equation. Show that i/ = ± 10 are solutions, plot, and discuss their 
relation to the other solutions. 

7. Determine the number of independent parameters in the following 
families: 

(a) y Cl + — ci. (b) 2 / = 

(c) y log (cia;2) -j- c^. (d) y = cie^^{c 2 cos 2x -j- cs sin 2x). 

8. Find partial differential equations of low^est possible order having the 
following for primitives, Ci and C 2 being arbitrary independent constants: 

(a) z = cix A Cixy. (b) 2 = Ci log (x^ ?/2) -f cix- -f cny^. 

9. (a) State the differential equation representing curves having the 
property that the slope at {x, y) is proportional to the square of the abscissa 
and inversely proportional to the ordinate. The order of this differential 
equation is one. How many initial conditions may be imposed on the 
general solution of this differential equation? Distinguish between the two 
types of constants appearing in this solution. 

(b) Solve the differential equation in (a) and find the particular integral 
curve passing through (1, 3) with slope 5. 

10. (a) The acceleration of a certain particle moving in a straight line 
is proportional to the cube of the velocity. State the differential equation 
representing the motion, using the velocity v as the dependent variable. 
Solve this equation. Distinguish between the constants appearing in the 
solution. How many initial conditions may be imposed on this solution? 
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(b) Experiment shows that when the particle has a velocity of 2 ft. per 
second, the acceleration is 16 ft. per second per second in a direction opposed 
to the velocity. Find a formula for the velocity at any time £ if t; := 3 
when £ = 1. 

(c) Using the result of part (b), find a formula for the distance traveled at 
any time £, given that this distance is 0 at £ = 1. 

11. Show that s = .4 cos is a solution of the differential equation 

== Q ^hich represents simple harmonic motion. Determine the 
particular integral representing the motion when the maximum value 
attained by s is 3, this maximum value being attained at £ = 1. 

12. In connection ^vdth equation (14), suppose that E = 100, R — 10, 
and jL = 1. If i = 30 at £ = 0, what is the value of i at £ = 1? 

4. Equations of the First Order and First Degree. The 

problem of finding the solutions of a given differential equation 
is often very difl&cult. It is frequently impossible to obtain 
a solution in terms of a finite number of elementary functions. 
However, certain types of differential equations can be solved by 
ordinary integration. Perhaps the simplest of these types are 
equations of the form 

M + N^-O, (1) 

where M ^ M{z, y) and N = N{x, y) are functions of z and y. 
Since the two members of (1) are identical w^hen y = f{x) is a 
solution of (1), it follows that their integrals with respect to x 
are identical, i.e., 

J(^Af + & = Jo da; = C". (2) 

By Theorem 11.2 of Chap. II, (2) may be wTitten as 

ju dx + Ndy = C. (3) 

[Because of the form of (3), it is sometimes convenient to write 
(1) in the form 

M dx + N dy = 0, (4) 

it being understood that, while (3) is formally obtained from (4) 
by “integrating both sides/' the rigorous justification for writing 
(3) is as indicated abo\"e]. If we can find a function F(^Xj y) such 
that 


fMdx + Ndy = F(.x,y) + C", 


(5) 
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then a solution of (1) is given by the equation 

F(x, y) = C, {C = C' - C”) (6) 

provided, of course, (6) defines y & function of x. In the 
succeeding sections we describe methods for determining F{x, y) 
in (6). 

5 . Exact DifiEerentiai Equations. By Theorem 12.2 of Chap. 
II, there exists a function F(x, y) satisfying ( 5 ) of the preceding 
section when and only when M dx + N dy is exact, i.e., when and 
only when 

dM{x, y) _ dN{x, y) 
dy dx ' 

A method is given in Sec. 12 of Chap. II for determining F{x, y) 
when (1) holds. 

Example. Solve the equation {2x — y) dx [Zy- — x) dy =0. 

It is seen that this differential is exact. As indicated in Sec. 12 of Chap 

n, 



y) dx H- (dy- - x) dy 


- xy + -h C. 


Hence a solution of the gi\'en differential equation is given hj 
x^ — xy = C. 


EXERCISES m 


Show that the following differential equations are exact, and solve: 

1. (I2x -jr oy — 9) dx -t (5x + 2y — 4:) dy - 0. 

2. (e^ -f 1) cos xdx sin x dy =0. 

3. 2 sin 2x cos y dx + cos 2x siny dy = 0. 

4. ~ drc -f- (y^ -j- log x) dy — 0. 


5. 

6 . 


2a:i -f 1 , . i ^ 

-, H-— dt 


1 + viu^ -f 1) 

- ^ --- 


= 0 . 

dv — 0. 


y dx _ 1 ^ r:» __ 

\/x^ + y^ y yy/x^+y^ 

8. When one obtains (3) from (4) in Sec. 4 by ^^integrating both sides/' is 
one integrating with respect to x or y, or both x and y at once? Explain. 

9. In what sense can we say that F{xj y) is an integral oi M dx ’{•N dy in 
(5) of Sec. 4? (See Sec. 12 of Chap. II.) Does the validity of (5) depend 
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OH the fact that y is being determined as a function of a; by (1)? Define 
exactly what is meant by a solution of (3). Explain fully why (6) gives a 
solution of (1). 

6 . Variables Separable. In the event that 

Mdz + Ndy = 0 (1) 

is not exact, then it is usually necessary to rewrite (1) in such a 
form that it becomes exact. The simplest procedure is to multiply 
or divide both sides of (1) by such a function y) (if it exists) 
that the coefficients of dx and dy become functions of x and y 
alone respectively, i.e., to reduce (1) to the form 

f(x) dx + g{y) dy = 0. (2) 

It is seen that (2) is always exact, and hence is always integrable. 
(Cf. Ex. Vm, 10 of Chapter II.) If (1) can be reduced to the 
form (2) by the above procedure, then we say that the variables 
are separable in (1). 

Example. Solve the equation x^y- dx — dy - 0. 

Upon dividing by we have 


Upon integrating we find that 


EXERCISES IV 
1. Solve the following differential equations: 

(b) y' = 2xy. 


0 . 

(e) dy — 3(1 + 3^)y^ dx = 0. 


2. Find those curves which have the property that the tangent to any 
curve of the family at 2 / 0 ), the line joining the origin and (xo, 2 / 0 ), and 
the ;c-axis together form an isoceles triangle. 

3. The rate of decomposition of radium is proportional to the amount A 
of radium present. If i the original quantity Ao disappears in 1600 years, 
■what percentage disappears in 200 years? 


1 dy 

(a)-tan =0. 

X dx 

(c) 1 — y^dx -r y\^ 1 — dy = 

dy 

(d) 

(f) cos X sin* y dx -T sin^ a* dy = 0, 
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4. The sum of $500 is deposited at 2 per cent interest^ the interest being 
compounded each instant. How long will it take the deposit to amount 
to $1000? 

5. Find an expression for the position s and the velocity v of a particle 
falling vertically under the action of gra^nty and subject to resistance pro¬ 
portional to the velocity. Determine the constants of integration to meet 
the initial conditions that s = 0 and = 0 at ^ = 0. Find the limiting 
velocity that the particle can attain when allowed to fall a great distance. 

6. Solve Ex. 5 when the resistance is proportional to the square of the 
velocity, given that the resisting force is 3 lb. per unit of mass of the particle 
when V = 100 ft. per second. 

7. A tank contains 500 gal. of brine having 250 lb. of salt in solution. 
Pure water is running into the tank at the rate of 15 gal. per minute, and 
the mixture runs out at the same rate. How much salt is in the tank at the 
end of 3 hr.? (Assume that the water and solution are kept perfectly 
stirred.) 

8. The rate at which a certain substance S dissolves is proportional to 
the amount A of undissolved S present, and also is proportional to the 
difference between the actual concentration c of in the solvent and the 
saturated concentration y oi Sin the solvent. 

(a) State the differential equation which represents the process of 
dissolving. 

(b) A certain inert, material contains 12 g. of sulphur which is to be 
removed by dissolving in benzol. It is known that | of the sulphur can be 
extracted in 40 min. when 300 g. of benzol are used, and that this amount of 
benzol is saturated by 13 g. of sulphur. How much of the sulphur w’ould be 
removed in 7 hr.? (In the above notation, y - ^Vo-) 

7 . Homogeneous Equations, A function/(re, y, z, • • • ,t) oi 
any finite number of variables is called homogeneous in 

if the substitution of \x, \y, Xz, • • • , Xt, respectively, for 
' • * j ^ multiplies the function by X", that is, if 

f(\x, \y, Xz, • ■ ■ , Xf) = -/(a:, y, z, • • ■ , t), (1) 

where X ranges over ail real numbers. The power of X in (1) 
is called the order of homogeneity'oi the function/. For example, 
2xey^^ — (y^/x^) is a homogeneous function of order 1, Tan“^ (y/x) 
is homogeneous of order 0, and {x^ + 2/^ + is homogeneous 
of order —3. If in the equation 

M{x,y)+Nix,y)^ 0, (2) 

M and N are homogeneous of the same order, then equation (2) 
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if? called homogeneous. Let us write (2) in the form 

^ y) 

dx N(Xj y) 

If M and N are homogeneous of the same degree, then (3) 
reduces* to the form 


v + x^ = <,(v) 


(4) 


upon substituting y ^ vx. We may separate the variables in (4), 
obtaining 

dv dx 
<p{v) — v~^ X 

from which we may obtain the solution immediately by integra¬ 
tion. Thus we have reduced the problem of solving a homo¬ 
geneous equation to the case where the variables are separable. 

Sometimes the substitution x — vy\& more convenient than the 
substitution y ^ vx] m this case we take the reciprocal of (3) 
before making the substitution x = vy: 

Example. Solve the equation 2x^ dy = (x^ -f y-) dx. 

This equation is homogeneous of order 2. If we let y vx, we find that 


whence 


2dv dx 
{v - 1)2 T’ 


= log GXj and - = log cx 

V — 1 X — y 

8. Equations Reducible to Homogeneous Form. Sometimes 
a differential equation may be reduced to homogeneous form by 

* Snce s) and r) are homogeneous of the same order, 

M(,xu, ai) ^ xHi (u, v) _ M (u, v) 

N(xu, xv) x^Niu, v) ]V(u, ») 

Now set u = 1. The left member of this equation becomes 

M(x, y) 

N(x, y) 

y = and the right member becomes - »)/^'Cl, »), 

which IS a function of c alone. 
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changing the variables. For example, if 

^ + Cl 

dx dox -f- b* 2 y -{- Co 

then the substitution x ^ Xq Uj y yQ p reduces (1) to 

d^ _ 4" hiV 4~ ciiXq hjyQ -f- Ci 

du (x^u “1“ b^v -j- (X^Xq -f- b<iyQ -f“ Co 

If xq and ya are determined so that 

aiXt + biy^ + Cl = 0, + h'^y^ + C2 = 0, 

then (2) becomes 


dv 

du 


diU -j~ biv 


33T 


( 1 ) 


( 2 ) 


(3) 


(4) 


d2U “}“ bov 

This equation is homogeneous and may be solved by the methods 
of the preceding section. 

It should be noted that Xq and 2/0 are determined by (3) when 
and only when aib^ - a^hi 0. If ai^o - a^bi = 0, then 
a 2 /di = b^/bi = k (say). Let w = chx + bjy. Then 

dw , 7 + Cl 

& = (5) 

This equation is evidently separable. The substitucioa 

W == d2X -f" ^2y 

is sometimes more convenient. 

EXERCISES V 

1. Which of the following functions are homogeneous in x and y ? State 
the order of homogeneity whenever possible. 


(a) 2x^u - - i:y\ 

(c)-f- 2/(log IJ - log x). 

y 

(e) 5(3.^^ - 4^2)-H. 


(b) Zx~if -f- x-~ 1. 

(d) \/^ Tan-i {2ylx). 


(f) 

y 


2. Solve the following differential equations by the method of Sec. 7: 
(a) {xy ~ y‘^) dx A dy = 0. (b) dij = dx. 


(c) {X - 2\^y) ^ ~ y 

dx 

(e) xy^ : »» + y\ 


0 . 


(d) 


dy 


X A-y 

X ~ V 


dx 

(f) 4 - X 


dx 

dy 
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(g) ar(l -f dy + - y) dx 

{h) X dy -= y dxVx- + dx. 


(i) |^ar|^eos "^ ^ “ 2/^cos 

,. / dy\- , dy 

id^J 


I <^1/ 

t/ = 0. 


= 0 . 

(i:c. 


3. Solve the following differential equations by the method of Sec. 8: 


(a) 

% 

dx 

X - y -1-3 
a; -j- y - 5 

(b) 

% 

dx 

6ar — 2y — 7 
2ar -f 3y — 6 

(c) 

dy 

-f y 

(d) 

U/t/ 

12ar 

-4y -7 

dx 

I 4- y + 1 

dx 

3x 

- y -h 4 


cfiy 

y- , y 





(e) 

2— 

dx 







4. If Equation (2) of Sec. 7 is homogeneous, show that it may be reduced 
to the case of variables separable by means of the substitutions x — t cos 0, 
y ~ r sin Use this method to solve Ex. 2a, 6, e. 

5. (a) Find a substitution which will separate the variables in the 
equation 


y<?{xy) dx + x4i{xy) dy = 0, 


where <p and ^ are functions of the product xy, 

(b) IJse the method developed in part (a) to solve 

-f 2 ny 2 ^ y) dx 2x^y dy = 0. 

6, Develop a method for solving the equation 

dy (aix + hiy -b 

dx \cLiX -f- hoy "h 

where ^ is a function of the quantity indicated. Use this method to solve 

% ^ / ar -f |f -- 1 Y 
dr ” \2ar + -f 1/ 



7. (a) Prove the following theorem concerning the integral curves of a 
homogeneous differential equation M dx -j- N dy = 0: 

If the points of the ary-plane are subjected to the transformation x = kX, 
y = feF, then each integral curve is carried into an integral curve, 

(b) State and prove a theorem converse to the preceding theorem. 

(c) Interpret geometrically the transformation x — kX, y —.kY. 

9 , Linear Eqtiations. An equation of the form 
^ + Pix)y = Q(x), 


(1) 
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where P and Q are functions of a; alone or are constants, fe called 
a linear equation of the first order. To solve ( 1 ), we make ( 1 ) 
exact by multiplying both sides by obtaining 

Q- ( 2 ) 

But the left member of ( 2 ) is itself exact, and 

Jdy + dx) = J Qefpdx (- 3 ) 

Evaluation of the left member (see Sec. 5 ) leads to the result 


ye- 


Jpdx ^ jQefrdx^^ ^ 


SO that 


y = Qj‘‘<^^dx + Ce--C^*=. 


(4) 

(5) 


Example. Solve the equation (dy/dx) + (y/x) = x\ 

Here P = l/x and Q = x^. If we multiply both sides by 

ejp = giog 3: = ^ 


we obtain 


Hence 


dy , d 


xy 




x*dx ^ + C, and y --j- 

b . 5 X 


10. Bernoulli’s Equation. An equation of the form 

^ + P(^)y = Q(^)y’>, 


( 1 ) 


where P and Q are functions of x alone, is known as a Bernoulli 
equation. To solve ( 1 ), let s = y^-^. Then 

dz . du 

( 2 ) 

If we solve ( 2 ) for dy/dx and substitute in ( 1 ) we obtain 
y" dz 


1 — ndx 


+ Py = QlP. 


(3) 
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If we multiply both sides by (1 - ») 2 /-’'and substitute z = 
the result is 



n)Pz = (1 - n)Q. 


( 4 ) 


This equation is linear and may be solved by the method of Sec. 9. 


Example. Solve the equation x{dy/dx) y — x^y''^. 

Divide by x to put the equation in Bernoulli's form. Let 2 = 
Since dz/dx = -2ir^(dy/dx). the given equation may be written in the 
form 


Hence 





s = -2x^ -h Cx\ 


Since z — it follows that 

-2x'Y- 4 - Cx^y^ = 1 . 


EXERCISES VI 

1. Solve the following equations by the methods of Secs. 9 and 10: 


dy 

(aj — by Ctrl x = cse- x, 
dz 

, ^ , r 

(fa 1 + xil -f X^'j 


(e' (y -b 2x^) 


dy 


dy 

<g; — -f 

dx 


(i; xy* y - V4r- 4- y". 

dx 2x x~ 


Ik 


dy 


dll 

(b) {X -2)- - {x - 2)5. 

dx 

(d) X log xdy = (2 log z ~ y) dx. 

(f)|!+S-v' 0. 

dx X 

(h) xy' ~ oy = X -b 1. 

(j) X dy ^ dx ^ e~y sec* y dy. 


y. 


2. In the discussion of Sec. 9 and in the example following, no constant 
of integration was used in evaluating /F dx. Justify this omission. 

3. Develop a method for sohing (a) {dx/dy) + 'p{y)x == q{y), and (b) 
idx'dy) -i- ^{y)x = 

4. Show that Bernoulli's equation may be solved hj means of the sub¬ 
stitution y = v€~S^ inasmuch as this substitution separates the variables. 
Use this method to solve (x^y- -h xy) dx = dy. 

5. An electric circuit consists of a constant resistance of R ohms and a 
coil of constant inductance of L henries in series with an electromotive 
fort'e f>f F xmlts. In each of the follorving ease.s state and solve the differ- 
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entiai equation for this circuit under the condition that the current i == ia 
amp. at time t — to sec. 

(a) E=0. (b) E = Eq, (c) ii/= £^ 0 sin where and ware constants. 

Case (c) arises in the study of alternating currents; in this case 2ir/a> is 
the periodj and Eq the maximum value, of the electromotive force E, 

Give the physical interpretation of your solution in each of the abo\'e 
cases. 

6. A condenser of capacity C farads and a resistance of R ohms are 
connected in series with an electromotive force of E volts. It is known by 
experiment that the potential drop across the condenser is q/C volts, where 
q is the charge (measured in coulombs) on the condenser; it is also known 
that the current is the time rate of change of the charge q. State and solve 
the differential equation for this circuit to determine the charge and current, 
under the condition that the charge q = qc, coulombs at time i — to sec. 
and (sl) E = 0; (h) E — Bo] (c) E ~ Eq sin cot. Give the physical inter¬ 
pretation of each of your solutions. 

11 . Integrating Factors. We pointed out in See. o at the 
equation 

Mix, y) dx + iV(a-, y) = 0 (1) 

may be integi*ated immediately if it is exact. In Seca, a and 9 
we showed that, if (1) was not originally exact, then fl) could 
sometimes be made exact by multiplying by a suitable function 
?/); in Sec. 6 we chose At(:r, y) so as to separate the rariabies, 
and in Sec. 9 we took m as This raises the quesTjoa, can 

(1) always be made exact by multiplying by a suitable function 
pix, y) ? The answer is that, not only does there always exist a 
multiplier pi{z, y) which makes (1) exact, but there exist infinitely 
many such multipliers. However, we shall not prove this funda¬ 
mental fact. 

A multiplier y) which makes (1) exact, i.e., which is such 
that iixM) dx + iixN) dy is an exact differential, is called an 
integrating factor. While the existence of integrating factors is 
established, it is seldom easy to find them. However, experience 
has shown that it is well w^orth the trouble to try to determine 
such a factor by trial, for when one is found, the integration is 
relatively simple. Sometimes a change of variable will aid in 
effecting a solution. 

Example. The factor 1/y^ makes 

+y)dx — xdy - 0 (2) 

exact, for application of this factor enables us to write (2) in the form 
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Integration of this equation leads immediately to the result 

- = -6-’ + C. 

y 

Many rules have been devised for finding integrating factors. 
A few of the more common ones are included in the following 
exercises. 


EXERCISES Vn 

1. Determine integrating factors for the following and integrate: 

(a) {Azhj - 3z/^) dx + - Zxy) dy ^ 0. 

(b) (xv ~ 4x2/®) + ^^y ^y “ 

(c) ix ^ y) dx + (j/ - x) dy ^ 0. (d) 2x dx + (x® + ?/® + 2y) dy = 0. 

(e) (V^ — l)xdy — (Vx^ -f l)ydx ~ 0. 

(f) (2x® -f 3x2/) dy + + 6x2/ + 3x®) dx = 0. 

2. (a) Show that 1/u®, l/v% 1/(m® 1/(w® ~ v^), l/uv, l/{u - vY, 

l/{u -r v)^ are integrating factors of vdu — u dv = 0. 

(b) Solve the equation v du — udv =0 using the seven integrating factors 
in (a). (The student is ad\dsed to keep a careful record of the results of 
this problem.) 

3. Subject to certain mild restrictions on M and N, equation (1) is 
known to have a solution of the form ^(x, y, c) = 0, where c is an arbitrary 
constant. By Theorem 20.1 of Chap. I, the equation ^(x, y, c) =0 defines 
c as a function of x and y, i.e., c = ^(x, y). By comparing equation (1) 
with the equation d^p = 0, show the existence of an integrating factor 
/i(x, y) for (1). 

4. (a; Show that if ^ is an integrating factor of (1), then 7rju is also an 
integrating factor, where k is any real number other than zero. 

(b) Show that if ju is an integrating factor of (1) leading to the solution 
^(x, y) — c, then iJjg{:P) is also an integrating factor of (1), where g{p) is 
any single-valued continuous function of 

It follows from this result that, if (1) has an integrating factor, then (1) 
has infinitely many integrating factors. 

5. If ju is an integrating factor of (1), show by the criterion for exactness 
that At must satisfy the differential equation 



While /i might be found in some cases by solving (3), it is usually easier to 
solve (1) than (3). 

6. Prove the following statements, including qualifying conditions where 
necessary: 
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(a) If (1) is homogeneous, then 1/ {Mx Ny) is an integrating factor for 

( 1 ). 

(b) The function is an integrating factor of the Bernoulli 

equation (dy/dx) -{■ P{^)y = where P and Q are functions of x 

alone. 

(c) The function l/(Mx — Ny) is an integrating factor of (1) if 
M = ygis^y) and N — xh{xy), where g and h are functions of the product xy. 

(d) The function is an integrating factor of (1) when 



(e) State a theorem similar to (d), but in y instead of x. 

(f) The function is an integrating factor of 

x°^y^{my dx -j- nx dy) = 0, 

where k is arbitrary. Determine k so that this function is an integrating 
factor of 

x^^y^^irmy dx + nix dy) -f- x^^-y^^im^y dx + n^x dy) - 0. 

7. Prove the following theorems, including any additional assumptions 
needed to insure the validity of these theorems: 

(a) If a solution of (1) is known, then an integrating factor for (Ij may 
be found- State and prove the converse of this theorem. 

(b) Let/(rc, y) = C and g{x, y) = C be two solutions of (1). ’ Show that 
g - fj,(j) or / — \p{g). (Hint: Form the Jacobian of / and g.) Show that 
any function of say H{g), is also a solution of (1). Would H[f) be a 
solution? Illustrate these results, using the equation y dx — x dy - 0. 
(See Ex. 2.) 

(c) Let/(a:, y) = C be a solution of (1) obtained by means of the integrat¬ 
ing factor ii{Xj y). Show that the normal derivative df/dn equals 


(d) Show that, if fi and y are any two integrating factors of (1), then 
either= C is a solution of (1) or fx/v is identically a constant. 

Hint: divide (3) by and then write (3) in the form 

d log M d log fJL dN dM 

-- — iv - ^ — — • 

dy dx dx dy 

Repeat this operation with v, and obtain the equation 



Show that F{x, y) = C is a solution of (1) when MFy — NF^ = 0. Prove 
the theorem from these results. 
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12. Equations of the First Order and nth Degree. The general 
first-order differential equation of arbitrary degree may be 
writ ter: in the form 

y, V) = 0, (1) 

where we let p denote dyjdx, = {dy/dxY, etc. We give two 
methods for sohing equations of this t3T)e. 

Method 1. If (1) can be factored in the form 

\p - Mx, y)]{v - 2/)] • • ■ b - 2/)] = 0, (2) 

then the solutions of the various equations 

P - hip, 2 /) = 0 , • • • , P — Ui^, 2 /) = 0 ( 3 ) 

are solutions of (1). Methods for solving (3) have already been 
given in the preceding sections. 


Example 1. Solve the equation p- — 2xp -f 2yp — 4xy = 0. 

This equation may be \^Titten in the form (p — 2x) (p -{- 2y) — 0. Upon 
integratang the equations 

p — 2z - 0, p + 22(f = 0, 
we obtain as solutions of the given equation 

y — -r C. log Cy — —2x. 

Mdh&d IL 111 this method we eliminate p from (1) by a 
process somewhat similar to that indicated in Sec. 3. Suppose 
(11 is solvable for y in the form 

!/ = gix, p). (4) 


Diifereritiation of (4) with respect to x eliminates y and gives an 
equation 


» = ^ = i£-i- 
^ dx dx dp dx 


iS) 


of the first order in p and x. Suppose a solution of (5) is 

Gix, p, C) =0. (6) 

Elimination of p from (1) and (6) leads to an equation 

22, C) = 0 (7) 

which may be a solution of (1). It is necessary in every case to 
test (7) by substitution in (1) because the above process of 
elimination may introduce extraneous factors. 
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Example 2. Solve the equation pi/ — 2p* + 2 = 0. 

If -we solve for y and differentiate with respect to x, we obtain 

y -2p-‘ + 2p’, (2p-2 + 6p=) (8) 

ax 

If in the latter equation we separate the variables and integrate, we find 
that 

:r = 3p- - p-- -r C. (9) 

Elimination of p from this equation and the first equation (S; gives the 
desired solution. However, the following device is sometimes useful. In 
(9) and the first part of (8) let us formally substitute an arbitrary' parameter 
u instead of p: 

3w“ “ ir- -r C, 7 / = — 2n"h (10) 

Elimination of u from (10) leads to the same solution as obtained above. 
But (10) may be regarded as a parametric representation of this solution. 
Hence the equations 

3p2 _ p-2 ,j = 2/r' - 2p- (11) 

in which p is regarded merely as an ordinary parameter, represent a solution 
of the given differential equation. In testing this solution by substitution 
in the given equation, we may utilize the fact that p is not only a parameter, 
but also denotevS dyidx. 

If (1) is not solvable for y, it may be possible to differentiate 
(1) as it stands with respect to obtaining an equation 



and to eliminate y from (1) and (12), obtaining an equation 
analogous to (5) in p and x alone. 

A special case of (4) is Clairaufs equation 

y = px+f(p). (13) 

Upon differentiating (13) with respect to we find that 

{x+fip)]f^ = 0. (14) 

If we set dpfdx = 0, then p = c, and a solution of (13) is 

y = cx+f{c). (15) 

Another solution of (13) is given by the parametric equations 

» = -f'ip), y = -pfip) +/(p)- 
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It is sometimes possible to eliminate x, instead of y, from (1) 
by differentiating mth respect to y. 

Example 3. Solve the equation py — x = 0. 

If we solve for x and differentiate with respect to y, we find that 


. o dx 1 , ^ dp 

■Vy + P^ T. > = P + 

Hence 

This is a. linear equation of the first order, the solution of which we leave 
to the reader (see Sec. 9). 


EXERCISES VIII 

1. Solve the following differential equations by the methods of Sec. 12. 


(a) 


I -— 

\dx) dx 

( 

\dx) 


6 = 0 . 

dy 


(b) 


dv 

+ 2x-^ = 3xK 
dx 


+ (a? + y)^ -f 272/ = 0. 
dx 


(dy^ ' 

\dxj 

\Tx) 


\dx/ 


(c) 

(e) {dyfdxY = QxK 

(g) 

( 

(i) 2/* - 4(1 -f p^), 

(k) ^ ~ (1 -f v)x = pK 
(m) y = pa: *4- Sin“^ p. 

2. A particle of mass m moves around a horizontal circle of radius a. If 
its initial speed is 7, and if it is resisted by the air with a force proportional 
to the square of the speed, then the motion of the particle is found by solving 

d is the angle of 


(f) X ^ yp + 4p2 
(h) 2px -{- 2/ + log p = 0. 

(j) a; — p = 9 log p. 

(1) p — — 2xy + y\ 


the 


iJXSJXX V/i ,WXXW UlUit 

d^B ha{ d^V 

differential equation m— -1 — I =0, where 

dP' m\dt / 

ra 
ha 

[ 



Fig. 113. 


rotation of the radius vector through the 
particle. Show that a solution of this equa- 

tion IS ^ = — log 
ka 

i_ ■ _i 

_3. Show that (a) the length of the tangent 

PA to the curve y = f(x) from the point of 
X tangency P(xj y) to the intersecti on A with 
the a:-axis is j/V 1 + {dx/dy)K (b) The 


^ AO y ^ " 

length of the normal PC from P to the rr-axis is y\/ 1 -j- {dy/dxY, (c) The 

l^gth of the subtangent .45 is y dx/dy, (d) The length of the subnormal 
B€ my dy/dx. 
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4. Using the results of the preceding exercise, determine the curves C 
having the following properties; 

(a) The subtangent at any point P on C is u times the abscissa of P. 
Find the particular curve of this family passing through the point (3, 4). 

(b) The area of the right triangle formed by the tangent at P, the normal 
at P, and the a;-axis, is inversely proportional to the slope of C at P. 

(c) The area bounded by C, the rc-axis, and any two ordinates, is equal to 
the length of C between these ordinates. 

(d) The angle ol between the radius vector and the tangent at the point 


(r, 6) is constant. 


Hint: cl = tan“ 


( 1 )] 


(e) The polar subnormal at (r, 6) is proportional to sin d. 

(f) The subnormal is constant. 

(g) The a;-intercept of the tangent at (x, y) is kx. 

(h) The length of the tangent is constant and equal to a. (This curv^e is 
called a iractrix, and represents the path of P when P pursues A with the 
same speed as A.) 


PART B. LINEAR EQUATIONS 

13. Linear Equations. A differential equation of order n is 
said to be linear if it is of the first degree in y and each of its 
derivatives. Such an equation can be written in the form 


dx^ 


+ X^,% + X.y.X. 


(A) 


where Xi, Z 2 , • • • , Xn and X are functions of x alone or are 
constants. We shall denote the left member of (A) by P{D)y. 
If X is replaced by 0 in (A), the result 


d^y 


d^-iy 




dx^ 


+ 


0 (B) 


is known as the auxiliary or reduced equation corresponding to 
the complete equation (A). We first state several theorems about 
the solutions of (A) and (B). It will appear that the solutions 
of (B) are intimately related to the solutions of (A). 

Theorem 13.1. If yiy y^, • ' • , Vn are solutions of (B), so 
that P{D)yi = 0, • • • , PiD)yn = 0, then 

y = ciyi + C22/2 + • • • + (C) 

is also a solution of (B), where Ci, • * • , Cn are arbitrary co7istants. 

Since 


+ • • ■ + c„yn) 


Cv 


d^yi , 
dx^ 


+ Cn 


d^yn 

dx^’ 
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it follows that 

P(I)}{Ciyi 4- . • • + C-nVn] = ciP{D)yi -f . • • + CnP{D)yn, (1) 

By hypothesis, each term in the right member of (1) is 0. Hence 
the left member of (1) equals 0 and is a solution of (B). 

We say that yi, • • • , 2 /« are linearly independent if there 
exists no set of numbers Ci, * • • , c„, not all zero, such that 

Ciyi + C 22/2 + + CnVn = 0. (2) 

It follows that, if the y^s. in (C) are linearly independent, then the 
number of c^s in (C) cannot be reduced without loss of generality. 
It can be showm that, if Zi, • * > , Xn in (B) are continuous over 
an interval I of the a;--axis, then (B) has n, but not more than n, 
linearly independent solutions in this interval. It is for this 
reason that, the y’s in (C) being linearly independent, we speak 
of these as a fuTidaniental set of solutions, and w-^e call (C) a 
general solution of (B); incidentally, we also speak of (C) as a 
complimentary function for (A). A criterion that the y^s, in (C) 
be linearh'’ independent is given by 

Theorem 13.2. A set of functions yi, • • • , y-n of x are linearly 
independent tvhen and only when the Wroiiskian 

\y[ ^2 


^^-1; yin-l. . . . 

This theorem is an immediate consequence of a well-known 
theorem concerning homogeneous linear equations. (See Chap 
VL Sec. 4.) 

Theorem 13.3. If 2 / 1 , • • • , y^ are linearly independent 
solutions of (B), and if Y is any particular solution of (A), then a 
general solution of (A) is 

y = Ciyi + - . . + + F, (D) 

Since P(i))[ci^i + • • ■ + Cnyn] == 0 and P{D)Y = X it 
follow’s that P{D)y = X, 

14. Linear Equations with Constant Coefficients and X = 0. 

e shall here consider equations of the form (A) with the X’s 


yn 

Vn 

^ 0 . 
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all constants and with X = 0, i.e., equations of the form 


dl'y . d"-~^y 


+ 


+ a-n- 


dy 


■^di + 


(E) 


Equations of this t 3 rpe occur very frequently, especially in the 
study of acoustical, mechanical, and electrical vibrations. 

The case n = 1 has already been studied in Sec. 9; it is found 
by the methods of this section that the solution of the equation 
(dy/dx) + Ciy = 0 is y = Let us next consider the 

case n = 2: 

d^y , dy , ^ 


The solution of the case n = 1 suggests the possibility that (1) 
has a solution of the form 


y = ( 2 ) 

where c and m are constants. Substitution of (2) in ^i) leads 
to the equation 

ce^^{m- + am + as) = 0. (3) 

It is seen that (2) is a solution of (1) when c is arbitrary and m is a 
root of 

m- + axm + a2 = 0. (4) 

If rrii and denote the roots of (4), and if Ci and Co are arbitrary 
constants, then 

yi = and (5) 


are solutions of (1). By Theorem 13.1, 


y = 


+ 


( 6 ) 


is a solution of (1). By Theorem 13.2, the solutions f5) are 
linearly independent if mi Hence if mi m-a, (6) is a 

general solution of (1). Equation (4) is called the characteristic 
equation of (1). 

If mi = m 2 , the solutions (5) are not linearly independent. 
To obtain a solution independent of (5), let y = zyi, where 
2/1 = is one of the solutions (5). Since 


dy 

dx 




£y ^ 4 . 2 ^— 4 - 

dx^ dx dx ^dx^ 
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equation (1) may be written in the form 

where u = dz/dx and where it is remembered that yi is a solution 
of (1). If we substitute yi = in (7) and divide by 
we find that 


^ + (2mi + ai) = 0. 

Since mi = m 2 , it follows by (4) that mi = — foi. Hence 
du/dx = 0, and u = C 2 . But u = dzfdx, so that s = + C 3 . 

Therefore 

y == zy^ = (Cja: + Qe”*!* (8) 

is a solution of (1). It foUow's by Theorem 13.2 that this solution 
is linearly independent of the solution yi = Cie’”-*. If we add 
these two solutions (and combine Ci and Ca), then by Theorem 
13.1, 

y= (Cl + C2x)e”‘^ ( 9 ) 

is a general solution of (1) when the roots of (4) are equal. 

With reference to the general equation (E), it is seen that 

y = cie”*!* + • • • + c„e” (F) 

is a solution of (E), where mi, • , m„ are the roots of the 

characteristic equation 

m” + aim"-! + • • • + a„ = 0 (G) 

of (E). If the roots of (G) are all distinct, then (F) is a general 
solution of (E). However, if (G) factors into the form 

(m - mi)“(m - • • • (m - m,.)" = 0, 

so that mi, m 2 , • • • , m, are roots of (G) of multiplicities a, 
P, then a general solution of (E) is 

2 / = (gi + 020 ; + • • • + 

+ • • ■ + (Pi + P2a: + • • • + (H) 

where o,i> <^ 2 , •••, a^; pi, ^ aj-e arbitrary 

constants. 
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EXERCISES IX 

1. Solve the following equations: 

(b) ” - 6^ + 92/ = 0. 
dx^ dx 


-4m. y ~ + C 2 e“ 2 x^ 

4.m. = (ci -i- cix)^^^. 

Am. y = -f cs^-s*®). 

To change the form of this solution, write e'® = cos 6 + i sin i9 (see 
Chap. II, Sec. 5). Then the preceding solution may be written in the form 

: e^(A cos Zx B sin Bx). (lO) 

A B 


But A cos ^ + 5 sin 0 = a/ A^ + BH — 

VVa 


cos 6 -f 

" + VA^'+B^- 


X(sm ^ cos 0 + cos ^ sin 0) = X sin + d), 

A^ + B^ and rp — tan”^ {A/B). Hence (10) may be written 


where X 

y “ Xe^® sin (3a; + ^), 

where X and \p are arbitrary constants. 
d^V dy 

^Hx ^ 2 / = 0. Am. y = Xe“® sin (2a; H- 

d^y 


( 11 ) 


(f) ^,+^^2/=0. 

d^y 

(g) 


.4m. 2/ = ^ cosh (kx + p). (See Chap. II, Sec. 5, (2) and Ex. II, 7.) 


(t) ^-^-^ + 2,=0. 

^ ^ dx^ dx^ dx ^ 

dx^ dx^ dx 




d*y 


.d^y . J^y Av , n ^ 


16. The Particular Integral. Method of Undetermined Coef¬ 
ficients. We now consider equations of the form 


_I , 

dx"' ^ ^ 


I % 1 V 

-f- + any = X, 


(I) 
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where X is a function of x alone. Since (E) is the reduced equa¬ 
tion for (I)j it follows that (F) or (H) is the complementary 
function for (I). By Theorem 13.3, a general solution of (I) 
is y ~ Me + T, where yc denotes the function (F) or (H), and Y 
is a particular integral of (I). Thus, to solve (I), it remains 
merely to develop a method for finding F. In Sec. 17 we shall 
outline a general procedure for determining Y; but in this section 
we shall give a much shorter method which may be used when 
the general form of Y is known beforehand. We begin with a 
simple numerical example. 

’ The discussion of Sec. 17 below leads us to suspect that a 
particular integral of 

is a function of the form = Ae^ + Bx + C. We wish to 
determine, if possible, the values of A, B, and C so that F may 
satisfy (1). Since dY/dx = 2Ae^- + B and dW/dx^ = 
we find upon substitution in (1) that the following identity must 
hold if Y is to be a solution of (1): 

~ZA)e^^ + (-SB)x + (~2B - 3C) = + Zx, 

This will be an identity if 

-3.4 = 1, -3B = 3, -2B - 3C - 0. 

Hence .4 = -f, B = —1, C == f, and a particular integral of 

fins 

y == — — a* + |. 

Since the complementary" function for (1) is yc = a 

general solution of (1) is 

y = CiC“^ + C2e^^ — ~ ^ + |. 

This example illustrates the method of UTidetermined coefficients 
for finding a particular integral of (I). In this method we con¬ 
struct a function F(a:) whose form depends upon the form of X, 
and w’hieh involves coefficients 4, B, • • • . We then substitute 
F in (I), and evaluate the coefficients .4, B, • • • so that the 
result is an identity. The following table gives a few rules for 
constructing F in certain cases. 
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I. If X - ^ 4- * • • 4- and if the characteristic equa¬ 

tion (G) has m == 0 as a root of multiplicity k, then 

Y - 4 - Aix”^-^ + . . . 4 . ^ 4 ^), 

(If, as is usually the case, in = 0 is not a root of (G), then we say that 
771 = 0 is a root of multiplicity 0 (i.e., k - 0 ), rc* = x* = 1 , and 

Y = Acx”^ + Aix^^-^ 4 - ... 4 . ^^4 

II. If X = and if (G) has in = a as a root of multiplicity k, then 

Y = Axh^^. 

III. If X =5 sin ax or if X =6 cos ax, and if (m- 4* a-) is a factor of (G) 
of multiplicity k, then 

F = x*(A sin ax A B cos ax). 

IV. If X = e^^Tpix), where ^ is some function of x, let y = ze^, di'V'ide 
by and solve for 2 . 

V. If X = tii(x) 4- • • • 4~ Ujrt(z)i then F is the sum of the functions 
constructed for the respective terms ifi(x), * • • , u^ix'). 

EXERCISES X 

1 . Find the complementary, particular, and general solutions of the 
following equations: 


(b I — — 2^ — 8 j/ = 4 eos 2x. 
dx^ dx 


Ans. y ~ ci€'~^ 4- coc”*® -i - e^- 

32 


d^y dy 

(cj T-. - ^ ^ +1- 

dx^ dx 


Ans. y — cic^ + C 2 e ^ cos 2x — ~o sin 2x. 

-4715. y - cie® 4- C2e5® 4- x- ^ 4- f|. 


d^u dy 

(d; -t 3-^ = - 2. 

ax- dx 

d^y dy 

4- 47/ = 3e3^. 

dx‘ dx 

d~y 

dx- 

dy 

(i) 4- 3— = sm^ X. 

dx- dx 


. ^ d^y 

(f) — 4- i o sin 2x 4- 3 cos 2x. 
ax- 

(h) ^-5l"+62, = xV. 
d^y dy 

(i) ^2 + t ■ sin 2x. 


2 . In many practical problems, linear equations occur whose right-hand 
members are sines and cosines. In such cases it is frequently convenient to 
regard these right-hand members as the real or imaginary components of 
complex exponentials (see Chap. V). For example, to solve the equation 
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d^y 


dx^ 

dx 

dhi 

du 

dx^ 

dx 


write the equation 

dhi du ^ ^ ^ 

(3) 

and after multiplying (2) by i and changing y to v, add (2) and (3), obtaining 


dHi du o \ 

—-— 2u I ~r ■ 

dX / \ 


dh) dv _ A _. r. , • • ^ X 

-- 2v j = 3(cos 2x 4- z sin 2a;). (4) 

dx^ dx J 


If we recall that == cos 2a: 4- i sin 2a:, and if we let vc = u 4- iv, then 
(4) may be w^ritten in the form 


d^w dw 


2w = 3e2i®. 


dx^ dx 

A particular integral of (5) is foimd in the usual manner to be 


3e2« 3(3 -f) 3(3 ~z), ^ ... 

6 + 2i 20 --^ 

—9 cos 2a: — 3 sin 2a: .3 cos 2a: — 9 sin 2a: 

--1 ^- 

20 20 

Since w ^ u -r iv and since ?/ = v, a particular integral of (2) is given by 

3 cos 2a: — 9 sin 2a: 

20 

. 1 1 X* r ^ ,3 COS 2a: — 9 sin 2a: 

A general solution of (2) is ?/ = Cie“® + cae^* 4--- 

20 


A general solution of (2) is ?/ = Cie“® + cae^* 4-^^ 

20 

Solve the following equations by the method illustrated above: 


d^v dv 

(a) — — -- 2y = 3 cos 2a:. 

dx^ dx 

d^y 

+ 2^ - 5 cos 3a: 4- 7 sin 2a:. 
dx^ 

d^y 

(e) — 4- 4^ = 4 cos 10a:. 
oa:- 

.,. d~y dy 

(dl — 4- Or— 4- Ty = 4. (Hint: 4 = 4e°*.) 
dz^ dx 

dy ^ 

ie) ~ 4- oy = 7e^ sin Zx, (The right member is the imaginary 


ponent of 
d^y 

(0 — 4“ 8y = a: sin 3a:. (The right member is the 
ponent of xe^^.) 


imaginary com- 
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3.6. £)l3.stic Vit)r3,tioiis. Before we develop more genersLl 
methods for solving linear equations, we give a few applications 
of these equations. The simplest application is in connection 
with 

Simple Harmonic Motion. A variable x is said to vary in 
simple harmonic motion if it changes in such a manner that its 
acceleration is alw^ays proportional and opposite in sign to its 
instantaneous value. Simple harmonic motion is the simplest 
type of oscillatory motion about a position of equilibrium and is 
typical (at least to a first approximation) of the great majority 
of physical systems having one degree of freedom. 

Simple harmonic motion may be represented by the differential 
equation 


dt^ 




( 1 ) 


where > 0, A general solution of (1) is 

X = A cos (Jit A- B sin wi, (2) 

where A and B are arbitrary constants. This solution may be 
wTitten in the form 


X = C cos (cat — a), (2') 

where 

C = a = tan~^ ~ 

A 


(Cf. Ex. IX, 1(d).) Solution (2') shows that any given value of 
X occurs periodically, for consider the value of x at the following 

instants; U, Zo + —^ Jfo + —^ * ' , k + * * * , wdiere k is 

any integer. It is seen that x has the same value at each of these 
instants since 


C cos 



a 


= C cos (coifo — a) 


for every integer value of k. The common interval of time 
27r/co betw^een these successive equal values of x is called the 
period of x. The constant C is called the amplitude of the motion, 
and a is the pho^e angle. 
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Damped Simple Harmonic Motion. Suppose the variable x of 
the preceding paragraph is subjected to some form of resistance 
(mechanical, electrical, or othervuse) proportional to the velocity 
ami acting in the direction opposite that of the motion at any 
instant. This resistance may be represented by —2p(dx/dt), 
where p > 0, and the equation of motion may be reduced to the 
form ’ 

d'^x , ^ dx , „ 

The coefficient 2p is known as the coefficient of resistance. As an 
example of a physical situation representable by (3) let us con- 
sider an elastic wire or spring of negligible 
j W mass whose upper end is fixed at A and to 
i whose lower end P is attached a point particle 
i i § of mass m. Let the natural length of the 

I L—^o spring he I = AB, let So = BO be the amount 
^1 1 I..& ; g the spring extends when supporting m while 

_j ! jO _ 

UP ■ i__hp at rest, and let § = BP be an arbitrary exteii- 

I sion of the spring. If the tension T in the 

spring is proportional to the extension s, 

■ then T == Xs/Z, and in particular, mg ~ \sq/L 
Let P be displaced slightly from its position of equilibrium and 
then released- If / is a force of resistance proportional to the 
velocity of P and acting in the direction opposite the motion of 
P, then / = —kds/dty and the resultant force F acting on m is 


Fift. 114. 


By Newton^s second law of motion, F = m d^s/dP, Hence 

dH ^ ... 

m^_ = rr>g~T- ( 4 ) 

But mg — T — — (X/Z)(s — so) = — (X/Z)a;, where x s ~ Sq. 
Since ds/di = dx/dt and d^s/dP = d^xfdP, (4) may be written 
in the form 

d-x X ,dx 
‘^dt^ ~ ^dt' 

This reduces to (3) when we write = \/nd, 2p = h/m. 
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By Sec. 14 a soiiirion of (3) is found to be 

Vp-—_ j_ ^g(—p —Vp’— 

= Ae-^^ cosh {V? - C^H + B), (6) 

%vhen or ^ 0, and 

X = {A A- Bt)er'p^ (7) 

when — co^ ^ 0. The values of A and £, or of A and B, are 
determined by the initial values of x and v = dx/dt To discuss 
the variation of x with t we consider three cases: 

(a) > 0)^- this case \/p2 — ^2 in (6) is real and not 

zero* If A and B are both positive, then x is always positive; 
moreover, —p + and — p— \/p- — cc- being both 

kx 


Fig. 115. Fig. 115. 

negative, a = dx/dt is always negative. It is seen that x 0 
as ^ > 00 as indicated in Fig. 115. A similar situation occurs 
when A and B are both negative. If A and B have opposite 

signs, then x = 0 only once, i.e., at to = — ^ log 

2\/ p- — w“ 

moreover, v = 0 only once, i.e., at 

U = ■ -A- + 

2v'^P‘' — V A{p \/p- — o>-)/ 

ii being later than to. When ^ a; and dx/dt have opposite 
signs, and x 0 as i oo as indicated in Fig. 116. This type of 
motion is known as overdamped, the 
retarding force being so great that 
no idbration can occur. 

(b) = 0 ?“. Regardless of the 

signs of A and R, the motion in this 
case [see (?)] is similar to that in the 
preceding case when A and B have 
opposite signs. This type of motion is known as critically damped. 
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for [as indicated in case (c)] the motion becomes oscillatory with 
an arbitrarily small decrease in the retarding force (Fig. 116). 

(c) p- < M-. Let us write ( 6 ) in the form 

x = = -1) (8) 

This may also be written in the forms 

x — e~'‘HC cos \/ oi~ — pH D sin \/ci3^ P"<), (9) 

X = e“'’‘[C cos (V 0)2 — pH — y)], 

where 

C = VC^ + y = tan-i ~ (10) 


In this ease, x oscillates with alternating sign, the period of 
oseiUation being - P®; since e"''* ^ 0 as co, the 

amplitude of the oscillation continually diminishes toward zero. 
This type of motion is kno^m as damped oscillatory (see Fig. 117). 

Forced Vibrations. Suppose the spring of Fig. 114 is subjected 
to an additional force mf(t) which is a function of the time. Then 
(3) assumes the form 


or 

J +2 * + (12) 


This is known as the equation of motion for a forced vibration. 
If the applied force is periodic, say/(i) = L cos pt, and if p- 7 ^ co\ 
then a solution of ( 12 ) is 


X = 


- pT- + 4p^^ 


COS {pt — i3) 


+ + Be-^ ""'^1 ( 13 ) 


where -.4 and B are constants of integration; but if then 

a solution is 


X = .. cos {pt — jS) + (^4 + Bt)e-^^. (14) 

p- p- 

When the impressed frequency p is such that the amplitude of 
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vibration [in (13)] has a maximum value, resona?ice is said to occur. 
Thus the maximum extension of the spring may become so great as 
to produce rupture. Equation (12) is of great importance in 
many cases of forced vibrations encountered in the theor 3 ^ of 
electricity, sound, and mechanics. The first term in the right 
member of (13) is called the steady-state solution, and the second 
term is called the transient solution; the significance of these 
names is evident when we consider the relative magnitudes of 
these two terms for small and large values of t. 


EXERCISES XI 


1. Solve Eq. (3) under the condition that x = xq and z? — 0 at ^ = 0. 
Consider each of the three cases. Solve Eq. (12) under these same 
conditions. 

2. Suppose the mass m of a simple pendulum to be concentrated at a 
point P distant I from the fulcrum, (a) Find the equation of motion when 
there is no friction, (b) If the angular displacement 6 is small and is 

sin 9 

measured in radians, then sin d may be approximated by d since iiin —— = 1. 



Fig. 118 . 


R L ^ 

I— wJm — 


4 

Fig. 119. 


Using this approximation, solve the equation of motion under the condition 
that 9 ^ do and dd/dt = 0 at i = 0. 

3. An electric circuit consists of a constant resistance of R ohms, a coil 
of constant inductance oF L henries, and a condenser of constant capacity 
of C farads in series with an e.m.f. of E volts. It is seen by Sec. 3 and 
Ex. VI, 6, that 


and hence that 




+ c - 


{15} 


For each of the following cases solve (15) to determine the charge ^ and the 
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current i as functions of the time i under the condition that q <3 and f = 0 
when t = 0: 

(a) E = 0. (b) E ~ Eq. (c) E Eq cos pt (d) E == sin pt^ 

w'here Eo, p, and w are constants, (e) Show that if is smali and p is 
close to then the amplitude of the oscillation is large. 

4. Find the steady-state current in the circuit of Ex. 3 when fg = 60 ohms, 
L = 8 henries, C = 3 mf. = 3 • 10“® farad, and E = 100 sin 120jrt. 

5. A condenser of 5 mf. has a charge of 0.004 coulomb. Find the transient 
current when this condenser is discharged through a resistance of 2 ohms and 
an inductance of 14 henries connected in series. 

6. Set up the differential equation for the motion of a simple pendulum 
when there is a resisting force proportional to the angular velocity. 

17. Method of Variation of Constants- In this section we 
return to the general linear equation (A) of Sec. 13 and we shall 
show how the general solution of (A) may be found when the 
complementary function (C) is known for (A). It will be seen 
that this method is merely an extension of the method described 
in Sec. 15. For the sake of simplicity, we shall base our explana¬ 
tions on the second order equation 


ydy 

^ Vat 


+ X^y = X, 


( 1 ) 


w'here Xi, X 2 , and X are functions of x alone. Suppose 
y == ciyiix) + c^ynix) 


is the general solution of the equation 


dx^ 


+ - 0 , 


( 2 ) 

( 3 ) 


so that (2) is the complementary function for (1). In (2) replace 
Cl and Ci by functions Ci(x) and Czix), and write 

Y = Ci(x)yi + Ci(x)yi. (4) 

We wish to determine Ci(x) and Cs(x) so that (4) L“i a solution 
of I'l). Now 

~ = Ci(x) ^ + Ciix) ^ + Ci(x)yi + Ciix)yt. (5) 

Since the (tec unknown functions in (4) are not completely 
determined by the single condition that (4) satisfy (1), we may 
arbitrarily impase a further condition on Ciix) and Ct(x). It is 
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(■oir. eiiient to require Ciix) aird Cs(x) to be .such that 

Ci(x)yi + C’i{x)y 2 = 0. (6) 

Upon differentiating (5) after substituting (6), we find that 

W- ^ dF ^ (7) 

When we substitute (4), (5), (6), and (7) in (1), and remember 
that 2/1 and yi are solutions of (3), we obtain the equation 






( 8 ) 


If we solve (6) and (8) simultaneou.sly for Ci(x) and Cs(x). we 
find that 

/ _\ Vi^ 


C{{x) = 


C',{x) = 


(9) 


ViVi — ViVi " ' yiy's - y'yyt 

where yiyi - y[yi 0 since we supposed yi and v/s to be linearly 
independent (see Theorem 13.2 and the paragraph preceding 
this theorem). Hence 

C^i-A) = - f — y^-dx, C^ix) = f , d^ (10) 

J-yiy'i - y'lV^ Juiyi-y'^yi' 

Substitution of these results in (4) gives a particular integral of 
(1). By (2) and (4) the general solution of (1) is 

y = {ci + Ci{x)}yi{x) + {cj + C 2 {x)\y.{x), (11) 

where Ciix) and Cz{x) are given by (10). 

Example 1. Solve the equation (d^y/dz^) — (dy/dx) = x'^. 

The complementary function for this equation is 

F = Cl -h Coe- + Cse--. 

Considering rbe Ci’s as functions of x, we find that 
dY 


( 12 ) 


dx 




when we impose the restriction that 

Cl -f- Cgg- + Cgg"-^ ^ 0. 


(13) 


(145 


Furthermore, 
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when we impose the additional restriction that 

- C[e-^ = 0. 


Finally, 


dx^ 


= - Cze-^ + + C'^e-\ 


(16) 


(17) 


Substitution of conditions ( 12 ) to (17) in the given equation leads to the 
result 

+ Cje-* = x\ (18) 

Sohing (14), (16), and (18) for C[, Cj, and C 3 , we find that 
C[ = C; = We\ 

Hence* 

Cl = C2 = ~ xe-^ d-e-®, Cz = - xe=^ -}- ( 19 ) 

By (12,», a particular integral of the given equation is 

F = —ix^ + — xe~^ + 6 " + (ix^e^ — xe^ + e®)e‘’ 

= -ix^ -2x+2, 

and the complete integral is 

y = Cl d- Cae® -4“ C3C“® — ix^ — 2x +2. (20) 

While the method of variation of constants is far-reaching, it 
is inferior in practical value because it requires a knowledge of 
the complete complementary function and this in general fre¬ 
quently requires a great deal of laborious computation. 

EXERCISES XII 

1 . Solve by the method of variation of constants. 


• I + 

‘ — d- 2 ^ = tan X. 
dx- 

— — 1/ = sin x. 

flx- 

dhj 


(1 


-dS-')- 


(DJ 7- + “2/ = or. 
dx X 

d^V 

(d)- T 1 d- 42/ = 4 tan 2x. 
dx^ 

(f)^+P(x)y = Qix). 




* It is unnecessary to add arbitrary constants in (19) because they would 
merely combine with the constants in ( 20 ), 
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®g+^S+^-S+^‘» ^ 

2 . Prove rules I to V in Sec. 15. 

3 . If a solution y == yi is known for Eq. (A) in Sec. 13, show that this 
solution may be used to transform (A) into an equation of order n — 1 
(see Sec. 14). 

18. Linear Equations of the Second Order. Because of their 
importance in physical applications, we shall consider linear 
second order equations of the type 

g+p| + e,.z, (1) 


where P, Q, and X are functions of x only. 

We have already considered in Secs. 14 to 17 (a) the case 
where P and Q are constants; and (b) the case where (1) is exact. 

If a particular integral y of (1) with Z = 0 is known, or can be 
found by inspection, the substitution y = yiw will reduce (1) 
to a linear equation of the first order in dwidx, which can be 
solved by the methods of Secs. 5 to 12. 

If none of these methods seem applicable, try substituting 
y ^ uw in (1). This yields the equation 


dx^ dx ) dx u\dx^ dx 


\ X 

Iw = — 
/ ^ 


( 2 ) 


If u can be selected so that the coefficient of dwfdx is zero, then 


= o-VzSPdx 






If the coefficient of w in (3) is a constant, the new equation 
(3) can be integrated by the methods of Sec. 14; if the coefficient 
of w in (3) is equal to a constant divided by x-, the equation (3) 
may be integrated by the method indicated for (32) of Sec. 19. 

Sometimes replacing the independent variable x by where 
w = <p{x) is an arbitrary function of x, will lead to a solution to 
(1). The first and second derivatives of y with respect to x are 


dy _ dy dw _ / dw^ d^y , d^w dy ^ 

dx dw dx’ dx^ \dx) dw^ dx^ dw’ 
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so that (1) is transformed into 


^ 4- 

dw"- 



<iy , g ^ ^ 

dw /dw^ / dw\^ 

\d.r y \dx ) 


(4) 


If w can be so selected that the coeflBicients of y and dy/dw are 
constants, the equation can be integrated by the methods of 
Sec. 14. 

It frequently happens that all the methods mentioned above 
fail to solve equations met in certain applications. Such cases 
may be treated by assuming a solution in the form of an infinite 
series. The series arising from such an equation often defines 
a new function, which must then be studied. This was the 
situation vrhich led to the Bessel functions, Legendre functions, 
and others. However, we shall postpone this subject until a 
later section. 


EXERCISES Xni 

1. Show that when Q = dP/dx, equation (1) may be integrar^Hwi to yield 
(dyidz) Py = fX dx C, a case considered in Sec. 9. 

^ d-y dy 

2. feolve:— - x^— -f xy x. Ans. y ^ 1 ^ ax -f- C 2 xfx-^ 

3. Solve: (1 + x’l — - 2i:— + 2y = 0. 

ax- dx 

4. Solve: il ^ d ~ x) — - 

ax'- dx 


Hixt: is a particular solution. 

5. .Solve: 9 (g) -1=(£). .4n*. ^ = 3 eosh 

Hint: Let dy'dx = /j. d-y/dx^ = dp/dx. 
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8. Prove that if a known integral of (1), then the general solution 
of (1) is 


li + c~yijdx + y,Jyjp d^x dx dx. 


y = 


d^y dy 

9. Solve: xr— —- -f 4:X^y — = 0. 

dx- dx 


10. Solve the differential equation dy/dx == x'‘ + y by assuming the solu- 
tion TO infinite series of the form 


y 


■ aiX -h a^^x- + a-iX^ 4- • • • -h -f- ■ 


and deterufiining the coefficients ai, 
SolutioTi. 


% 

dx 


- '2a2X -f- SaaJC- -|- 


4- nanx^^-^ 4- (n -f 4- 


Substituting in the given equation, we must have 
ai 4 “ 2(1q.x -f 3a.3.T“ 4 “ ■ • ■ + (^i 4~ 4“ * • • 

s ^2 4- qq -b aix -f a2X^ + . . . 4- 4- • • 

Equating the coefficients of like powers of x in this identity, we have 
ai = flo, 2ai ' = ai. Sag = 14 - 02, 4 a .4 = a^, • • • , 17/. 4 - !.)«/:*-1 = • ■ 

Hence, if we consider ao to be the constant of integration, we find that 


av 1 . Uo 

ai — a-j — f a:f ~ "T -h 

- 00 


04 


_ 1 /1 , ao\ 
4\3 ^ 6/ 


so that the solution is 


^ = cii -r aoX 


«2c. , , 1 / , ao\ 

-r--A'*^r 


1 Go I 

■ 3 : 4 ^ + 


11. Solve each of the following equations by the method of series: 


, . dy 

(a.) ^ + 2/". 

, . d^V 

(ej —“ 4- Axp = 0- 
dx- 


(b) ^ + 2:.. 

dx 

d^v 

(d) 4- r-y - 0. 

dx- 


12. Solve: 4- 1) — — 

dx- 



1 = 0 . 


Let p 


dx / 
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13. Solve: 


d^y 

dx^- 


H- 1, ( Hint: Let 


-(£)■ 


15. Solve: (z- — x) + {Ax -{- 2) ^ + 2?/ = 0. 

QfX 

dhj dy 

16. Solve: cos x-- — 2 sin x— = 10(cos x)y» 

dx~ dx 

17. Solve: + 92/ = 0. 

dx- dx 


dhj 

IS, Solve: 3— — 
dx^- 


0. 


19. Operator Methods. In this section we shall develop 
another method for sohdng the equation 


^ , . 
dx’^ ^ ^ 


+ a-nV = X, 


(I) 


where the coefficients a,- are constants and X is a function of x 
alone. Let D, D-, D^, • • ■ denote the symbols d/dx, d^/dx^, 
d^Jdx^, ■ • ■ , respectively. Thus 2D^y + llDy - 6y, or writ¬ 
ten more briefly as (2D- + IIP — 6)y, denotes ‘ 


cyd-y , ndy 

+ "s - 

If f{x) and g(x) are differentiable functions of then 

Hence the operator D obeys the distributive law 


n[/(^) + = D}{x) + Dg{x). (1) 

It may be shown in a similar manner that 

■D[c?(a:)] = c[Dg{x)] (2) 

when c is a constant but not when c is a variable. If m and n 
are positive integers, 


P”>[P»/(a:)] = D-[D”‘f(x)] = P^+^/Ca;). (3) 

Thus P satisfies certain of the fundamental laws of elementary 
algebra. 
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Equation (I) may be written in the form 

P(D)y = Z, (D 

where 

PiD) + aiZ)«-i + • . . + a„. 

The expression P(D) is called an operator, and we say that we 
operate on a function f(x) with PiD) when we carry out the 
indicated operations of differentiation, multiplication, and 

addition. By virtue of (1), (2), and (3), it is possible to “factor” 

an operator PiD). For example, 

( 2 B 2 + IID - 62 /) = (21)2 + i2D)y - (Z) + Q)y 

= 2[DiDy) + DiQy)] - (D + 6)y 
= 2D[iD + 6 ) 2 /] - [(D + 6 ) 2 /] (4) 

= (22) - 1)[(B + 6 ) 2 /] 

= (22) - 1)(2) + 6 ) 2 /, (5) 

(4) following by ( 1 ). It may be shown in a similar manner that 

(22)2+ 112)-6)2/= (2)+ 6) (22)- 1)2/. (q) 

It is seen by (5) and ( 6 ) that the factors of an operator PiD) may 
be written in arbitrary order, li y = — sin x, then by (5), 

( 22)2 _|_ _ 6 )(+ — sin x) = ( 22 ) — 1 )[( 2 ) + Q)ix^ — sin i)] 

= (22) — l)[(3a;2 — cos x) + 6 (+ — sin x)] 

= ( 12 x + 2 sin x + 36x2 _ 22 cos x) 

— (3x2 _ gog 2 - _j_ 02 ;S _ 0 gin 2 :), (7) 

and by ( 6 ), 

( 22)2 ^ iij) _ 0 )( 2:3 _ sin x) = iD + 6 )[( 22 ) — l)(x 2 — sin x)] 
= (D + 6 )[( 6 x 2 — 2 cos x) — (x® — sin x)] 

= ( 12 x + 2 sin X — 3 x 2 ^ (.qs x) 

+ (36x2 _ 12 cos X — 6 x® + 6 sin x). ( 8 ) 

It is evident that (7) and ( 8 ) are identically equal. 

If CO is a constant, then 2)e“* = toe""', D^e^^ = to 2 e"®, ■ • • , and 

P(2))e"" = P(co)e""', (9) 

for 

P(2))e"" = (D’‘ + ai2)"-i + • + a»_i2) + a„)e"'' 

= (to” + Oico”—^ + ' + ctn—ictf + a„)e“® = P(co)e“*. 
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Again, D- cos oix ~ — w- cos cox, 


and 


cos iOX — (— cos OjX. 




for 


cos coa: - P(~a)2) 


UUfi oox. 




PiD-) ms cox = (i)2« 4- ... 4. ^ m m ^ ^ 

- r/' / T^« t , ^ ^ + a«; cos coa: 

~ Er“t + + • • • + a„_x(-co^) + a4 eo« 

= r{—o}-) cos cox. 

It follows in a similar manner that 

P(D-) sin o)x = P(—io^) sin o>x. 

It IS readily possible to derive many other formulas of this sort 
For example, 

D[e“^/(3:)] = 

D"-[r^f(x)] = i){e-[(i) + ^)/(^)|j. =, + a,)[(Z) -f 

= e^HD + confix), • • • , 
and 


Thus, 


Pfi))[e-/(x)] = e-p(£> + 


( 12 ) 


(D^ -oD + Qy=^y = e>-[{D + S)^ - 5(£> + 3j 4. 

= + D)y = e3x/ 

dxj 

ComplemerUary Fuvxtiom. It follows by (9) that the charac 
tenstic equation [see (G) of Sec. 14] of the equation 

P0)y = 0 ^23^ 

is Pt wi) - 0. Hence if P{D) is factored in the form 

P(D) = (P - r,)(D -r,) - (D- r„), 

then ” ^ 

■F(ot) = {m - ri)(m - n) • ■ ■ (m - r„), 

the roots of the equation P(m) = 0 are r r 1 -r 

the Ps are all dMnct, the giial sol'Ln’or(i3)‘i. ’ 

u = CiC*"!* 4- ... 4, Cne^n^. 
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We wish to show how the general solution of (13) may be obtained 
with the aid of operators when some of the r’s are equal. 

It follows from the preceding discussion that the equation 

(D - rYy = 0 (14) 

has yi = e” for a solution. Let y = where fix) is to 

be determined so that ^ is a solution of (14). If we substitute y 
in (14) it follows by (12) that 

{D - ryiN^fix)] = e-[(Z) + r) - rj^fix) = e’--D^f{x) = 0. 

Hence D'^(x) = 0 since e’’* is never zero. If we integrate p 
times we find that f{x) - Ci + C^x + Czx^ + • • • + CpX^K 
Thus the general solution of (14) is 

y = (Cl + CiX + ■ ■ ■ + CpXP-^)e^=‘. (15) 

Now suppose (13) factors into the form 

(D - ri)p.(I> - r2)r= • • • (D - r,:y,y = q. (16) 
It is evident that any solution of the equation 

(D - rt)p‘2/ = 0 (17) 

is a solution of (16). By reordering the factors in (16) it is seen 
that the solutions of each of the equations 

(Z) — ri)Pij/ = 0, (D — = 0, • • • (18) 

are solutions of (16). If all these solutions, each of the form 
given in (15), are added, the result is the general solution of (16) 
[see (H) of Sec. 14]. 

dJ^y dry 

Example 1. Solve the equation — — 18--1- Sli/ = 0. 

dxr dx^ 

We may write the equation in the form 

(D^ - 18D2 + 81)2/ = (Z)2 g)2y = q. 

The characteristic equation is (D^ — 9)^ =0, where we write D instead of 
w, and the roots are —3, — 3, 3, 3. Hence the general solution is 

y = (Cl + Czx)e^^ -f- (Cs + Cix)e~'^^. 

Example 2. Solve the equation = 0. 

The characteristic roots are — 3i, —Zi, Zi, Zij and the solution is 

y = {ci + C 2 x)e^*^ + (cz + 
or 

2/ = (Cl 4- O 2 X) cos Zx + (Cs + C 4 X) sin 3a;. 
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Pariicuiar Integral. To obtain a particular integral of equation 
(I), let us first consider the equation 

(D - r)y = X{x), ( 19 ) 

which, by Sec. 9, has the solution 

y = e~^^X{x) dx + Ce==. (20) 

Let us formally write (19) in the form 

y = (21) 

where the symbol 1/{D — r) is as yet undefined. Comparison 
of (20) and (21) shows that (21) determines the solution of (19) 
if we interpret the symbol 1/ (J) — r) as an operator which, when 
acting on the function X{x), gives the right member of (20), 
i.e,, if we define the operator 1/(I> — r) by the formula 

e-^=^X{x) dx + (22) 

It is seen that the term Ce'^^ in (22) is the complementary function 
for (19) and that the term e^^je^^X{x) dx is the particular 
iiitegraL It is also seen that if = 0 in (22), then 1/D means 

the same thing as /, i.e.. that 1/D is the inverse operation of D; 

in the same sense, 1/(P — r) is the inverse of D — r, i.e., 

(D - r) ^~X(x) = X{x). 

Let us next consider the equation 

(D - r,)(Z) - r.yij = X{x). (23) 

To ioive thus equation, let z = (D - r^yy. Then (23) assumes 
the form 

{D - ri)z = X(x), (24) 

and by (21) and (22) a .solution of this equation is 

^ ~ = evJe-^AX(x) dx + 

If we now replace zbj (D — r 2 )y and solve the resulting equation 
w'e find that 
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y = e-^t=^Xix) dx + 

= J e-^^^e^^^fe-^i^Xix) dx + dx + (25) 

= Jdx dx + + C^e''^, (26) 

if n sA ra. However, if ri = r,, then (25) reduces to 

y = e’'‘^/[/ e-^’^^Xix) dx + c(^dx-{- CV>“= 

= ®’'**J*J* e-^i^Xix) dxdx + {C[x + (26') 

If we evaluate the integral in (26) by integrating by parts 
(integrating and differentiating /e“’’>*X(x) dx), then (26) 

assumes the form 


+ Cie’'!* + Cne’'^ 


((J"! 


+ 


- ri){D - r2)) 


r^){D-n) ' (r2 
By (24) and 21) we may write (23) in the form 
i 1 . 1 


X(a:). 


y 


D — ro D 


Ti 


Xix) - 


(Z) — r2)(D — ri) 


(27) 


X{x) {27') 


It is readily veriiied that (27) results from (27') when the operator 

(D ^ V treated like an ordinary fraction and 

resolved into partial fractions. Formula (26') may be reduced 
in a similar manner to the form 


y = ^ ^- ~- X(x) - ^-^JxX(x)]. (28) 

An immediate extension of the preceding discussion shows that 
the general solution of the equation 

(D - n)(D ~ rs) * • - (Z) - rr.)y = X{x) (29) 

is 


= 6’^**J* J 


• • Je-^i^Xix) dx drr * • - dx 
+ + C%e^^ + • ‘ * + (30) 
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where the integrations are carried out by beginning at the extreme 
right and working to the left, and where all the r’s are distinct. 
However, if some of the r’s are equal, then (30) must be suitably 
modified [see (15), and (H) of Sec. 14]. We may write the 
solution of (29) formally as 

TT^ - n - 

D — Tn D — D — Vi 

^ (D - r„)(D - r„_i) • • (Z) - ^^l) 

If the r’s are all distinct, we may resolve the operator 


(D - r„) 


(D - n) 


into “partial fractions” in the usual way [see (27) and Ex. 7 

1 , 1 l' 


below]. If we define 


P{D) 

where P(D) = (D — ri)(D — rj) 


to mean 


D — r„ D —Ti 

(.D — r„), then we may 
write the solution of the equation P(D)y = X(x) in the form 

y = p^X{x). It should be observed that is the inverse 

of P(D) in the same sense that 1/D is the inverse of D. 


Example 3. Solve the equation (D^ — 9 D)y = x. 
Considering only the particular integral, we have 


1 


1 


D D-S D +Z 




- " H] ■ 5-ir^(+! - 0 


dx -- 


18* 


Hence tiie general solution is 


y = Cl + Cie-3« + Cie^ - —• 
18 
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It is sometimes possible to simplify (30) and (31) considerably. 

Example 4. Solve the equation P(D)y = 6“"=. 

Let P{D) = (D — ri) * • • (D — r„) and suppose that ca is distinct from 
the Fs, It is readily verified by direct computation that 

1 

- g .p(i3X 

P(D) PM ’ 


where Pico) 7 ^ 0 and where we consider only the particular integral. 

Another way to arrive at this result is as follows: The operator —^ is the 

. P(D) 

inverse of PiD). But P(D), when applied to gives the function 

Pico) 

[see (9)]. Hence when applied to e"“, brings us back to — 

F{V) P(cj) 

Thus a particular solution of the given equation is 2 / = —when 

P(cd) 

p(w) 7 ^ 0. Again, if P(D) = (D — 6>)p, then it may be directly verified that 

1 

^ ^ 77^— In the 

(D — co)P pi \F> — 

present instance, D^fix) = 1, so that/(a?) ~ x^/pl.] Finally, if the given 
equation is of the form 

<f>(D) • iD - co)^y = 


where <i>iD) does not contain the factor (D — co), then a particular solution is 

1 e"® 

^ (D — co)^ <piD) {D — co)p (f>{co) <pio) p\ 

The complementary function is obtained in the usual w-ay. 

Example 6, Solve the equation PiD^)y — cos oox. 


By (10), 


PiD^) 


Pi-a 


■■ cos cox. Hence 


1 1 

- cos coX == - 

PiD^) Pi-00^) 


cos cax, 


and a particular integral of the given equation is y — cos wx, pro- 

P(—a>2) 

vided that P( — co^) 7 ^ 0 . The case where P( — w^) = 0 is left to the student. 
Example 6. Solve the equation (D- -\-SD + 2)y — cos 4:X. 

It is apparent that a particular integral of this equation is of the form 
y = A cos 4a; “h J5 sin 4a;. By (10) and (11) we may write 


(2)2 + 32) + 2)y = (-16 + 3D -f 2)y = cos 4a;. 



374 


HIGHER MATHEMATICS 


[Chap. Ill 


Hence 


1 


y = 


D* + 3i) 2 

1 


cos 4a; == 


1 


-16 4-3Z) 4-2 


cos 4a;. 


m - 14 
1 


cos 4ar = 


-~[(3D -I- 14) cos 4a;] 

9D2-(14)-- 


9(~16) - 


n3/> 


14 cos 4a;] = ( — 12 sin 4a: -f- 14 cos 4a;,), 


An equation of the form 

x''D^ 4- aix’‘-'^D’ ~'^y + ■ ■ • + Un-ixDy + a„'^ = A(a:), (32) 

where Oi, ■ ■ • . a,, are constants, is known as a honiogeneouH 
linear equation. To .^oh’P thi.s equation, let .t = eK Then 


<ix 

rPy 

4r 


f-ii 
dtdx di’ 



df- 


- 

dt 


,-j!i 

df 


- 3e- 


-iA'v I — iAy 

dr- ^ 


di 


and so on. Hence 


dy 

dx 


= i>y, 



D)y, 



(D^ - 3Z>2 -f 2D)y, 


and 8G on, where D denotes d/dL Substitution of these results 
in (32) leads to a linear equation with constant coefScients which 
can be dealt with in the manner indicated above. 


Example 7. Solve the equation x-—- — 6a;— -f- 6?/ = a;-. 

dx- dx 

If we let X = f' and make the above substitutions, we obtain the equation 
- 7D A- Q)y = 

whose solution 


y — ci€^ 4- 

Hence the given equaiion has for its solution 


y = cix -A - \xA 
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The operator 1/P(D) may be written in many convenient 
and useful forms by skillful algebraic manipulations. For 
example, if X(x) in equation (I) is a polynomial in x, then a 
formal solution may be obtained by expanding 1/P(D) in a 
power series in D. Thus, the solution of 

(D^ + l)y = — 7x + I 

is 

- 7rr + 1) 

= (1 - 2)2 + - £>6 + • ■ ■ )(a;3 - 7x + 1) 

= (a;2 - 7a; + 1) - (6a:) = a;® - 13a: + 1. 


EXERCISES XrV 

1. Solve the following equations: 


fa) {D^ + -j- gD-)y = 0. (b) (7)« + 3Z)^ -r 31)2 -I- 1)|^ ^ 0 

(c) (4Z)5 + 7D^ - 2D‘^)y - 0, 

2 . Solve the following equations by formula (30) or by the method of 
Example 4: 

(a) D^y = 1 . 

f \ 

(b) (D® 4 - 1 ) 2 / = sin x. ( Hint: sin x -:- 1 


(c) (D - 3)^2/ = 0 . (d) {D^J^D-vlyg^ x\ 

(e) (D -f 3)2?/ = 100€2^. (f) (1)2 - I6)y = 27e^^. 

(g) (2)3 - ]))y = gx ^ 


3. Solve the following equations by the method of Example 6 : 

(a) (D - 1 ) 2 / = 9 sin 2x. (b) (D^ + 81) + 26)y = 48 sin x - W cos a:, 

4. Solve the following equations by resolving - into partial fraetioru 


(a) (D2 - 1)?/ = 5 4- 7x. 

(c) (1)3 4- 1 ) 2 / = 54 - e~^ 4- 4^2"^. 

(e) (D2 - W + 2) y ^ xe^. 

5. Solve the following equations: 

(a) (1)2 — 4D 4- 2 ) 2 / = X. 

(c) ( 1)2 4 - 4 ) 2 / = cos 2x. 

[Hint: Solve (1)2 4 - 4)?/ — 

(d) ( 1)2 4 - 4)y = sin 2x. 

(f) (D" ^ 0. 

(h) (D3 + 1 ) 2 / = 3 + e"* 4- 7e2*, 

(i) (1)2 — 2Z) 4 - 4:)y = e* cos a;. 


(b) (D 2 - 21) 4- 1)2/ = 362*. 

(d) (D3 - 3D2 - D -f 3)?/ - a:*. 


(b) ( 1)2 4 - D 4 - 1 )?/ = 


and use the real part- of your answer.] 
(e) (D — 1 ) 2 ?/ = sin x. 

(g) (D^ - 81)2/ = 

(i) (D 2 - 2D)y - e2* 4 - 7. 

(k) (D 2 4 - 16)^ == sin 2 a;. 
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dz^ dx- dx 


d“V dy 

in) x^^^Qx^+2oy 
dx- dx 


50. 


d^y , ^ d}y dy 
(o) {x^D^ +xD - l)y = 2a log a. 


(p) (1 + 2jj=^ + (1 + a) ^ + 2 / = 4 cos log (1 + x). 

[Hixt: Let 1 '^ 2 x = e^] 


(qj (.r -r 1 




dx^ 

6 . Show that 


■ 4(a; + 1) “ 4- 6?/ = x, 
ax 


P^D-.iA cosh (j3X -r B sinh oyx) == P(co^)(A cosh cax + B sinh 
7. Show that 


{D 


I _X = [—— ^ 

— aj(D — h){D — c) {a — h){a — c) D — a 


4-- 


+ ■ 


1 


(6 — a) (6 — c) D — b (c — a)(c — 5) Z) — c 
when a, 2>, and c are distinct. Generalize this result. 






8 . In Fig. 120 the equations of the normals to the curve C at the fixed 
point (xc. yr) and at the variable point (r, y) are 

^ ~ -*)- 

&lve tiese equations simultaneously for the coordinates (X, 7) of the point 
Q of intersection of these normals, use the results to compute 

^ = V (X - *„)* + (7 - yo^, 
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and evaluate lim r by L’Hbpital’s rule (Theorem 11.2, Chap. I) to show- that 

X—*^XQ 

lim r is the radius of curvature p of the curve C at {xq, yo). 

Z—^XO 

9. Let AB and A'B' (Fig. 121) be normal sections of a beam. Sup¬ 
pose that, after the beam is bent, these sections remain plane and intersect 
at Q. Owing to the bending of the beam, a tensile force F acts across the 
outer part of AB and a compressive force F acts across the inner part of AB. 
Let Po be the point of AB where this internal force F is 0, let P be any 
other point of AB, let QPo = U, QP = r, P^P = r - ro = y, and let p be 
the radius of curvature of P^P'o at Po. The value of F at P (in pounds per 
square inch) is ES, where E is the modulus of elasticity of the material in 
the beam and d is the elongation (or compression) per unit of length alone 
PP'. Now 


S 


= lim 
Po'-^Po 


PP' - Pqp; 
Pop: 


lim 


dr — dro 
dro 


1 

: -y 
p 


Ky, 


for, as indicated above, lim ro is the radius of curvature p of the curve 
Po'-»-Po 

PoPj at Po and K = Ifp, where K is the cun-ature of PoPj at Po. Hence 


F = EKy, 


and the total moment of all the forces F about Po is 


^ = jj,7 ^^y'> ^(y'> = eki, (i) 

where h{y) is the breadth of the beam at height y and I is the moment of 
inertia of the section AB about the axis 
through Po perpendicular to the plane of 
QPq and PqP[. Show that this axis is the 
gravity axis of the section AB. 

In Fig. 122 it is seen that the moment M 
in (i) at any section AP is induced by, 
and exactly balances, the moment of the 
impressed force W about the point Po in AB. Hence 

EIK = W{1 ~ x). (ii) 

But K ^ y"/{l -{- where y now denotes the deflection at distance x. 

If the bending is small so that y'^ is negligible, then (ii) reduces to 

where we write —IF' because y" is negative (the beam being concave down¬ 
ward). Solve this equation, determining the constants of integration 
smta,bly, and find the deflection of the beam at its end. The solution of 
(iii) is called the elastic curve of the beam. 
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10. Show xhat the following equations represent the elastic curves of the 
beams loaded as indicated, where shading over the beam represents a uniform 
load fincluding the weight of the beam) of w lb. per foot of length. Solve 
these equations and find the maximum deflections. 



Fig. 123. 


:d,; Show that if a concentrated load W and a uniform load w per foot 
are combined, the deflection is the sum of the deflections for the separate 
load-. 

II. Let there be suspended from two points A and B a fie.xible, inex- 
teiisible cable of weight w per foot of length. Let To be the tension at the 
botttirn point Pc, let Tr be the vertical component of the tension at any point 
P, and let IF be the total weight of the cable to the left of P, Then 

DrT, = DrW. 

But r Tc tan a = Toidy/dx), the horizontal component of the tension 



Vl -f -f p = 


Taking reciprocals and rationalizing, we have '\/T~+^ — p = 

Find the difference between these two last equations and integrate, deter- 
liuning the constant of integration so that y = c where x == 0, 
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Show that DxS = ylc and hence that the tension T at any point P is 
T ^ To aec CL = ToD^s = wy. 

12. In the preceding exercise, suppose the cable is of negligible weight, 
but that a horizontal roadbed of weight w per foot is suspended from the 
cable. Find the equation of the curv’-e along which the 

cable hangs. 

13. In the preceding exercises, state the differential 

equation representing the curve along which the cable 125. 

hangs when the weight of the cable, supporting rods 

(supposed infinitely close together), and roadbed are all taken into account. 

14. If a weight W is puUed (at constant velocity) along a horizontal 
surface and if the motion is opposed by a force of friction F, we say that the 
coefficient of friction between W and the surface is ju = F/W, We may 
extend this idea of coefficient of friction to the case where we have a cord 
wound around a (circular) drum: We define the coefficient of friction ^ 

between the cord and drum bv the formula 


T+^T 



= lim 
j^e-^oi^T 


(AT) cos (A^/2) 


(iv) 


AT) sin (A^/2) 

where (AT) cos (A0/2) represents the resultant force 
normal to ON and (2T 4- AT) sin (A0/2) represents 
the resultant force along ON. Since we may vrrite 
(iv) in the form 


= lim 


cos {Ad/2) AS/l AT 
¥-f (at/ 2) sin (Ad/2'] " A^ 


¥ ^ dd 


dT 




If T = To at 0 = 0, show that the tension T at any point is 

T = Toe^^. 

Show that if a brake band (fi = i) is increased from a half circumference 
to a whole circumference, its effectiveness is increased about fivefold. 

15. Suppose that the bottom surface of a solid stone bridge is in the shape 
of an arch, the roadway being level. Show that the equation 

_ 

dx -y/ 1 _|_ c- dr 

represents the arch when there is no tendency to bend at any point and when 
the weight of the bridge is supported by the arch alone. 

16. A particle F is dragged slowly over the horizontal xy-^l&ne by a line 
PA of constant length Z, A moving along the r-axis. The path of P is called 
a tractrix. Show that this path is represented by 
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Vl +P" 


P = 


dx 


and solve this equation. 

17. A river flows with speed v and a boat sails (relative to the vrater) with 
speed V, Find the path of the boat when it sails across the river from A to 
B, A and B being directly opposite and the boat always pointing to B. 

18. The point P{Xj y) moves with speed v and Q moves along OX away 
from 0 with speed F. If P always moves toward Q, show that the path of P 
is represented by 



and solve this equation. 

19. A particle moves in the 2 ;t/-plane subject to forces attracting it toward 
the axes and proportional to its distance from the axes. Find and solve 
the equations representing the motion. 

20. A mass m is attracted to a fixed point Q by a force inversely propor¬ 
tional TO the square of the distance from m to Q. Find the path of m. Also 
find the path of m when the force is directly proportional to the distance; 
also when the force is proportional to the square of the distance. 


PART C. SYSTEMS OF DIFFERENTIAL EQUATIONS 
20. Total Differential Equations. A differential equation of 
the form 

P{x, y, z) dx + Q{x, y, z) dy + R{x, y, z) dz = 0 (1) 

is called a total differential equation in three variables. Suppose 
a solution of (1) can be written in the form 


<p{x, y, z) = C. (2) 

Differentiating (2), we obtain the equation 

+ + (3) 

The left member of (3) is either (a) identically the left member of 
(Ij, or fb) the left member of (3) differs from the left member of 
(1) by a factor ii{x, y, z), so that 





( 4 ) 


with M — 1 in case (o). Thus in case (6), /i 5 ^ 1 is an integrating 
factor for (1). 
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We now seek sn answer to the question: Given an cQuation 
of the form (1), does it always have a solution of the form (2) ? If 
(1) has such a solution, then P, Q, and R must satisfy equations 
(4), leading to cases (a) and (6). A third case (c) to consider is 
the one where (1) does not have an integrating factor. 

Case {a), iJ. = 1. In this case the left member of (1) is exact 
and the solution to (1) can be found by the method of Sec. 12, 
Chap. II. The method given below for case (6) may also be used 
to solve (1). 

Case Q>), fj. ^ 1. In this case the left member of (1) has an 
integrating factor ^ 0, so that 

fiP dx + /iQ dy -{- IJ.R dz = 0 (o) 

is exact. From Sec. 12, Chap. II, we then have (subject to the 
proper assumptions as to the existence and continuity of the 
derivatives of /iP, ixQ, and nR) 


^ S(fQ) ^ d(fiR) ^ d(jj.R) _ difiP) 

dy dx dz dy ’ dx dz ' 

Multiplying the equations in (6) by R, P, and Q, respectively, 
and adding we find, upon simplifying the result, that 

Equation (7) is often written in the operator form 

P Q 

± A 

dx dy 

P Q 


R 

d_ 

dz\ 

R 


= 0 . 


(7') 


Thus, Eq. (7) is a necessary condition that (1) have an integrating 
factor. 

We shall now show that relation (7) is also sufficient by indicat¬ 
ing a method for obtaining a solution for (1) when (7) is satisfied. 

Assume that the coefficients in (1) satisfy relations (7). Hold 
z constant. Then (1) becomes 

P dx + Q dy = 0 (8) 

which (under the proper restrictions on P and Q) has a solution 
of the form 


fix, y, z) = C{z) 


( 9 ) 
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where of eour.'ie riie constaiiT C of integration may be a function 
of z. 

We now dererriiine C so that (9) is a solution of (1). From (9)^ 
j; dx +Udy + (f, - C') dz = 0. (10) 

Hence, as before, if (9) is an integral of (1), then there exists a 
nonzero factor X such that 

fr - XP, /. = XQ, f.-C'= \R. (11) 

From (II), 

/, - XP = C'(z). (12) 

BuppOvse (9j y as a function of x, z, and C, ssay 

y = <p(x, z. C). ( 13 ) 


Substitute (13.) in (12). In order that the left-hand side of the 
resulting equation be independent of x, it is necessary and suf5- 
idem that 


\R) = 0. 


- V" - - 


dX Y dy 


diu - m 

dx 


From (iOj, wirh C dz = dC, we have {dy/dx),,c = - fx/fy, and 
from (11), (dy/dx) 2 ,c = — P/Q. [We shall suppose that Q ^ 0, 
for if Q = 0, ! i; is reducible to an equation free of ?/.] 

Equation (15 * may now be put into the form 


dUz - XPi 
dx 


p/„ + s(p| - e|) 


-o^V 

^dx ) 


From (11), it- is easy to show that 

= |(XP), U, = |(XQ), 

= x(|® 
dy dz \dx 


dj-hP) ^ d(\Q)^ 
dy dx 


- xfiS - 

\dz By / 


(17) 
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Q R\ 

_3 _^i 

dy dz 

Q R 


(18) 


We now see that if (7) holds, then so does (14j; consequeutly 
(12) can be expressed as an equation in C, C. and z, and soh'ed 
for C. Equation (9) is then of the form 


y, z, C) = 0, ( 19 ) 

which is a solution of (1). 

If (7) is violated, our method of solution fails, for (7) is a 
necessary condition for the solution of (1). If (1) is exact. (7) 
holds. Thus we have pro^'ed 

Theobem 20.1. A necessary and sufficient condition that 
P dx + Q dy + R dz = 0 have a solution of the form 

'^{x, y, 2 , C) = 0 


is that 


P Q R 

ALT 

dx dy dz 

P Q R 

Example 1. Solve zy dx — zx dy — y- dz 0. 
Evidently, 


\zy ~zx 

d B 

— — zy(.-2y + 2 ) + zx(fl - y) - yH -s - z) ■= 0. 

Bx By Bz 

\zy ~zx — 7/2| 

Let s be a constant. Then we have zy dx — zx dy = 0. Integrating’, we 
find that 


C. 


Differentiating, we have 


y dx — X dy 


dC, 
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and combining with the given differential equation, we find 

y‘ dz = yH dC, 

which has for a solution log 2 = C + C 2 , where C 2 is a constant. Thus the 
solution of the given equation is 

log z = —h C'a. 

y 

EXERCISES XV 

1. Solve: y^dx -{-zdy -ydz = 0. Ans. yx — z ^ cy = 0. 

2. Solve: yz^ dx + {y^z — xz^) dy — Arts, — 

y z 

3. Solve: z) dx -{■ {xe^^) dy x dz = 0, 

4. Solve: (2/ -h 2 — jS ~ 7) da; + (:c + 2 — 7 — cl) dy 

+ (^ + 2/ — o£ — j8) d2 = 0. 

5. Solve: xdx y dy -]r's/or — x ^— 2/^ dz = 0. 

Ans. y^ {z — c)^ « 

6. Verify the relations indicated in (17) and (18). 

Case (e). [Equaiion (7) not satisjied.] In case (7) is not 
satisfied, (1) is said to be nonintegrahle, i.e., (1) has no integral 
of the form fix, y, 2 , c) = 0. Since (1) is an equation in three 
variables, we might suspect that (1) really has infinitely many 
integrals. If w^e assume any arbitrary relation whatever between 
the variables x, y, z, say g{xj y, z) = 0, this relation ^ = 0 will 
then (with suitable restrictions) determine any one of the vari¬ 
ables in terms of the other tw^o, say, z = h{x, y). Substituting 
h for z in (1), w^e then obtain a new differential equation in the 
two variables x and y. The resulting equation may have an 
integral w(x, y, c) — 0. The general solution of (1) for the 
nonintegrable case then consists of an arbitrarily chosen relation 
g{x, 2 /, s) = 0 together with a second relation w{x, y, c) 
containing an arbitrary constant. 

Example 2. Find a solution of x dx y dy — xz^ dz = 0. This equation 
is nonintegrable for relation (7) does not hold, 


y 

1 . A 

Idx dy 

y 


d 

— ‘ yz^ 0 . 

dz 

—xz^ 


Suppose g{x, y, 2 ) = a;® + 2/® - 2 * “ a = 0. Then x dx + y dy -zdz 0, 
Subtracting this relation from the given equation we find {xz^ -- z) dz ^ 0, 
d 2 = 0, 2 = c. Hence 
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+ 2^® — z* — a = 0, 

is a solution of the given, equation. This solution consists of the curves cut 
from the hyperboloids = 0 by the planes z = c. 

Geometrical Interpretation. The statement that (1) satisfies 
the condition (7) of ihtegrability may be interpreted geometrically 
as stating that through each point (xo, yo, za) there passes one of 
the surfaces of a family of surfaces <pix, y, z) = c, namely, 
(p{x, y, z) = (pixo, yo, 2 o), and that the equation of the tangent 
plane at any point (x, y, z) of this surface is 

P(.x, y, z){X — x) + Q(x, y, z)(Y — y) + R(x, y, z){Z — z) = 0. 

(Here ^ is assumed to be single-valued to avoid certain difficul¬ 
ties.) To find the integral of (1), then, is the problem of deter¬ 
mining a family of surfaces such that the surface passing through 
any point (P is tangent to the plane corresponding to that point <9. 

If (1) is nonintegrable, that is if (7) does not hold, the assump¬ 
tion of a second relation g{x, y, z) = 0, determines in conjunction 
with (1) a curve C at each point on the assumed surface 
gix, y, z) = 0, i.e., 

j P{X -x)+ Q(Y -y)+ R(Z - 2 ) = 0, 

») + |(r-,) + |(z-.) = o. 

Thus, the problem of finding the integrals of (1) is that of deter¬ 
mining a family of curves such that the curve passing through 
any point <? is tangent to the curve e corresponding to that point 
(P. In other words, finding the integrals of (1) is the problem 
of finding that family of curves on any arbitrarily selected 
surface § whose tangent at any point of the surface S lies in the 
plane determined by the given differential equation at that 
point (P. 

The differential equation (1) may be interpreted as a statement 
that two vectors having direction cosines proportional to P:Q:R 
and dxidy.dz, respectively, are perpendicular to each other. 
To solve (1) is to determine geometric loci which satisfy the 
property of perpendicularity mentioned above. If (1) is inte- 
grable, the loci corresponding to the solution of (1) consist of 
surfaces which are orthogonal to the direction P:Q:R at each 
point (P. Clearly then any ordinary curve drawn on the surface 
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has this orthogonal property at each of its points, if (i) 
nonintegrable, there exists no such family of surfaces. The 
solution to (1) then consists in finding a family of cun^es upon 
some assumed surface having the property of orthoionalitv 
to a vector of direction P:Q:R. 

Example 3. Consider the nonintegrable equation 

2 xy dx 4:y dy z dz = 0. (20j 

Here P = '2xy, Q == R ~ z. There exists no family of surfaces per¬ 
pendicular at each point (a:, ?/, z) to the direction P:Q:E. However, we 
shall find a famih' of cun'es upon some surface, say, 

H- 2/- - 2- = 9, (21) 

which has the property of being perpendicular fo the direction 2xyAy:z, 
From ^21'!, 

X dx -f y dy — z dz 0. (22) 

Adding (22) to (20) we have 

{2xy ■^x)dx A 6y dy = 0, (23) 

whose solution is 


— + - xlog (2?/ + 1) = Cl. (24) 

0 ^ 

Hence, in a certain sense, the curves cut by (24) from (21) satisfy (20 i. 
ether solutions of (20) may be found by assuming various other surfaces 
instead of (21). 


EXERCISES XVI 


i. Given: ydx^xdy = {x y z) dz. 

a) Find solution on2:-r2^-|-2 = l. 

b) Find solution oux y =1. 


A ns. xy 


xy = 2. 

s* 

= 2 + — -f C. 


c) Find solution on some other surface. 

2. Given: xz dx -t y dy -h z dz = 0. 

a) Find solution on sphere x^ -h y^ -{- z^ = 100. 

b) Find solution on y = xz. Ans. (1 A- z)"^ 

c) Find solution on some other surface. 

If Pj Q, and R are all homogeneous and of the same degree^ then the 
variables are separable by means of transformations such as, a; = uz, 
y = vz, • ■ ■ , Use this method to solve: 

3. - yz) fir 4- (2* - xz) dy + (xy - y^) dz == 0. Ans. " 2) . 

y — z 
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4 , {y^ - yz -r 2 -) — + xz x^) dy (x- — xy A- y^) dz ~ 0 . 

5 , t{y — z) dx + Hy ^ ^ dy t dz A- (z — y) dt =0. 

Ans. iy — z)e^'^^ = d. 

6 , Interpret geometrically the solutions in Exs. 1 and 2. 

21. Simultaneous Linear Equations with Constant Coefficients. 

Operators may be used advantageously in solving a system of 
T] linear equations with constant coefficients in y dependent 
variables and one independent variable. When t? = 2 we may 
represent such a system in the form 

(aoD'" + + ■ • * + (is)x 

+ (5oZ)- + + • + h^)y = Xi{t), 

+ {d,D^ + diD^~^ + + d,)y - 

where the 6^s, c^s, and d^s are constants, t is the independent 
variable, D = d/dt, and x and y are the dependent variables to 
be determined as functions of t For convenience w'e shall wTite 
(1) in the form 

+ A,my -- 

Animx + A^^{D)y = XS)- / 

To solve ior x aad y we may resort to the usual algebraic proc¬ 
esses, since the symbols D, Aii{D), ^4 12 (D), .4o](D), 422 (D) obey 
the necessary algebraic laws. If we apply the operator Ai^iD) 
to the first equation (2), 4 12 (D) to the second, and subtract, 
we find that 

[4ii(D) 422(D) - 4.2i(D)4i2(D)]a: 

= 422(D)Zi(«) - 4i2(D)Z2(0. (3) 

Hence 


X — 


4„(D)422(D) - 42i(D)4i2(D) 


[422(D)Zi(0 


where the operator 


4i2(D)Z2(i)], (4) 
has the 


4n(D)422(D) 42 i(D)4i2(D) 

significance indicated in Sec. 19. A solution for y may be 
obtained in a similar manner. Thus the solution of (2) is 


a; = 


Zi 

IZ.2 


4i2(D) 

422(D) 


^ ^ 42,(D) 


Zi 

X 


( 5 ) 
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where A 


>1 >1 /T^N provided of course that A ^ n 

[The case where A ^ 0 vnR not be considered, since it implies 
either the inconsistency or dependence of Eqs. (2). In expanding 
the determinants in (5) the terms involving Zi or X 2 should 
always be written with Xi and X 2 to the right, as in (3); thus, we 
write A 22 X 1 J and not Z 1 A 22 .] 

To illustrate the method, we shall solve the system 


(3D + 3)x + (2)2/ = eS | 
(4)x + (-3D + 3)2/ = 3^. / 

By (5), we have 


1 


2 

1 1 

|3U4-3 

e‘ 

A 

3< 

-3U + 3 

r ^=zi 

4 

3t 


where 


A = 


\3D + 3 
I 4 


2 

(-3Z) + 3), 


= 1 - 9Dl 


Hence 


( 6 ) 

( 7 ) 

( 8 ) 


_ (-3I>+ 3)e‘- 6< -Gt \ 

^ 1 - 9D- 1 - 9Z)2’ / 

(3£> + 3)3t -4e‘ _9 + 9i - 4e‘ ( 

^ 1 - 9D- 1 - 9D2 ■ j 

By the methods of Sec. 19, we find that 

X = -6i + 1 

P = 9( + 9 +ie‘ + cse'/s + ^6-*''^ f 

The constants of integration appearing in the solutions for x 
and y are not independent, nor are they necessarily identical. 
To determine the relations between these constants, we substitute 
(10) in one of the Eqs. (5), say the first. Upon simplifying the 
result, we find that 


(4ci + 2cs)e‘''3 + (2 c 2 + 2c4)e-*''8 s 0. 

Since the terms e"® and e-'-'’ are independent, it follows that 
each of the coeflScients must vanish. Hence 

4ci + 2 c3 = 0, 2c2 + 2c4 = 0, 
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so that 

Cs ”* 2cij C 4 “ ““ Cj. 

Thus the solution of (5) is 

X = —6t + Cie'''® + 
y = 9t+ 9 + ie‘ - 2cie‘^^ - cie-‘'\ 

While the above method leading to (11) includes the comple¬ 
mentary solution of (6), we now wish to show how the comple¬ 
mentary solution may be obtained directly. The complementary 
solution of (6) is the solution of the system 

(3D + S)x + (2)y = 0, 

(4:)x -b (-3D + 3)y = 0. 

By (5) this solution is 

a; = io = cie‘'^ + cae"'/*, ,/ = ^0 = Cier‘'% (13) 

where the c^s are related as indicated above. 

In the same manner, the complementary solution of (2) is 

X = ^0 = -f- c26’'2^ + * * • + \ 

1 

2 / = ^0 = \ 

where 

^ AnW A^,{D) 

A,,{D) A22{D) ' 

and where ri, , Tn are the roots of the equation 

A = 0. 

Here A is regarded as a polynomial in the variable D, so that 
A = hiD — Ti){D - ra) • • • (Z> - r„), 

h arising from the coefficients in (1). [Of course, (14) must be 
suitably modified if some of the r’s are equal.] Substitution of 
(14) in (2), Zi and being replaced by 0, leads to the equations 

[ciAii(ri) + diAi^{r-^]e^i^ 

+ • • • + [CnAii(rn) + dnAi2(rn)e^n^ == 0, (15) 



[ciA2i(ri) + diAn{ri)]e'‘i^ 

+ • • • + [CnA 2 l(rn) + dnA 22 (rn)]e^n^ = 0. (16) 
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The r’s being all distinct, the coefficient of each factor s’".' tniiv,f 
beO. By (15), 


Since 


ciAu(ri) + diAiiiri) = 0 , 

Cn-4ii(jv)+d„.4i2(r„) = 0. 


*4u(n-) 

Aaiivi) 


-4i2(ri)j 

-422(r,-)| 


0, (i = 1, 2, 


(17) 
■ • , n) 


it follows that the coefficients of e'i‘ in (15) and (16) are iinearlv 
dependent, and (17) insures that the coefficients in (16) are all 
zero. 

The general theory of systems of differential equations would 
require too great a space to present here. For a more extended 
treatment the reader should consult a good treatise on the 
subject. The e.xceptional cases where A = 0 has multiple roots 
occur rarely in practice. In the exercises below several such 
special cases are encountered. The method of undetermined 
coefficients will be found to be quite useful at times. 

The following remarks in regard to methods for finding solu¬ 
tions of n ordinary differential equations involving n dependent 
variables may be helpful. It often happens that differentiating 
the pven equations a sufficient number of times enables one to 
ehminate (n - 1) of the dependent variables and their deriva¬ 
tives, leading to a single equation containing only one dependent 
variable, ii. If this equation then be integrated and the value 
of x^ thus found be substituted in the other (n - 1) equations 
there may be obtained a_ system of (n - 1) equations in (>t - l) 
dependent vanables. By a repetition of this method a system 
of one equation in one dependent variable may be eventually 
obtained. From the solution of this latter equation the coni- 
plete .solution of the given .system may then be obtained Sys¬ 
tems of n equations in «, dependent variables of order higher than 
the first may be replaced by systems of Jst order differential 
equations. Thus the equation 


dx- 

is equivalent to the system 
dy 


4 - = 0 


du 
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EXERCISES XVII 

1. (aj Solve by (5): 

/ dx dy 
\ dt dt 
) d^x dy 

[IF- 

(b) Fiiici me complementary solution by (14). 
u. 2 = + I o - ;r T - ) sin i + hr + - 


Ans. X - -T-e^ + 
2 


£2 Cs , 3 
2 ~ 2 '^4 


Cs I Cz 1 ' 

2 -^2 +L 


2 i 

4“ -f- “ cos 

o 2 


y = cie* 4- C2 sin ^ + C3 cos t 4- ^ ^ 

Solve eacb of the following systems: 

/ dy 

I ^317 — “ — 4a: = 2i, 

2 . ( 

] dx dy 

I a = (c, + City 4- cse-=“''* - -• 

-4ns. < 2 


2/ = (6c 2 - 2ci - 2c4)e^ - - i 


dy 

— - 17?/ + 2— - 82 = 0, 

di dt 


13-” = 53?/ 4- 2 z. 
di 


4. ^’=3., 

•- = 3rc. 

I dt 


dx 

t-^y= 0, 

.f+. = 0. 


I X = cie^ A- cie~^ cos (\/3i — a), 

?/ = -[- c,e~^ cos ^'s/si — a 4- 

z = Ci6-^ 4- cog-^ cos ^a/s^ — a 4- 

1 a: = Cit 4" Coi”*, 
2/ = Cs^“i — cit. 


t^a: dv 

-+2__4*-2,-..+5.«, 

^ tia: <iw 

_+^_3.-,=0. 
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7 . The differential equations of the transformer circuit indicated in 



where the e.m.f. impressed in the first mesh is E sin wt^ ii and oi are the 
current and charge, respectiveh", in mesh one, and and are the current 
and charge, respectively, in mesh two. 

(aj Recalling that dqildt = ii and dq^jdt — 1*2, write these equations 
entirely in f’s. (Hint: Differentiate.) 

(b) Solve the resulting system for the currents ii and h. 

(c) State the transient (complementary) solution. 

(d} State the steady-state (particular integral) solution, 

(e) Find the solution to this problem if at ^ = 0, 

ii == 0, i- =0, qi = 0, and q 2 = 0. 

S. The equations of motion of a particle of mass m in pounds are 

d^x dhj dh 

where x, y, and z are measured in feet and where X, Y, and Z are the x, y, and 
z components, respectively, of the force acting on the particle, measured in 
pounds weight. 

{a; Find the equation of the path of a projectile shot into the air with a 
given initial velocity ro in a direction making an angle ccq with horizontal 
plane. (Assume flight to be in a vertical plane.) 

(b. Solve (a) if the air e.xerts a resistance proportional to the velocity 
and directed along the path. 

9. A particle moves in the xy-plane under an attractive force propor¬ 
tional to its distance from the origin, (a) State the equations of motion 
of the particle, (b) Show that the path followed by the particle is an ellipse, 
(c.; State the period. 

10. Solve E.X. 9 if the particle is subject to a resisting force proportional 
to the velocity and directed along the path. 

11. A particle A moves about a particle S which exerts an attracting 
force inversely proportional to the square of the distance between A 
and S. 

(a) Show that the equations of motion are d^x/dP — —Kx/r^^ 
d'^/di'^ = —KylT\ where IT is a constant and r* = -f if the particle 
S is located at the oiigm. (This is the case of the motion of a planet about 
a central sun.) 

(b) Show that the radius vector SA sweeps out equal areas in equal 
times. 
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Hint: By substituting a: = r cos 1 / = r sin 6 , rewrite the equations of 

motion in polar coordinates and integrate, obtaining the integral = h. 

dt 


Ans. 



K dr do d-9 

—) 2-4- T — 

dtdt dP 


0 . 


(c) Show that r - „ cos (9 - &)] ^ of tbe equations 

found in (b). (This shows that the path of motion is a conic ^vith focus at S.) 

12. A particle moves under the influence of the force of gravity near the 
surface of the earth (taken to he plane). If the particle is projected at 
time t = 0 with an initial speed of u ft. per second at an angle o; with the 
horizontal, determine the equation of motion of the particle. Solve this 
equation, assuming that at i = 0, the particle is at the origin of a given 
coordinate system. What is the time of flight of the particle if the ground 
is perfectly flat? What is the angle <x. for maximum range? What is the 
envelope of the family of trajectories, for fixed w? What is the physical 
significance of this envelope? How many trajectories touch this envelope 
at a given point? How many trajectories reach a point on the interior of 
the envelope? Above the envelope? If the ground slopes at an angle /3 
with the horizontal, find the range. Find the maximum range. 

13. Bj’ Newton s law of gravitation, the force of attraction exerted by 

the earth on a body is given by F = where m is the mass of body, 

M the mass of the earth, r the distance between the bodies and 


r = 6.65(10) ® g.“i cm.^ sec“2. 


What is the differential equation of motion of a body falling to the earth from 
a great distance? Solve this equation for the velocity, assuming that at 
i = 0, r = ro and ^; = 0, and that if a is the radius of the earth, F — — mg 


and M = 


a^g 


Ans. V- = 2a-g(^ — — 


If the body starts at a very great distance from the earth what is v at the 
surface? Neglect the resistance of the air. Ans. 7 miles per second. 


22. Simultaneous Total Differential Equations. W^e shall 
consider the following special system which is of considerable 
importance: 


Pi dx + Qidy + & = 0, ) 

P 2 dx + Q^dy + R 2 dz = 0,f 

where P 1 , Qi, i?i, P 2 , • ’ • are functions of x, y, and z. Equa¬ 
tions (1) may be written 


dx _dy ^ dz 

P 


(2: 
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where 

p _ n — p _ Q: 

" \Q2 i^2r ^ ~ R 2 P I Qi 

It can be shown that the general solution of (2) consists of two 
relations involving two arbitrary constants: 

^i(x, y, 2 , Cl) = 0, ) 

<P 2 (x, y, 2 , Co) = 0. / ^ 

Equations (3) may be interpreted as representing a family of 
curves whose direction at (x, y, z) is given by dx:dy:dz in (2), 
curves whose tangent at (x^ y, z) have direction cosines propor¬ 
tional ioP:Q:R. 

We shall indicate certain methods of obtaining solutions to 
f2). 

Method 1. It is sometimes possible to deduce from (2) two 
equations each of which contains only two variables and their 
differentials. 


Example 1. Consider 


dz _ dy _ dz 
yz zx zy 

Evidently 

dx _ dz dy dz 

z X z y 

which have the solutions 


(4) 

(5) 


+ Cl, : H- C2. (6) 

Equations (6) are solutions of (4). 

Method 2. It may happen that but one equation containing 
oiity two variables and their differentials is readily obtained. 
In this case the solution of this equation may often be used to 
obtain another equation in two variables. 


Example 2. C’onsider 


— _ dy ^ dz 
y X + z y 

From the first and third members of (7) we find 


z = s -E Cl. 


(8) 
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Substituting (8) in (7). we find 

dy dz 
22t-ci y ,' 

whose solution is 


~ i- CiZ A- (10? 

The solution of (7) consists of (8) and (10) taken together. 

Method 3. Each of the fractions in (2) is equal to 

I dx + 7)1 dy + n dz 
IP + mQ + nR 

where i, m, and n are arbitrary multipliers not necessarily con¬ 
stants. This fact may sometimes be used advantageously to 
obtain a zero denominator and a numerator that is an exact 
differential, or to obtain a nonzero denominator for which the 
numerator is the differential. 

Example 3. Consider 


dx dy dz 

y -r z ^ -r .r x -A y 

Evidently 

dx — dy dy — dz dx — dz 

y ~ X z ~ y z - X 

from which we find 


(111 


y ~ X ^ ci(z — y), z ~~ y = 02 ( 2 — x). 
Example 4. Consider 

dx dy 2dz 


y -r2z X A~y A 2z 


(12 i 


(13i 


Then 


dx 2dz dx ~ dy ~ 2dz 

y X -Yy —X (y -h 2s) - (a; -f -h 2z) — (—x) 

^dx — dy — 2dz 

0 


^ence 


dx — dy — 2dz ~ 0, 
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so that 


X —y - 2z = Cl. ( 14 ) 

Substituting (14) in the first fraction of (13), we find 

dx 2dz 

X — Cl —a; 


whose solution is 


C2(x - Cl) == (15) 

The solution of (13) is (14) and (15) taken together. 

The relation of (2) and the equation 

P dx + Q dy + R dz = Q (16) 

is of some geometric interest. 

Equations (2) define a family of curves whose direction vector 
V at each point {x, y, z) has direction cosines proportional to 
P:Q:R. If (16) is integrable, its solution consists of a family of 
surfaces everj'tvhere orthogonal to the direction vector V and 
normal to the curves (3) defined by (2). Wtdle (2) always has a 
solution, (4) does not in the nonintegrable case. This means 
that if a family of curves is given, it is sometimes impossible to 
find a family of surfaces orthogonal to them. On the contrary, 
for a given family of surfaces, P, Q, R are defined, so that equa¬ 
tions (2) may be solved. This means that to a given family of 
surfaces a family of curves orthogonal to the surfaces can a,lways 
be constructed. . 


EXERCISES XVm 
Solve, check, and interpret geometrically each solution: 
1. dx/l — dy l = dz/1. 




X - 2 = Cl, 

y — z = Co. 


2. dx;‘x = dy 'xyze^ = dz/z. 

3. dx/y = dy ’—x = dz/0. 

^ dy 


dz 


z(x -b y) z(x - y) ar* + 
dx dy dz 
2/ + 1 x -h 1 z 


Ans 

ilns. a;2 -{- 252 _ y ^ 

< ^ 2/2 - 22 Cl, 

( 2xy — ^ 


Ans. 


Atis. z — Ci(2 “f" X -f- 2 /) 


C2 


X ~ y 


5. 


z 
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dx dy ^ dz 
' X X -j- y z X- 


Ans. 


' hz — cy cx — az 
8. dx/yz = dy/zx — dz/xy. 
g ^ dy dz 

1 Zx^ sin {2x + z) —2 


X = ciiy - X), 


log (2/ - 2) = C2 +- - -. 

Ci{y - x) 


Am. 


ax by cz ^ Cl, 

a:2 -f y2 -f. 22 = C2. 


A 715. 


{ z -j- 2x === Cl, 

/ 2/ = sin Cl -j- ca. 


10. In Ex. 7 determine the circle which passes through (0, -c, b). 

11. Find curves of Ex. 9 which intersect the circle x- y^ z 0. 

Find and name the surface generated by these curves. ' 

12. Show that the lines of the system in Ex. 1 meet the cur\-e = A 

2 = 0, to form the surface {x - zY + {y - zY = 4; also the curve 


v{x, y) =0, 3 = 0 


to form the surface <p{x — z, y — z) =0. 

13. Show that a general integral of 

<p{2y — z, y -{■ 2\/ z — x — y) ^ Q, when <p is arbitrary. 

14. Discuss from a geometrical standpoint the solution of 


dx + dy dz 0 

and the solutions of Ex. 1. 

15. Find a set of surfaces orthogonal to the set of curves given by 

^ _ dz 

yz~2zx~ ^y 

16. Show that there exists no set of surfaces orthogonal to the cur\^es 
whose differential equation is dx/z = dy/(x -{-?/)= dz/l. 

17. Find a set of surfaces orthogonal to the set of curv^es given by 

dx dy dz 

^~^^T+2z ^”®-^“+22/^+23^ = c?. 

18. Find a set of curves orthogonal to the surfaces represented by 
zy dx ~ zxdy ~ y’^ dz — 0. 

19. Find the set of curves orthogonal to the famdy of surfaces xyz = c^. 

Ans. See Ex. 9. 

20. Show that the problem of finding the orthogonal trajectories of a 
family of surfaces whose equation is f{x, y, z) — c necessitates solving the 
system 


dx dy dz 
df/dx df/dy df/dz 

Illustrate this by finding the orthogonal trajectories of the family of surfaces 
xz = cy; aV + b^y^ -j- — c; y — x tan (2 + c). 
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21. Solve 


dx 

X- -{- y- 


22. Solve 


dx 

U ~ ^ 


dy dz 

2xy xz 4 - y2 
dy dz 

X A-y Art X -T ^ -At 


PART B. SmOULAR SOLUTIONS 
23. Singular Solutions, Suppose that a general solution of 
the equation 


F{x. y, p) = 0 


( 1 ) 


<p(x, y, c) — 0, 


( 2 ) 


where p = dyjdx- It sometimes happens that (1) has one or 
more solutions which cannot be obtained by assigning a value 
to c in (2); such solutions are frequently called singular. In 
this section we shall illustrate the way singular solutions may 
sometimes he found: because an accurate treatment of singular 
solutions is very difficult, we shall rely 
largely on geometric intuition. 

If the family ^ of curves (2) are ail 
tangent to a fixed curve then E is 
called an envelope of the family 3r. At 
each point P of E, x, y, and p have the 
same values for E as for the particular 
curve (2) passing through P, Hence E 
represents a solution of (1). 

To determine the equation of E, let (xc, Vc) be the point of 
tangency of E and the curve (2) for any particular value of c. 
Thus Xc and ijc are functions'^ of c, i.e., Xa = x{c), yc = y{c). 
Since the point (xc, yc) i? on the curve (2) for each value of c, 

o{Xc, Me. c) ^ <P[x(c)j y{c), c] = 0 
for everj’^ value of c. Hence 



ddi[x{c), y{c), c] 
de 



( 3 ) 


\\epass o\'er various difficulties in rliis discussion, such as the possibility 
Th.'iT :r and y are multiple-valued functions of c. 
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when (i>c are evaluated at points U\ y) on E, On the other 

hand, if regard c as constant in (2), then 


d<pix, y, c) 
dx 


<Px + 0.y- 




- 0, 


( 4 ) 


where (4) holds at any point (;r, y) on any curve (2). Hence, 
when {X, y) is on E, both (3) and (4) hold simultaneously, and 


4>c(x, y, c) = 0 . 


(o) 


Thus, as ix, y) ranges along E, c varying correspondingly, (2) 




and (5) hold simultaneouvsly, and the equation of E may be 
obtained by eliminating c from these equations, i.e.. from 

cj)(x, y, c) = 0 , y, c) = 0 . ( 6 ) 

We call the result of eliminating c from (6j tlie c~discriminani of 
(2). It turns out that the c-discriminant may include other 
loci besides E^ but we shall not try to analyze these other loci 
except to mention in passing that they may inA^olve nodal loci A' 
(see Fig. 129) or cusp loci C (see Fig. 130|. and that these other 
loci are seldom solutions of (1). 


Example 1. A general solution of the equation 


Ap^x = (Sx ~ Ij- 




(y -r — x(x — 1)“ = 0 (8j 

Here the left member of (8) is <l> and <j>c = 2{y -j- c)- Eliminating c between 
4> ~ Q and = 0^ we find the o-discriminant of this solution to be 

x{x - ly = 0. 


The line as *= 0 is the envelope E of (8) and the line a; = 1 is the nodal locus 
N in Fig. 131- 
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Example 2. A general solution of the equation 
is 

(y + cY - 

and the e-discriminant of this solution is 

= 0 . 

The line a; = 0 is a cusp locus (7, and there is no envelope (Fig. 132). 


i T N 
^ E 

Fig, 131. Fig. 132. 

It should be observed that if (2) is solved for c, so that it is 
of the form c — \p(x, y) = 0, then the second equation (6) reduces 
to the absurdity 1 = 0, and the above procedure fails. Thus 
the applicability of this procedure depends upon the form in 
which (2) is written. This illustrates the need of carefully 
analyzing the preceding discussion in order to render it exact. 

The equation of an envelope E may sometimes be obtained 
directly from the differential equation (1) without first obtaining 
the solution (2). Suppose that neighboring curves of (2) 
intersect at points Q near E (see Fig. 128), and suppose it were 
the case that, for some point {xi, t/i) on E, Fp{xi, 2 / 1 , pi) 0. 
Then Fp 0 throughout some region about {xi, yi), and in 
particular at a point Q near (xi, yi). By Theorem 20.1 of Chap. 
I, Eq. (1) would determine p as a single-valued function of x 
and y near ( 2 : 1 , pi). But p is obviously not a single-valued 
function of x and y at points Q near {xi, yi). Hence, for each 
point (x, y) on E, 

Pp(^,yyP)=^0. (9) 

Since (1) and (9) hold simultaneously for each point (x, y) on 
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E, the equation of E may be obtained by eliminating p from (1) 
and (9). The expression resulting from this elimination is called 
the p-discriminant. It turns out that the p-discriminant may 
include other loci besides E, such as a tadocus T or a cusp locus 
C, and that these other loci are seldom solutions of (1). 

Example 3. In Example 1, F{x, y, p) ; 4p<‘x - (3x - 1)». Hence, 
Epfe y, V) = Sp®- If we eliminate p from F = 0 and E, = 0, we find the 
p-discriminant of (7) to be 

x{Zx ~ 1)2 = 0. 


In Fig. 131 we see that the line i = 0 is the envelope E and that the line 
X = i is & taclocus T. 


The p-discriminant method for obtaining the envelope is 
subject to the same difficulties as the 
c-discriminant method (see paragraph 
following Example 2). Thus, the equa¬ 
tion p = Sy^ has no p-discriminant, 
while the equation p^ = has the 
p-discriminant p = 0; moreover, y = 0 
is the envelope of solutions of 



EXERCISES XIX 

Find the singular solutions of each of the following equations. Use two 
methods where possible, and verify that the solution obtained actually 
satisfies the differential equation. 


I, y = xp - (1/p). 

— —4x. 

3. 4p2 = 9a;. 

5. p2 -f 2a;p = y. 

6. p® — 4:xyp + Sy^ = 0. 


2. a;p2 — 2yp — x = 0. 

Am. x^ + y^ — 0. 

4. (1 + a;2)p2 = 1. 


Ans. y = 0, 27y = 4a:^. 


Find the envelopes of the following families of curves: 


7. 2/ = 2ca; -h cK 8. = cx — c-. 

9. ly - c)2 = x(x — 1) 


24. Evolute and Involute. Consider the curve C wffiose equa¬ 
tion is p = f(x) and let (a, b) be a point P on C. Then 6 == /(a) 
and the equation of the normal to C at (a, b) is 


y - fia) 


1 

/'(a) 


(x — a). 


The envelope of these normals to C is called the evolute E of C. 
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By the method of Sec. 23, we find the parametric equations of 
evolute of C to be 


X = a — 

y = /(a) 


1 + [/'(«)]• 


fia) 

1 + IfiaW 

r(a) 


f'ip), 


( 1 ) 


In these equations (a:, y) are the coordinates of the point T on 
E corresponding to the point P on C, i.e., the normal at P is 
tangent to B at (x. y). By (1), the square of the line segment 
PT if equal to 


(x - a)- + [Ji - fia)]- = 


[/"(«)]= 


lavolui o 


which is the square of the radius of curvature p of the curve C at 
\ a. b . Consequently T is the center of curvature of the curve C 

for the point P. This proves that 
the evolute of a curve C is the locus of 
the centers of curvature of C. 

It is quite easy to show that the 
length of the line segment TT is equal 
to the length of the curve E meas¬ 
ured from some fixed point A. 

Now regard E as a. given curve. 
Draw the tangent line t to £ at a 
point P = A, and thinking of P as 
fixed on r wdth A fixed on E, let r roll 
around E wdthout sliding. The locus 
It is seen that, at any later 



Fig. 134. 

of F is caUed an involute of E. 


position of r, 


TP = TA, 


wriMe T is the point of tangency of r with E. It follows from the 
preceding paragraph that E is the evolute of the locus of P. 


EXERCISES XX 


I. Find the evolutes of the following curves: 
aj = 4ax. 
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(c) -\r 

2. Find involutes of the following curves: 

(a) +y^ = 

(b) — 4ax, 

PART E. ELECTRICAL NETWORKS 

25. Linear Networks.* Electric-circuit theory is a branch of 
general electromagnetic theory and deals with electrical oscilla¬ 
tions in electrical networks. An electrical network is a connected 
set of circuits or meshes (forming 
closed paths) each of which can be 
regarded as made up of circuit param¬ 
eters called resistance, capacitance, 
and inductance elements. In a linear 
netwmrk, the circuit parameters are 
assumed to be constants (independent 
of current strength). A passive net¬ 
work is one which has no internai 
source of power, and an active network i.s one which das one 
or more internal sources of power. Ordinary network theory 
proceeds from the assumption that the network is linear and 
passive. 

Tw^o laws of great importance in the theory of such networks 
are Kirchhoffks laws (see Ex. XI, 3 for the relations connecting 
R, L, Cj i, and e) : 

(a) The total impressed e.m.f, around any closed loop or circuit in 
the netivork is equal io the potential drop due to resistance, capaci¬ 
tance, and mduciance. This total must include applied ejn.fs. 
as well as voltage drops due to the effects of self-paramMers and 
induced couplings with neighhoring circuits. 

(b) The algebraic sum of currents flowing into a branch {or ju nc¬ 
tion) point is zero. 

Consider the t?z.-terminai pair /i-mesh linear electrical network 
containing (lumped) resistances, inductances, and capacitances. 
Let 6i, • • • , 6m be the (real) e.m.fs. impressed on terminal 
pairs 1, 2, * • • , m, respectively: qs and Zs, be the instantaneous 
(real) charge and (real) current, respectively, in mesh s; Rst, 
Lsu Dst) s t, (real numbers) be the (lumped) circuit parameters 

Gijillemiit, Communication Networks,” Vols. I, IL 
Burington, R. S., Matrices in Electric Circuit Theory, Jour. Math, 
Physics, Vol. XIV, No. 4, December, 1935. 
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(resistance, inductance, and elastance*, respectively) mutual to 
meshes s and t; and the total circuit (real) parameters 

of mesh s, that is, the total resistance, inductance, and elastance 
of mesh s {s, t = 1, n). The meshes are so chosen that 

mesh s (5 = 1, • * • , m) is the only one which passes through 
the terminal pairs s. 

By Kirchhoff^s laws, an equation for each circuit of the network 
may be written. The complete differential equations for the 
network of n meshes are: 


Uii 

"1“ ^12 

^2 + 

+ ain 

II 



h + 

*4“ (^mn 

II 

Um-f-l.l 


t2 + * ‘ 

4“ 'Z-Ti — 0, 

Ujil 

^1 + CLn2 

^2 "h * ' 

‘ • + Cln,n 

in = 0, 


where 

o>»t = R&t + Lstp + Dstp~^, ^ ~ 

p being the usual derivative operator and its inverse, f These 
equations, together with a description of the initial conditions of 
the network, completely specify the network performance. 

If the row by column rule for multiplying matricesj be used, 
Eqs. (1) may be wTitten 

i Uii ■ • ain il \ / \ 

or A{li = {e}, 


w^here A — (a,,) is a network matrix for the given network. 

\\ e shall assume that the mutual impedances are (bilateral) 
reciprocal, that is, = a^, and hence Rrs = Rsr, Lr. = L*r, 
Cra = Car, Drg = Dar- lu othcr w'ords, A is a symmetric matrix. 

* By definition the elastance is Dgt = l/Cat where Cat is the capacity 
common to meshes s and t, 

t dgs/dt = u, g, == 4 di = p-H,, 

t See Chap. VI, Part A. 
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It is important to note that the network matrix A is dependent 
not only upon the circuit parameters but also upon the 
particular agreement made upon the selection of the circuits 
of paths forming the meshes, the numbering of these meshes and 
the directions which the currents in these meshes are assumed to 
take. 

28 . Steady-state Solution of A{r} = {g}. The solution of 
(1) in the preceding section is divided into two parts, the particu¬ 
lar or steady-state solution and the complementary or transient 
solution. The general solution of (1) is the sum of the particular 
and the complementary solutions. 

Let the driving force e.m.fs. for the terminal pair in mesh 
/I be* 

for ^ 

Cfi — 0, for ^ = Yn Ij • • • ^ rij 

or more briefly", 

{e} = 

where is the complex e.m.f, impressed in mesh and where 
Ef, is the complex voltage for terminal pair /i. The real part of 
is the actual e.m.f., Bh i.e., e^, = Since phase relations 

are to be taken into account, the being complex numbers, 
may be made to take care of the situation. Thus, if the actual 
e.m.f. in mesh 1 is 100 cos {o^t + a), the complex e.m.f. is 
Cl = where E^ = 100e^“, and where 

01 ( 61 ) ~ 100 cos (coi -f“ ck)* 

Suppose that 

{i} = (2) 

that is, 

is a solution of (1), Sec. 25. (4 is called the complex current in 
mesh /I, the actual current being the real part of v.) Then 

A{i} = A{I}6^"‘ = 

* In order to avoid confusion, we shall use/ = a/ — !, € =2.71828 ■ • • , 
instead of the symbols i and e, usually used by mathematicians. Here a, a> 
are measured in radians. 
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hence 

B|Ii = {E}, (3) 

where {I{ and fE( are column arrays and B = (bst), 

itt ~ h(, = R,t + l/s(X + X = joi, = —1. 

If dCB) 0, from (3) 

B-iBlIi = B-ME}, 

and 

!I! = B-iEi., (4) 

or io the usual noration. 



where is the cofaetor of b^-,, and = d{B')/B^k is the general- 
izid -network impedance, being a transfer impedance ii /x k and 
a driving-point impedance ii ti = k. 

The steady-state solution of equation (1), Sec. 25 is (2), where 
;l! is given by (4). From (4) follows the 

Superposition Principle. The result of m voltages of the same 
irequency simultaneously impressed in the various meshes is a 
linear superposition of the individual responses in mesh k for 
tile voltages e,, • • - , e,, impressed successively in meshes 
1.2. ■ • • , m, respectively. 

If all the e.m.fs. are zero e.xcept at terminal pair ii, then 


— = — htl 

Is B, ( 5 ) 

Now it is known that B^, = B^^. Hence if 4 = E^/b^ and 
~ Ri/bkit, then 7;, = /;. if = Ek. Thus, the reciprocal 
Theorem 26.1. Let an e.m.f., be impressed in mesh p and the 
eurreni f* be measured in mesh k. If the same e.m.f. be placed 
in mesh k instead of p, and the resulting current % measured in 
mesh p, then the currents % and z* are exactly the same, both in 
■magnitude and relative phases, as before; i.e., z,, = Ik. 

For simplicity of notation, we shall frequently omit the factor 
from notations for currents and e.m.fs., and shall speak of 
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the actual currents and e.m.fs., in terms of their complex repre¬ 
sentations I and E. 

Theorem 26.2. If a set [' E '\ of e.mfs. all of the sarn^. frequency 
acting in the m branches of an invariable network, produce a current 
disirfbutvon {I and a second set of the same frecpeeyicy 

produce a second current distribution jl"', then 

(E'){I"! = (E")]!'!, 

j=l 

Proof. By (4) II'J = B-‘{E'] and 1 = or 

(I") = [(I) is a row vector (Ii, , IJ], Multi¬ 

ply by the transpose (E") of {E"j. Then 

(E"){rs = (E")b-i;e'! = (r'){E'!. 

for (I") = (E")B~^, (B“‘)^ = since B is sjunmetric. 

If several different e.m.fs. of different frequencies are 
simultaneously impressed, each of the type e-r.^ = Er.^''^-K e,,, 
being the e.m.f. impressed in mesh r of frequency then 

ji( = Ch) 

[ S = 1 ] 

is the steady-state solution, where (.T.s) is a rectangular arrat- 
and Ir.s is the current amplitude in response to frequency o.-, in 
mesh r, tV.s = Ir.sd“>‘. 

In connection with (1) of Sec. 25 and its solution, it may happen 
that (3) are insufficient to yield a unique solution due to the fact 
that all the independent relationships that can be expressed by 
Kirchhofif’s laws have not been utilized, or some of the equation.^ 
may be linearly dependent upon certain others, i.e., a linear 
dependence relation may exist between the c’s, etc. Such situa¬ 
tions arise in the theory of ideal transformers. The rank r of B 
is the number of equations determining uniquely r of the currents 
11} as linear functions of the remaining (n — r) I’s, and (n — r) 
is the number of linear independent mesh currents. 

27. Transient Solution. In this section the complementarj’ or 
transient solution of A{i} = {e} is considered, that is, the .solu¬ 
tion of 


Aji} = !0i. 


( 1 ) 
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where jOj is a column array all of w'hose elements are zero. 

Let a solution of (1) be 

4 = Le., (,“ = 1, • • ■ , re) (2) 

Then 

A{i} =A{J<'>}eM= {0}, 

hence 

C'’"{p>} = {0}, (3) 

where 

4 ? = Rik + LikV. + 

If (2) is valid, then (3) must hold. For each mode p, of the 
system there is a set of equations (3). 

A trivial solution of (3) is {J^'4 = {0}- This means that 
the natural behavior of the system may be to remain at rest. 
However, nontrivial solutions are desired. In (2), the p„ are 
as yet undetermined. By Corollary 4.5 of Chap. VI, a necessary 
condition that (3) have a nontrivial solution is that 


= D(p.) = 0. (4) 

This polynomial equation is of degree t g 2re and is known as the 
determinafital equation. Let pi, pa, • • • , p. be the solutions 
of (4). 

The number of independent solutions of (3) is (re — p), while 
every other solution is linearly dependent upon them, p being 
the rank of 

A .solution X of the matric equation C^'^X = 0 of rank p, 
^here p is the rank of C^”^, is called a complete solution. Let 
{xj = \xi ■ • • , Xn] be arbitrary. Then it is known that if 
is a complete solution of = 0, then 

{jw} = (5) 

is a general solution of (3). 

The solution of (1) for p, is 

{1} = (6) 

If all the natural modes p, are distinct, the transient mesh 
(complex) currents are 
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4 = (A: = 1, , n) 

v = l 

or 

{i! = (7; 

j = being a rectangular array. 

The following theorem concerning the determinantal equation 
is well knowm: 

Theorem 27.1. The r ^ 2n roots of (4) are the natural modes 
pii i Vr of the network. If the network is passive, i.e., the 
matrices R, L, D are positive semidefinite, the real modes are negative, 
and the complex roots always occur in conjugate pairs with their 
real parts negative. 

The individual terms of (7) are known as natural or 

normal functions; r is the number of normal meshes, '^fictitious 
meshes” having one natural frequency and one rate of decay. 

is the transient current amplitude in mesh k of mode v. 
If Vh conjugate complex numbers, then and are 

conjugates. For pi = —a + jg, a real and positive, then 

= 2|ZJ/>|€-“^[cos {gt + 4>IP)], 

where g is the natural frequency in radians per second, a is the 
decrement per second, 2 |/i,^^| = is the initial amplitude 

in amperes, and is the phase angle in radians. 

The number n of degrees of freedom of a network is the number 
of linearly independent mesh currents; i.e., the least number of 
meshes by which a network may be specified. 

Theorem 27.2. The maximum number of modes that a nefwark 
may contain is twice the number of independent meshes. The 
degree r of D{p) = 0 is S2n. r is the number of independent 
integration constants of (1), the maximum number of initial condi¬ 
tions that .can be specified for the network, the number of independent 
modes of the system and the number of transient current amplitudes 
for a given mesh current. 

While (7) contains 2n^ amplitudes only the amplitudes for 
one mesh current need be considered as the integration constants 
of the system ( 1 ). 

In electrical networks the rank of C is either ti or (n — 1). 
Then from (3), for the mode and any ^ = 1 , * * * , n, 

Zr = (fc = 1 , 2 , • • • , n; r - 1 , 2 , • • ' , 2 n) ( 8 ) 
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where 


= cofactor of c\l) 

and the are arbitrary constants. 

Since C is S 3 mimetric, ^ (r^fcO is the adjoint matrix of 
and foi arbitrary i and 

Jr = rg'fe- {^- = 1, • ■ ■ , n; V = 1, ■ ■ ■ ,2n). (9) 

Thus, ail the J^s are expressible in terms of those for the sth 
mesh and may be considered the true integration constants of (1). 

If certain of the modes are coincident, instead of (7) the tran¬ 
sient mesh current solution will be of the form 

•Ui = (10) 

where ! 7 e=’‘! is a column array with elements 

59p being a representative q coincident mode, and p i a representatme 
distinct mode. 

The general solution {i)^ of (2), Sec. 25 is the sum of the 
.steady-.«Tate solution and the tramsient solution {i}; of (1), 

VAo = + |i}e (11) 

If it is required to find the charges recall that 

( 12 ) 

Equations (1), Sec. 25, may be replaced by a similar set in {qj. 
The solution for {qj^ could then be carried out in a manner 
entirely analagous to that given here for {i}^. 

It should be emphasized here that the actual currents (and 
charges) are given by the real part of {i|a and {q}„, written 
and (Rfq}. 

The use of elementary divisors in the transient solution of (1), 
Sec. 25 is well known* in the theory of differential equations! 
This method will not be discussed here. 

28. Energy Relationships. If both sides of equation (1), 
Sec. 25 be multiplied on the left by the transpose of {Ij, 

{ir - (i), 

* Moulton, J. R., “Differential Equations.” 
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a one-rowed array, then we have the expi*e.ssion 

(P = (i)Ali[ = (I){e} = (1) 

which is the rate at which the applied e.m.fs. are suppHing 
energy to the network. (P is kno\^na as the instantaneous power. 
The left-hand side of (1) is evidently equal to 

n n 

tx IjCLjkh:- ( 2 ) 

k=l i=l 

Since Ojk = Rik + Ljkp + we may express cP in the form 

,P ^ (i)R|i} + mm ^ ?(q)Oiq! 


where R = {Rjk) is the resistance matrix^ L = (L/zj the inductance 
matrix^ and D ^ (Aa) elastance matrix. 

The rate at which energy is being converted into heat, the 
total instantaneous po wer loss, is 

n n 

(R = (i)R{i} = ^ ^ 

j=i fc=i 

the rate of increase of magnetic energy, the total instaniarteons 
magnetic energy^ is 


„ _ p(i)L{i} -p 
£ = - 2 


Ijjkiflk j 


and the rate of increase in electric energy, the total instantaneous 
electrostatic energy, is 


2) = 


_ V 


j = l 


It is important to note that the network matrix A is actually 
the matrix of the instantaneous power, A = R H- pL -h 
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In applying matrix theory we should emphasize the fact that 
the network matrix A can be written down quite readily from the 
wiring diagram of the network, once an agreement has been made 
as to the numbering and path of the mesh currents. It is merely 
a step then to state the differential equations A{i} = {e} of the 
network, and the relation for power. 

29. Equivalent Networks. Let Y = be with all but 
the first m rows and columns deleted. Then from (4), Sec, 26, 
we have 


l/l’ 

1: 

' 

Fn . . 


lE^ \ 

1 i 

) = 

) ' 


. • Y mm 

\ ) 


or 

{!}. = Y{EU. (1) 

The matrix Y is called a characteristic {admittance) coefficient 
matrix of the network N. 

Two ?? 2 -terminal-pair networks, Ni and N^, are said to be 
equivalent if, for all frequencies (w = —Xj), they have equal 
characteristic coefficient matrices Y; i.e., for all co they have equal 
electrical characteristics. 

The element Yu. 5 of F is the short-circuit transfer admit¬ 
tance between terminal pairs s and t, and the element Y^a is the 
short-circuit driving-point admittance between terminal pair 
5, (s = 1, • • • , m). 

Assuming that Ji, • • • , Jm are linearly independent, we know 
that 7 is of rank m, and that (1) gives 



or 


{E},. - Z{1U 


( 2 ) 
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where 

Z = (Z,«) = Y-i. = ,m) (3) 

The matrix Z is known as a characteristic (im-pedance) coefficient 
matrix of the network. 

The element Z^t, s 7 ^ of Z is the open-drcuit transfer imped¬ 
ance between terminal pairs s and t, and the element Z,^ is the 
open-circuit driving-point impedance between terminal pair 
s, (s = 1 , • • • , m). 

The admittance Y,t may be shown to be equal, save for sign, 
to the ratio of the determinant of B\, where 5? is B -Rith row t 
and column s deleted, to the determinant of B as given in (3), 
Sec. 26, that is. 


= ( + = ,m) (4) 

where (+) is used if (s + t) is even, ( — ) if (5 + ^) is odd. 

Equation (2) may also be obtained from (1) of Sec. 25 by 
eliminating the inner currents , in, provided, of course, 

that the matrix obtained from A by eliminating the first m 
rows and columns, is nonsingular. 

The rate at which energy is being supplied to the network 
(1), Sec. 25, the instantaneous power^ is (dropping the s\Tnbol 
from above I and e) 


(P = + * * * + imem = ^^^isRadt + T^^^isLadi 


8 ,< = 1 


M = 1 


or in the language of matrices 


+ (5) 

s,t = 1 


(P = (i){e} - (i)A{i} = (i)R{il + |(i)L{i} + |(q)D{q}. ( 6 ) 


Suppose we fix the impressed e.mis., ei, - - • , e^, but let the 
currents and charges in the quadratic form (P be subjected to the 
real cogredient nonsingular linear transformation T, 
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(? — hei + • • • + imem — iiCi + ■ • • + 

s,t-=Z. 

or, more briefly, 

(P = (i){e} = (i)je} = (i)A{i}, (8) 

where 

A = T'fAT,^ A = (a,^). (9) 

Hence the matrix corresponding to B in (3) of Sec. 26, becomes 

B = T^T, (10) 

or 

bii * • • 6i«j 

* -I 


1 • 

• •01 

0 • 

• • 11 

0 • 

• • oi 

0 • 

• • 0 1 


* * * ^n.lllll^ll • ‘ • ?>ln|| 111 * * * 0 


1|0 • • • 0 } im-i-Un • * • in,nil H&nl * * ' 6„J| jk 
where 


B = R Lx -{- HX X = jcti 


Hence 


1 • ■ • 0! 

0 • • ■ Oil 

0 • • ■ i; 

* ! 

0 • • - 0^; 

im-fl.l ‘ * 

- 

in.l 

:! 

• ■ L.,. 

= 

(11) 

' = T'^DT. 

(12) 

' as given : 

in (1) are 


absolutely invariant under nonsingular m-afiBne transformations 
T operating upon A as given in (7).* Hence Y is an absolutely 


That is, A and A have the same characteristic coefficient matrices Y. 
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invariant matrix of A under T. Z is likewise absolutely invariant 
under T. We thus conclude that any m-terminal pair network 
having the network matrix B is electrically equivalent to the network 
of matrix B. Moreover, if the network of matrix B is passive 
then the networks (if any) of matrix B are all passive. 

Inspection of the transformation T clearly shows that the 
currents passing through the terminal pairs 1, • • • , m are 
left absolutely invariant under T, Consequently, if the e.m.fs 
Sij , Cm are kept fixed, the instantaneous power 

^ m m 

y-1 3=1 

is absolutely invariant under the transformation T. In fact, if 
the matrix Z in (2) is fixed, then under transformation T, {e} 
remains absolutely invariant. 

EXERCISES XXI 


1. Solve Ex. XVII, 1 to 7, by matrix methods. 

2. In each of the following circuits: (a) Set Up the equations of the network 

in matrix form; (b) find (or indicate) the steady state solution; (c) find (or 
indicate) the transient solution if at i = 0, ~ 0 in all meshes; (d) find 

instantaneous power; (e) find the driving point and transfer impedances. 


^ Li Rt Ri Lz 

•||~'v.Q0(Lr-'VNAA/\/ I W \AiV- v.Q 007 ---^ 




Fig. 136. 



El 

Fig. 138. 
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3. Show that the following networks are equivalent: 

Ri=0.I J?i=0.6 

o---VWW“ 1 




>2?i 2“0.8 gi?2=15.2 




PART F. NUMERICAL SOLUTION OF DIFFERENTIAL EQUATIONS 

30. Numerical Solution of Differential Equations. When the 
equation 

( 1 ) 

cannot be solved by any direct method, we may sometimes find 
a numerical approximation to a solution y under the condition 
that y = yo when x = xo. Let us write (1) in the form 

y = yo + y) dx, (2) 

where y is to be determined as a function of x. Evidently this 
equation determines y as yo when the upper limit x is xo. As a 
first approximation to the solution y in (1) and (2), let* 

2/(1) (x) = 2/0, (3) 

and for succeeding approximations, let 

2 /(«(a;) = 2/0 + P/[a:, 2/'“] dx, 

JXq 

2/(8) (a;) = 2/0 + rf[z, 2/<«] dx, ( 4 ) 

yM(x) = 2/0 + p/ [x, 2/^’*“^’] dx, 

Jxo 

* The figure 1 in is merely a superscript, and not an exponent or a 

symbol indicating differentiation. 
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It can be shown that, under certain conditions, iim is 

R-*- ■30 

the desired solution y of (1). 

Example 1. Solve dy/dx = x — y under the condition that = 1 when 

X =0. 

Write 


4/ = 1 



- y) dx. 


By (3) and (4), 


y^^\x) = 1, 

j 

px 


= 1+1 

{x — X) dx — 1 — X -\- 
n 

= 1 + J 

ri 

'o 

1-1 

H 

1 

1 

+ 

1_1 

i 


r / 

-f 

II 

li 



I - X - 4 - —^ 


I - X 

dx 


and so on. It is readily verified that y = 2e~^ -{- .r — 1 is a solution of the 
git^en equation, and that y^^Hx) contains the first four terms of the Mac- 
laurin series for ij. 

It may happen that the integrals in (4) cannot be computed 
directly. In this event we approximate a solution y oi (1) by a 
procedure consisting essentially of two steps: 

Step /. Evaluate the integrals in (4) by some numerical 
method so that accurate numerical values of y in (1) are deter¬ 
mined at a few values of x near xq, say xi, x^, xz, these aj's being 
equally spaced at a distance h apart. (The computational labor 
makes it impractical to extend this procedure to very many 
values of :r.) 

Step II. Extend the tabulation of values of y for later values 
of X (say a-4, • • • ) by a step-by-step process using values of 

y already obtained. 

To describe step I in detail, write 

y<^>(zo) = y^>, = yf\ - • • , yi^){x,) = y<^\ - - • . 

Then by (3) and r4), 
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Vo' = yot Vi' = = 2/0+ r"Vl+, yo) dx. 

r^= - '' r*. 

yf' =yc + /car. yo) dx. + Xo 

i/o being a known number. We evaluate yf‘ and by (27) 
and (23) of Sec. 39 Chap. II. and we find from the relation 

y'z’ = l/e + Xo dx = yu + yo) dx + f(.x, yo) dx 

= Vf^ + C f(^’ ^o) 

the last integral being evaluated in the same manner as . 
By (4), 

y‘o^‘ = yo, vT = 2/0 + r*"/(y. y‘-’) dx, 

»/lC0 

y'i^ = Vo + C'f(^^ y‘-'’) dx- 2/^8) = 2/0 + fix, dx. 

where the values of y^-\ and hence the values of f(x, y^'^'>), are 
known at a;o, X\, x^, xa by (5). This process is continued until 
yT\ yf^, yP remain constant (to within the desired accuracy) 
as n increases. If we denote the values of j/ in (1) at .ti, xa. xz 
by 2 / 1 , y%t Vs. then 

2/1 = yi\ yo. = yP, yz = yf\ (6) 

when n is sufficientlj" large. 

Step II is now readily carried out. By (2), 

2/4 = 2/0 + r'fix, y) dx, 

where y is evaluated by (6). This integral may be evaluated by 
formula (25) of Sec. 39, Chap. II. Again, 

2 /c = 2/0 + ffix, y) dx = yz+ fix, y) dx + fix, y) dx 

JXQ Jxi, Jxi 

= yt+ v) dx, 


where the last integral may be evaluated in the same manner as 
2 / 4 . Since we may write 
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= i/o + = y^+ fx7j^^’ y) * 

= ?/A-4 + 

this process may be continued as long as desired. 

To guard against errors, either accidental or arising from thi^ 
approximations involved, it should be verified for each k that 

Vk = Vo + J77 y) (7) 

by computing the integral by Simpson^s rule, using the values of 
y given by the preceding formula, or by some other more accurate 
formula invohdng yi, (as previously estimated by the above 
method). If this check is carried out simultaneously with the 
above computation, it may be possible at each step to eliminate 
small discrepancies in the last computed number yk by adjusting 
yk by trial and error so that (7) is accurately verified. Extreme 
care must be taken to avoid small errors in yi, ^ 2 , yz] to this 
end h ma}" have to be very small. 

Sometimes the integrals (4) may be computed directly, but the 
successive functions converge slowly (or not at all) to y 

except in the immediate neighborhood of Xq. In such a case it 
may be possible to use (for sufiSiciently large n) to evaluate 

yu ^ 2 , yz directly (thus shortening step I), and then to find 
2 / 4 , 2 / 5 , • * • by step 11. 

The above method may be readily extended to higher order 
equations, and to systems of equations, but we shall not give these 
extensions here, ilany other methods have been devised for 
approximating a solution y of (1), but in most cases the gist of 
these methods is to replace y in (1) or (2) by its Taylor series 
and then to manipulate this series in some convenient fashion. 
We shall give an example to illustrate the manner in which this 
manipulation may be effected. Let us consider the wave equation 

^ + p{x)y = 0 ( 8 ) 

which occurs in connection with many forms of wave motion. 
If 2 / = /(3-), we have 
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2/2 = /(-^o + 2h) 

2/1 = f{xo + h) = 


2/0 = fixo), 
y-i = fixo — h) 


= T xn.j\Xo) -h 4ft"--i- 

+ + • • •, 

^ Kxo) + kf{xo) + 

+ . . . ^ (9) 

= Kxo) - hf'ix,) + 

+ - , 


Let us introduce the notation 

Ao 2 / = 2/1 - 2/0 = Kxo +h) - fixo), 
Ai2/ = 2/2 — 2/1) ^22/ = 2/3 - 2/2) ■ 

Al2/ = Ai2/ - Ao 2/ = ys - 22/1 + 2 / 0 , 

A| 2 / = A22/ - Ai^, • • • , 

Ao2/ = Ai2/ Ao2/ = ys — 82/2 + St/i 

A? 2 / = Ai 2 / - Aly, ■ ■ ■ , 

and so on. It is readily verified from (9) that 


2/0) 


^Al,y = + ¥■■ 


1 

2t 

j, 

41 

j. 

6! 


2! 


KKxo) I , 

4! " 6! 


A~^-y 




4! 




( 10 . 1 ) 

( 10 . 2 ) 

(10.3) 


If we neglect terms of order higher than the sixth, it follows by 
(10) that 


= rAUy, 


6! 
.KKxo) 

4! 


1 

6!" 

j_ 

it 


= ^Ai22/ - siAi32/, 


( 11 ) 


+ 4!^^2/. 
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Let <p{x) = —p{x)y = -p{x)f{x). By (8), 
y" m y"' ^ .p'ix), ■ 


Hence, by (10.1), 



( 12 ) 


Since (11) holds for an arbitrary function/, we may replace/ 
and y in (11) by <p and substitute the results in (12). We find 
that 


Ai,2/ = h- 


, 1 1 
SSl.-ToJ + 


60,48d‘^-’‘^ 



Now suppose the values ^o, yi, ‘ yn of a particular solii- 
tion y of (8) have been determined in some way [as by a power 
series solution of (8)] at the values Xi, • • • ,Xn of x, and sup¬ 
pose the following table has been constructed (neglecting AV 
and higher differences) as far dowm as the line: 


1 2 

3 

4 

5 

6 

7 

8 

9 

10 

<p-l \ Acv'- 







Ao2/ 

y^> 

Vi 



ihAg^ 





^ly 

i/2 

V 3 


thAT^ 

AqV’ 



s\y 

A 2 y 

i /3 

<^4 ’ A392 

Aic 

ihAo^ 

i Aj^ 

Ac's-' 

; ~ 2i'uAo<p ! 

s\y 

A^y 

i /4 

, A 4 <^ 



; Alf 

Atv" 

j ! 

^Iv 

Aiy 

1 

'fit. 1 



; aL.-? : 

i 

i 3 ' 4 'U 

ALaJ/ 

An_l^ 

Vn 

« 

1 1 

i t 

An-1^ 


1 



1 

1 

i 



Make preliminary estimates of and This is a 

simple matter when varies slowly; but if does not vary 
slowly, then a smaller value of h should be used or AV should 
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be included. These estimates need not be strictly accurate 
because of the small coefficients AVl2 and AV240 applied to 
these quantities in (13). By (13) we may compute xo in 

(13) now being replaced by a-„ ndth n added to the subscript of 
each A. The entries A„y, yn^i, <pn+i, A„¥j, A^iip, • • ■ in the 
next line of the table may now be computed in the order named. 
If the computed value of agrees wuth the value previouslv 
estimated^ the computation is correct and the proces.s may be 
repeated for the next line; but if there is a discrepancy, the 
computed value of A^i^j should be used as a new estimate and 
the computation done over. If the discrepancy is small, there 
mil (probably) be no change in column 4, and hence no further 
change in this computation. The preliminary estimates of AV 
should be checked in a similar manner, it being unnecessary to 
repeat any computation so long as the discrepancies cause no 
alteration in column 7. 

With regard to the early values of y in the table, and are 
determined by the “initial conditions” on the solution y of (8). 
If AV is almost constant, it is sometimes possible to follow the 
above procedure right at the start by guessing j/ 2 , ys, and 
adroitly; however, great care must be exercised because the only 
check on the accuracy of these values is the uniformity of varia¬ 
tion of An¬ 
other formulas like (13) may be obtained by combining 
formulas (9) in different ways to express the deri-^-atives in term.s 
of differences. 


EXERCISES XXII 


Solve by numerical methods; 

1. dy/dx = X + with y = 0 at x — 0. 

2. dy/dx = 2y — 2x^ with y — I at x = 0. 

3. dy/dx ~ {y — x)/{y + x) with y = 1 at a; == 0. 

4. dy/dx = 1 — {y/x) with y = 1 at a; = 1. 

5. Extend the methods described above to solve the system 



with ^ - 1 and z = i at x = 0. 

6. Solve {d^y/dx^) -f i\/x + l)y = 0 under the set of conditions 
y = 0 at a; = 0, 2 / = 0.2 at a; = 0.1. 

7. Solve {d^/dx^) -h y sin a; = 0 under the set of conditions y ~ I -it 
a: - 0, 2 / = 0.95 at x — 0,1. 
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PART G. LEGENDRE'S AND BESSEL'S EQUATIONS 

31. The Linear Differential Equations of Mathematical 
Physics. It has been shown that all the linear differential 
equations of certain branches of classical mathematical physics 
are special cases of the generalized Lamk equation: 


d~‘U I / 2 2o!r \ du . Oiri^OCf I . 

-arjW^ - ar. 

vr = l / L r = l 


|) 


, AW^ + 2BW + C , 

+-4- \u = 0, (1) 


where 


II(^ - Or) 

r = l 

( 4 \ 2 4 4 

%0Cr\ - - l^ar + 

r — 1 / r —1 r= 1 


and where w, and z are complex variables. 

By suitable selection of the constants in (1), a number of the 
important equations of physics are obtained, among which we list: 

harness equation: 


r 3 

, X? I du [n{n + l)W + h]u ^ _ 

dW- ^ ^{W - ar) dW ^ 

-^“1 411 ( 1^-00 

r = l 

where h and n are constants. 


Mathieu's equation: 


d^u 

dz^ 


+ (a + IGg cos 2z)u = 0 , 


(3) 


where a and q are constants. 
Legendre’s equation: 




n{n + 1) 



(The case where jre — 0 is also called Legendre’s equation.) 


(4). 
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Bessel’s {cylinder) equation: 

A-u , du 


+ 0 ^ + ( 2 ^ - n^)u = 0 . 


dz‘^ ' dz 


Weber’s (Hermite’s) equation: 

d^u . ( 1 1 A 

+ V” + 2 “ tY = 


Stokfi's equation: 


A^u , du , 


('■ -!)“-»■ 


Gaiiss's equation: 


2(1 - 2 ) ^ + [r - (a + |3 + 1)2] 0. 


dz’’- 

Hermite’s equation: 


d^u du . 

-j-w — ^nu — 0 . 

dz^ dz 


( 5 ) 

( 6 ) 

( 7 ) 

( 8 ) 

(9) 


Laguerre equation: 

+ (1 - 2) ^ + WM = 0. (10) 

We shall not have space to undertake a detailed study of these 
important equations. However, we will make a sufficiently 
detailed study of the Legendre and Bessel equations so as to 
acquaint the student with many of the properties and methods 
relating to functions defined by such differential equations. 

In most of these cases, the equations—such as Besseks equation 
—cannot be solved in terms of the so called elementary functions. 
Such equations define a new class of functions. 

We shall begin our study of these equations by considering the 
Legendre^s equations for real variables. 

32. Legendre’s Equation. We consider the equation 

~ ^ ~ 

where n is a real constant, and x and y are real variables. 
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We shall solve this equation by assuming a series solution of 
the form 




y = aoa:”‘ + aix’-'+i + • ■ ■ + aia:’“+^ + - . . = ( 2 ) 

Differentiating, we have 

OC 


k=a 


dx^ 


= ^2(»i + k)im + k — 


(3) 


t=o 


Substituting (2) and (3) in the left hand member of (1), we find 


m(»; - l)a(ix"^-- + (m + l)maix’'^~^ + 

k = 0 


where 


(4.) 


Xt = (m + + 2)(m + A' + l)at +2 — (m + A)(m + k ~ l)ai. 

- 2(m. + k)ak + n(n + 

If (2) is a solution of (1). the expression (4) must vanish identi¬ 
cally. Hence 


mini — l)ao = 0, (5) 

{m + l)mai = 0, ( 5 ) 

Xo = (m + 2)(m -f- l)a 2 — (m — n)(m + n -f I)®,, =0 (7) 

X*. = (?w -j- A -f- 2)(??i -{- A -i" l)ai-^.2 

+ {n - m- k)(n -|- m -f A -h !)«* = 0. (A = 1,2, - ■ ■ ). (g) 

From (5), we see that m = 0 or m = 1 if uo is assumed to be an 
arbitrary constant; by (6), Oj is arbitrary if 7 n = 0 or -1. 

Case in = 0. Substituting m = 0 in (8). we have 


Ci‘k+2 


-in - k)in H- A + l)afc 

(A-i-2)(A-h 1) 


(9) 


from which we can determine all the coefficients of (1) in terms 
of Qo and fli. The solution of (1) is then 
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nin + 1)^., , n{n - 2)(n + !)(«. + 3)_* 
= ao 1-* 


2! 


in - l)(7t + 2)_, 


4! 


3! 


+ 


in - l)(ft - Z)in + 2)(« + 4) , 


— 


( 10 ) 


By the ratio test,. Theorem 7.6, Chap. IV, this series may be 
shown to converge for — 1 < a: < 1. In fact by Ex. XXIII, 8, 
Chap. IVj the series is uniformly convergent in any subinterval 
q{ 1]j which justifies the operation of differentiation carried 
out in (3). 

Since ac and ai are arbitrary, (10) i,s the general solution of 

(I). 

Case m = 1. Substituting m = 1 m (8), we find the cor¬ 
responding solution of (1) to be the first series in (10), so that 
we arrive at nothing essentially different from the solution found 
for m = 0. 

AVhen n is an even integer, the first series of (10) reduces to a 
polynomial Similarly, if n is an odd integer, the second series 
of (10) is a polynomial. 

Selecting ao = 0, ai ^ 0 when n is an odd integer, and Oo 5^ 0. 
oi = 0 when n is even, we find the following particular solutions 
of (1); 


Poix) = 1, 

Pi(x) = X, 

Pii^) - “ 2 , 


P^ix) 


7-5 

4-2^ 


.4-2 ^ 


3- 1 

4- 2’ 


P^{x) - - ^x^ + 


0-3 


( 11 ) 


where or ao, are so determined that Pn(l) = i* 

These solutions Pn{^) are called Legetidve polynomicdSf each 
satisfying a Legendre differential equation in which n has the 
value indicated in the subscript. 

The general value for Pn{^) is given by 
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[n/2! 


where [n/2] = n/2 if n is even and [n/2] = (n — l)/2 if n is odd. 
From (12) it is possible to show that Pn(.x) satisfies the following 
recursion formulas: 


(1 - x^-)P^ =(n + l)(xP„ - p.+i), 

(13) 

P:+i = a:P' + in+ 1)P„, 

(14) 

(2ra + l)a;Pn = (n + l)Pn+i + nPn~\, 

(15) 

{2n + 1)P„ = P^x - P);_i. 

(16) 

If the function 

# = (1 - 2a:A + h^)-'^, 

(17) 

be expanded in the form 

n=* SO 


(18) 


n = 0 


it -Bill be found that the coefficient a„ of A” is identically equal 
to the Legendre pol 3 aioinial Pn{x). . 

Zeros of Pn(x). We shall have need of the following theorem: 

Theorem 32.1. If y is any sohdion of the linear diferenlial 
equation 

a{x)y'' + h{x)y' + c{x)y = 0, (19) 

where x is the independ-ent variable, and a, b, c are continuous 
functions of x having continuous derivatives, then the function y 
cannot have any repeated zeros except (possibly) for those values of x 
which satisfy a(x) = 0. 

If y(x) has a repeated root at Xo then y'(xo) - 0; so from (19) 
if a(xo) 9^ 0, y''(xo) = 0. Differentiating (19) with respect to 
X and evaluating the resulting expression at Xo, we see that 
y'''(x<,) = 0 . 

Repeating this process we find that 


0 = j/^(xo) = • • • = y^”’(xo) = • • • . 

If y(x) is expandible into a Taylor’s series, we then see that y(x) 
vanishes identically at Xo. 
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Thus the Legendre polynomials Pn{x) being solutions of 
Legendre^s equation, an equation of the type in Theorem 32.1 
in which a{x) = 1 — has no repeated zero between — 1 and 
+ 1 * 

It can be shown that the n zeros of Pn(x) are all real and lie 
between -1 and +1. 

Associated Legendre Polynomials, If one differentiates equa¬ 
tion (1) m times with respect to x and then replaces d^yjdx^ by u, 
one finds that 




The polynomial 


A- {n — m){n + m A- l)u = Q. 
_ d^'P^jx) 


( 20 ) 

( 21 ) 


evidently satisfies Eq. (20). 

If we let w = w(l — we find from (20) that 




n(n + 1) — 




w=^0, ( 22 ) 


which is known as the associated Legendre equation. This equa¬ 
tion has for a solution, 


^ = (1 




(23) 


where w is usually denoted by P^ix) and is called an associated 
Legendre 'polynomial. When m > % Pn{x) = 0. 


EXERCISES XXIII 

1. Verify the formulas (14) through (17). 

2. Prove that the coefficient a„ in (18) is equal to the Legendre poly¬ 
nomial Pn{x), 

1 d" 

3. Show that P-n{x) — -—; -— {x^ — 1)»*. 

2'^n\ dx^ 

4. Prove that ftl Pn{x)Pmix) dx = 0, m < n, 

2 
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5. The Lagmrre polynotnials Lk{x) in a %»‘ariable Xp .0 ^ a; < may be 
defined as the coefficient of in the identity 

XU 

1—u 

i hi I — u 

k = 0 

Prove that: 

d^' 

(a) Ln(x) = e^—ix^’e 
dx^' 




- {n - h^ i)F 

— - X- 


(b) Ln^i{x) — {;2n + 1 — x}Ln{x) -h n^Ln-i{x) = Op ^ 1. 

(c) Lnix) is a solution of xy^' -f (1 — x)y' + ny = 0. 

(d) e~^LnLvz dx ~ 0, n > m. 

6. The Hermite ’polynomials HJ.x) may be defined a,8 xhe coefficient of w* 
in the identity 


X 



Prove that: 

(a; Hn(x) ~ i — - 

(b,; Hu-i-iix) — 2xHnix) -r 2nHn-i(x) = 0, n ^ 1. 

'c; Hri{x) is a solution of y" — 2xy' + 2mj = 0. ^ 0. 

*4) /is dx = 0. 

7. Develop the theory' of Sec. 32 for the case m. — —1. 

33. Bessel’s Equation. We shall now solve BesseVs equation 

where ra is a real constant, and x and y are real variables. We 
shall use a method similar to that given in Sec. 32. Let 

y = x”‘'^atxK ( 2 ) 

4 = 0 

Upon twice differentiating (2) and substituting the result in (1), 
we find that the left member of (1) become,? 
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(m- - n*)aoa;” + [(m + 1)^ — 'n}]aix’^+^ 

00 

+ 5) {[(»w + ky - (3) 

ki¬ 
ln order that (2) may be a solution of (1), (3) must vanish identi¬ 
cally. This can happen only when the coefBeient of each power 
of X is zero, i.e., only if 


(m- — n^ao = 0, (4) 

[(m -b ly- - n^Jai = 0, (5) 

[(m' + 2)2 - n^]ai -f ao = 0, (6) 

[(m + = 0. (fc = 2, 3, • • • ) (7) 


Equation (4) is called the indicial equation for (1), and a value of 
m satisf 3 dng (4) is called an index for (1). If we consider Oo to 
be arbitrary, then (4) shows that m = ±n. 

Case m = n. If m = n, then by (5), (6), and (7), 


Ql = 0, 02 = — 


do 


2(2n + 2)' 


•••• 

Substitution of these coefl&cients in (2) leads to the result that 
2/1 = aoa:’*[ 1 - ^ 

r 


2(2n, -b 2) 
+ 


2 ■ 4(2ra -b 2)(2r! -b 4) 

provided that n is not a negative integer. 

Case m — —n. If m = — n, then 

eXo 


Ol = 0, 02 = 


2(2n - 2) 


a* = 


Oi-2 


k{2n — k)’ 


so that (2) assumes the form 

X- 

2(2n - 2) 

+ 


2/2 = OoX-* 1 -b 


2 ■ 4(2n - 2)(2«. - 4) 
provided that n is not a positive integer. 


+ 


(9) 


( 10 ) 


]. 


(11) 
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If n = 0, then (9) and (11) are identical. 

It can be shown that, if n is not an integer, (9) and (11) are 
independent solutions of (1), so that the general solution of (1) is 

y - civi + C22/2. ( 12 ) 

y' 34. Bessel Functions of the First Kind. Formula (9) of the 
preceding section may be written in more convenient form when 
we let* 

““ 2"r(n + 1)’ 

where r(7z + 1) = when is a positive integer. The particu¬ 
lar function (9) resulting from this determination of ao is known 
as the Bessel function of the first kind of order n and is denoted 
by Jn{x). It follows at once that 


J.(x) = 2 


(-1)^ 

k\V{n + & + 1) 



{n not a negative integer) 


( 2 ) 


It can be sho\^m that the series (2) is absolutely conv^ergent for 
all values of x. ^ye shall show below how Jnix) may be defined 
for negative integer values of n. 

The Bessel functions are related to each other in many ways. 
To derive a few of these relations; let us construct the product. 


xV„(r) 2fc!r(n + fc +1)2”+“^^”'^“' 

* = 0 

and differentiatef it with respect to x. We find that 

00 

Jfc=0 

* See Sec. 36, Chap. II, 

t Ail of the seri^ in these sections may be shown to be uniformly con¬ 
vergent ov’er any fimte interval; hence they may be differentiated and 
integrated term by term, and they may be multiplied and divided. 
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But the right member of (4) is merely x^Jn-i(z). Heace 

^lx-J„{x)] = x-J^^{x), (5) 

where, n is not a negative integer or zero. However, 

= + nx^-^Jn{x). 

If we equate this result with the right member of (5), we find that 

dJ n(x^ j- r V ^ T / \ > /it.\ 

— Jn-l{x) ^Jnix). ( 6 ) 

We may obtain the relation 

-~[x~’^J„(x)] = -X-"Jn+l{x) (7) 

by the method used to derive (5), and also the relation 

dJ ^ r / \ T / \ /fs\ 

dx ^ ^ ^ Jn-\-l{x) (8) 

in the same way that we derived (6). If w’^e add and subtract 
(6) and (8), we see that 

= 2^^, (9) 

+ Jn+^{x) = ^Jn{x), ( 10 ) 

where n is not a negative integer or zero. 

We now define Jn{x) inductively when re is a negative integer. 
We first define J-i{x) by (10) with re = 0, i.e., 

/_i(x) = -Ji{x). (11) 

Next we define J-i{x) by ( 10 ) with n = — 1 ; the resulting formula 
reduces to 

J.^ix) = Mx) (12) 

by means of (11) and (10) with re = 1. In general, 


J^nix) = (-l)^j\{x). 


(13) 
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It follows from (13) that formulas (5) and (10) hold for negative 
integer values of n and w = 0. In (11) of Sec. 33 we let 

1 

flo - 2-nr(-« + 1)’ 

then 2/2 = /_n(a;), for (9) in Sec. 33 reduces to (11) upon sub¬ 
stituting -n for n. By (12) of Sec. 33, the general solution of 
Bessel’s equation is 

y = ciJn{x) + c^J-nix) (14) 

when n is not an integer. 

It is possible to express certain Bessel functions in terms of 
sin X and cos x. By. (2), 


Jviix) - 


(- 1 )* 


it = 0 


k\T{h -h I) V2, 


i+2i 


' (-l)*'a:2i+i 

“ yjx^MTik -j- |)22*=+i' 

i=0 


(15) 


But 




(2fc -h l)(2fc - 1) 


1 

2 

(ij 


!=!r(i- +1) - 


2i+l 

(2/b) ■2{k - 1) • 2(fc - 2) 


"s/tti 

2 ( 1 ) 


2* 


(2fc-M)! 


<*•!) 


22A-M 




and (15) reduces to 


Mx;) = (2fc -f 1)1 " V« 


k = 0 


since the summation is merely the Maclaurin series for sin x. 
It may be shown in a similar manner that 


-VI' 


cos X. 


(17) 
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It follows by repeated applications of ( 11 ) that Ji+aix) may be 
expressed in the form 

Jh+ii{x) = Pksmx + Qk cos X, (18) 

where k is an integer, and Pk and Qk are polynomials in x~''-. 

35. Bessel Functions of the Second Kind. If n is an integer, 
then J—n(x) = ( 1 )"/ n(x), and J„(x) and J-n{x) are not linearly 
independent. We shall now obtain a solution of Bessel’s equation 
which is linearly independent of Jn{x). Let 

y = uJn{x), ( 1 ) 

d el'll 

let J'(x) denote -^[Jn(x)], and let P = ■£.• If we differentiate ( 1 ) 
twice and substitute the result in Bessel’s equation, we find that 



Since a solution of this^equation is 

^ ^ X[jn{x)]^’ 

we have the result that 

«-= + (4) 

We shall now represent w by a power series in the case where n 
is a positive integer. If we express Jn{x) by ( 2 ) of Sec. 34 , then 
xyj^x)]^ = + 633 :^’“+® + • • • , 

x[Jn{x)Y ^ + c_„+ia;-2«+i + . . . + c_ia:-3 

+ CoX"’- + Cix‘ + 

where the 6 ’s and c’s denote certain numerical coefficients, and 
where the term Cox~^ occurs because n is a positive integer. If 
we integrate this last series term by term, we find that 

u = + d_n+ia:- 2''+2 4 . ... 4 . d-ix-^ + do log x 

+ dix^ + ■ ■ ■ + C2. 

Choose Cl in (4) so that do = 1 . Then by ( 1 ), 
y = Jnix) log X + L(x), 


(5) 
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where 

L{x) = + aiX-^+- + 

+ • • ■ + e!2,a:-”+2'' + ■ • • . (6) 

To determine the a’s we substitute (5) in Bessel’s equation and 
follow the procedure of Sec. 33; we find that 

x^L"{x) + xL'{x) + {x^ - n})L{x) + 2xJ'^{x) = 0. (7) 

Substitution of (6) in (7) leads to the expression 


4- rios. + 


+ 2 


2{n + 2A:) (-!)'= 

&!r(n + k + 1)2”+^'=^ 


n+*jfc 


= 0 . 


( 8 ) 


Since the terms of the first sum for which v < n do not combine 
with any term of the second sum, it is convenient to group these 
terms by themselves; let us renumber the remaining terms of the 
first sum (beginning with v = n) by writing v = n + kj where 
ib = 0, 1, - ‘ . If we combine these latter terms with the cor¬ 

responding terms of the second sum, then (8) assumes the form 


.u-i 


— n)a2i. + a2p~2}x | + ^)(^2n+2k, 


+ €l-2n^'2k-2 + 


k = 0 

2{n + 2k) {-ly 
k\{n + k) 


j,n+tk = Q 


With reference to the first sum we see that, each coefficient 
being 0, 


4v(n — v) 

Taking = 1, 2, , we find that 

no 


{v < n) (10) 


ag = 


= 


2Kn - IV 


Uo 


2-^yl(n — 1)(72 — 2) (n — v) ^ (11) 
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Because the first term (k = 0) of the second sum in (9) involves 
only one of the a’s, this coefficient is determined explicitly when 
this term is set equal to zero; it turns out that 


0 ^ 271—2 



( 12 ) 


Substitution of this value in (11) with y = n — 1 shows that 


ao = 


in - 1) ! 

2-n.+i 


(13) 


Hence, substituting back in (11), 


( n - - 1)! 

2 


{v < n) (14) 


To determine the remaining a’s, let us set 

( — 1)* 

"" ^!(n + ifc)!2^*=' 

Upon equating to zero each coefficient in the second sum of (9), 
where ft > 0, w^e find that 


^a2n+2/c _ 0'2n^2k-2 ill 1 

N k 2ft(n + k)Nk ft n + ft 

It follows from (15) that 

2k{ri + k)Nk = -iNk-u 
Substitution of this result in (16) shows that 


- 2 - 


^<^2r4+2^• 

Nk 


—2 I 1 1 

Nk~i ft + ft 


( 16 ) 


(17) 


(18) 


The coeflacient a 2 n is as yet undetermined; for certain applications 
it is convenient to choose a 2 n so that 


-2— = 1 4- A -I- 1 -4- 
No ^2^3^ 


+ ■ 


(19) 


Taking A: = 1, 2, 

N^\ 


in (18), we find that 


(l2n+2k == 


( 


1 + 2 + 


+ 


I) 


+ ( 1+2 + 


+ 




( 20 ) 
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All the a’s are now determined, and (5) may be written in the 
form 


7l“l 

K.{x) = JM log a: - 


-s 


(- 1 )^ 
k\{n + k) 


i[(‘ + 5 


+ ( 1+2 + 


n)Ki)" 


where 1 + ^ + 


+ ^ is to be taken as 0 when k 0. The 


function Kn{x) is called Neumann^s Bessel function of the second 
kind of order n. The series (21) may be shown to converge 
uniformly for all values of x. It is possible to show that rela¬ 
tions (6) to (11) of Sec. 34 hold for Kn(x) as well as Jn{x), The 
general solution of the Bessel equation is 

y = CiJn{x) + CzKnix) (22) 


w^hen n is a positive integer. 

Other solutions of the second kind have been constructed, but 
they may all be obtained by assigning proper values to the c^s 
in (22). 

A modified Bessel function is defined as follows: 


IM = i-^Jn{ix), P = - 1 . ( 23 ) 

It may be shovm that In{x) satisfies the equation 

and relations similar to (6) to (11) in Sec. 34. 

36. Representation of Bessel Functions by Definite Integrals. 

If we expand the function by Maclaurin^s series, treating 

X as constant and t as variable, we find that* 

X .JJ 1 

‘ Expand e“ and set u = or m -- 

2 2t 
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, fc =0 / \»=0 


L )i=o 

= Jo(x) + '^Jk{x) 


j2»+2Mja!(w + n) 

(-l)^j 




A = 1 


+ 


t'‘ 


( 1 ) 


[Cf. (2) and (14) of Sec. 34.] In (1) set t = where = — 1. 
Since t — (1/t) = e'* — = 2f sin 4>, the left member of (1) is 

e2\ tj— giism? _ gQg ('j. gJjj _j_ ^ gjj^ gj^j^ ^2) 

Since — 2 cos 2kcli, and 


^ ~ = 2z sin {2k - 1)<^., 

the last member of (1) may be written in the form 

00 00 

Jq{x) + 2 '^J 2 k{x) cos 2k(l> + i2^J 2 k-i{x) sin {2k — 1)(^). (3)^ 

k = l k==l 

Since (3) and the right member of (2) are equal, we may equate 
their real and imaginary parts: 

cos {x sin 0) = Jo{x) + 2^J2k{x) cos 2k<l)j (4) 

/fc = i 

00 

sin {x sin (l>) — 2^J2k~iix) sin {2k — (5} 

k^l 

Let us multiply both sides of (4) by cos ncj), both sides of (5) by 
sin n0, and integrate from 0 to tt, noting that 



cos k<l) cos n<l> d<l> 



sin k<t> sin n(j) d<i> 


{ 


TT 

2 

0 


if k = n, 

if k 9^ n. 
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We fiBQ T-hat 



cos ix sin 4>) cos n<#> d<j> 
sin ix sin 9 ) sin n4> d6 


/ JrL{x) if n is even (or zero), 
( 0 if n is odd. 
j Jn.{x) if n is odd, 

( 0 if n is even. 


( 6 ) 


Hence, lor any integer n (even or odd). 


JJx} 


^Jo 


[cos (x 


sin 9 ) cos + sin (x sin <^) sin n 0 ] d(t>. 


“ .'onseqaently, 

Jnix) == “ j COS {np — .r sin 4>) d(i>. {n any integer) (7) 

TTjO 

Bessel functions may be represented by integrals in many other 
ways. For example, 


JniX) = 


1 *3 


■ (2w - l)x/-i 


dt, ( 8 ) 


where n is any real number. 

37. The Zeros of the Bessel Functions. Properties relating 
to the zeros of the Bessel functions have many important 
applications. 

Theorem 37.1. Every zero of the Bessel function Jn(x) is a 
simpk zero, except possibly x — 0, 

Thi^ is a direct consequence of Theorem 32.1 since the Bessel 
equation is of the type discussed in this theorem. 

Theorem 37.2. Two Imearly independent soliUions P(x) and 
Q(x) of B^sseVs eqimtion ca7i have no common zero except possibly 

X = 0 . 

B}’ Ex. 30 below, PQ^ — P'Q = C/a;, where C is a constant. 
Suppose That both P and Q vanish at a; = a;o (a;o 0). Then 
C = 0 and P'/P = QVQ* Hence the Wronskian of P and Q 
is zero. But this is impossible, for P and Q are linearly 
independent. 

It joUows from this theorem that Jn{x) and Kn{x) have no 
common zero except possibly at a; = 0. 

Theorem 3/.3. Jn(,x) and Jn^iix) ho.>ve 710 common zero except 
possibly T = 0. 
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If Jnixo) = Jn+i(si:o) = 0, then by (9) of See. 34, 

n(^o) ~ n(^o) ~ 0. 

But by Theorem 37.1, Jn and can have no common zero 
except possibly x = 0. 

Theorem 37.4. Between any two consecutive {real) zeros of 
x-’^Jnix) there lies exactly one zero of x-’^J^i(x), and between 
any two consecutive zeros of Jn{x) where n is an integer, there lies 
exactly one zero of J„+i{x). 

It follows by Rolle’s theorem that, between two consecutive 
zeros of x~’'Jnix) there lies at least one zero of 

-^[x-’‘J n{x)] = -x-'^Jr^iix) 


[see (8) of Sec. 34]. Let y = x \In{x). Then 


dx^- 


1 + 2ndy 
X dx 


+ 2/ = 0. 


(1) 


Now 2/ and can have no common zero Xq, for if 

y{xo) = y'{x^) = 0 , 

then by (1), y"(xo) = 0. Moreover, successive differeasistions 
of (1) show that y"'{xf) = y"''{xo) = • • • = 0. Hence y 


y. 

5 6 


r i 2 ^7 8 ^^0 * 


Fiu. 141. 

would be a constant. By Rolle’s theorem, between iw^ zeros 
of there lies at least one zero of [see (7) of 

Sec. 34 with, n replaced by n + 1]. This proves the Itieorem 
except for the numerically smallest zeros ±X of But 

a; = 0 is a zero of x~^Jn-^i{x). There can be no other zero of 
numerically less than X, as otherwise 
would have another zero numerically less than X. 

We omit the proofs of the following theorems; 

Theorsm 37.5. // n ^ 0, there lies exactly one zer^ of J'(rc) 

between consecutive zeros of Jn(x). 

Theorem 37.6. The function Jn(x) has infinitely many real 
zeros. 
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Theorem 37.7. Between any two consecutive 'positive or nega¬ 
tive zeros of any real Bessel function of order n there lies exactly 
one zero of any other real Bessel function of order n. 


EXERCISES XXIV 


1. Show by the ratio test that series (9) and (11) of Sec. 33 converge for 
suitable values of n. 

2. Show that series (2) of Sec. 34 is absolutely convergent for all values 
of X. 


3. 


Show by direct computation with (2) 


of Sec. 34 that — 
dx 




4. Prove (7) and (8) of Sec. 34. 

5. Verify (14) of Sec. 34. 

6. Find expressions for in terms of sin x and cos x. 

7. Prove: J^{x) - Jo{x) = 2J‘;{x): 

Jaix) ~ Jq(x) - x-Vq(x). 

Jz{x) -r + ^Jq\x) = 0. 


8. Show that: I nix) 



* = 0 


J. 

4 - * + 1)\2 


^[xHn{x)] = xHn-l{x), ^[x-Mn{x)] = X-'Mn+lix). 
dx dx 

In^lix) - In^lix) = ^In{x), In-l{x) In+lix) = 2^[^u(a;)]. 


9. -Prove:-Ulix) 4-= 2 


-JKx) - — 

X X 


10. By Ex. 9 show that 

1 - Jlix) ^2Jlix) -h . . . -{■2Jl{x) -h • • • . 

X = 2Jo{x)Jiix) A-QJi{x)J 2 {x) + • * • +2(2n 4- l)Jnix)Jn+i(x) 4- . . . . 

11. Show that J~\i{x) ~ 2/4ra; cos x. 

12. From the theory of the Beta functions it is known that 


2n+* 


(71-4-^:)! 1*3 


(2n-l) -1-3 


{2k-I) 


-f 


sin^^i 0 cos^* 4) d4>. 


Substitute this expression for (n 4- fc)! in (2) of Sec. 34 with n an integer, 
and from the resulting expression show that 
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Jn(x) 


1 • 3 


-f 

kjo 


Hint: cos (x cos > 


2' 




(2n — 1)' 

(x cos 


sin2« <p cos {x cos <i>) d<t>. 




(2k) \ 


13. In the result of Ex. 12 set t — cos <l> and show that 

1.3.. M2. —,/_r 

To this expression add 0 = /lj(l — sin (xt) dt, and prove (8) of 

Sec. 36. 

14. Show that the following functions are solutions of the equations 
indicated: 


(a) x-^Jnix) of y" + 


(b) x^Jn(x) of y" -f 


(4^’) 


' + 2/ = 0. 


y -\-y ^ 0 . 

(c) x-^^Jn(2^/x) of xy'' + (1 -h n)?/ y ^ 0. 

(d) x^^'^Jn(2y/x) of xy"' -I- (1 - n)y' + y = 0, 

f 4^2 _ A 

(e) \Gj^{hx) of y" + [b'‘ - jy = 0. 


15. From (1) of Sec. 36 show that ^^V'Jniu + u) = '^p’Jrju) 

n — — to r— — to 3= — 00 

16. Show that 


Jn(u + v) = ^^Jk(u)Jn-^k(v) 
k= — «5 

n ® 

= ^/rW/n-r(f) + -1) + Jr{v)J^+r{u)], 

r = 0 7- = l 

where n is an integer. 

17. Neumann’s Addition Formula for Jo (x). Show that 

00 

4- c2 — 2hc cos a) = 

n= — 00 

00 

== JoQ>)Jq(c) -{-2^Jn(h)Jn(c) cos UCC. 

n = 1 
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Hint: Show that 




-(l>sm/ 3 ~csin y) 




-(6 sin jS—c sin 7 ) 


'2fJn(be<^ + ee-iy)tn. 


Then let a — -r h sin ^ ~ c sin 7 = 0, a = tt — /3 — 7 , so that 
fl 2 = 52 ^2 _ 2hc cos oi. Finally, equate terms independent of i in the 

above identity. 

18. Develop relations similar to ( 6 ) to ( 11 ) of Sec. 34 valid for Kn(x). 

19. Show that (7) of Sec. 36 satisfies the equation 

, > . / « sin nTT ^ 

x^y xy T- — 'nr)y = - ““ ^)- 


20. Show that = - 1 cos {x cos 4>) 

TjO 

21. Show that Jn{x) 0 as ^ ce. 

22 . Show that J^{n^i){x) {—lYJn{x) as € -> 0 if w is an integer. 

23. Show bv ^11) of Sec. 34 that 


==, 2(- 


■l)*(n + 2h)Jn^.k(x) 


24. By Ex. 23 show that 


rjx * -J.{x) -b > ( -mn + 2k)Jn^2k{x) 


25. Show that, if n is any constant, cos nd Jn(r) and sin n$ Jn(r) are 


, . dh^ 1 dv 1 

solutions of-^-!-L 2; = 0. 

dr- ' r dr dd^ 

26. Show that cos ?z<^ Jn(kr) and sin n<l> Jn{kr) are solutions of 

dh} 1 dh' d^v 1 dv 

-f-- . -= 0 

ar 2 fS ‘ 5^2 ^ y. dr 

Is a solution? 

27. Show that, if n is a positive integer or zero, 


\ {n 4 - 2 r)(n — r — 1)1 


J n+2t-(2/). 
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28. If On (a;) = _ . [J-n{3i) ~ e“^"Vn(a:)], show that 

2 sin Tlir 

Gn{x) = ~Kn(x) + /n(rc)(log 2 ~ 7 + ftV), 

where y = 0.5772 • • • is Euler’s constant. 

29. Show that xG^ix) - —nGn(x) + xGn-iCx). 

30. Let P(x) and Qix) be any two Bessel functions, i,e.„ functions obtain¬ 
able from (22) of Sec. 35. Show that 

P(x)Q’{x) - P'{x)Q(.x) = 

X 


where C is a constant. 

31. In Ex. 30, let P(x) — Jn{x) and Qix) = Show that 

2 

lim [xiJnix)J'_^ix) — J'^ix)J^nix)] =-sin nr. 

32. Show that e‘"*^^*/n(Xr)(A cos nS B sin nQ) is a solution of 

dh \ dv 1 

ar2 r ar 

33. Show that Jnix) and J'nix) have no common zero except possibly 

X = 0. 

34. Show that /n(^) ^xJ^ix) -f- BJnix) have no repeated zero 
except possibly a: = 0. 

35. Prove Theorems 37.3, 37.5, 37.6, and 37.7 by methods similar to 
that given for Theorem 37.4. 




CHAPTER IV 

INFINITE SEQUENCES AND SERIES 
PART A. SEQUENCES 

1. """’Sequences of Numbers. If to each positive integer n, 
n = 1, 2, * • • , there corresponds a definite number Sn, then 
the ordered set {sn} of numbers 


^ 2 ; j ^nj 


is called a sequence, 

A sequence {Sn} is said to be hounded if a real constant K exists 
such that \sn\ ^ K for every positive integer n. If no such 
constant K exists, the sequence is said to be unbounded. Thus 


the sequence {sn} ^ 



is bounded, while the sequence 


{Sn\ = |2n} is unbounded. 

A sequence {§„} is said to converge to the number or to be 
convergent vith the limit if for any preassigned positive number 
€ there exists a number N, r^hich may be dependent on e, such 
that for every n > N, |sn “*?!<€. We shall indicate that 
{sn } converges to ^ by writing J as n ^ + oo, or lim 

n —« 

If ^ = 0, then {s„} is said to be a null sequence. Thus 1, 

; ; ' • • • • is a null sequence, for if e be any preassigned 

positive number, then 1/n < € for every n > Nj where A > 1/e. 

A sequence* which is not convergent is said to be divergent. 
Thus, 1, 2, 3, 4, • • * , n, • • • is divergent. 

If the tequence {sn} is such that for any arbitrary positive 
nm&ber G a number N exists such that for all n > N, Sn > G, 
then ve shall say that {^n} definitely diverges positively, or increases 
viithout bound, and we then shall write —^ + oo as n --» + oo ; if 
{sn\ is such that for any arbitrary negative number -G, there 

^ ^hereafter mean a real sequence unless otherwise 

stated The notation - preceding a definition, theorem, or section, indi¬ 
cates that the statements involved hold, with at most slight modifications 
for complex numbers. The notation « indicates a similar extension for 
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exists a number N such that for all n > then we 

shall say that {sn} definitely diverges negatively, or decreases 
without bound, and shall write asn--^+oo. Thus, 

if Sn = Sn—> +<», while if Cn = (Xn does not 

diverge definitely, either positively or negatively. 

A divergent sequence {Sn} which is not definitelj^ divergent 
is said to be indefinitely divergent. Thus the sequence {a-n} 
mentioned above is indefinitely divergent, as is also the 
sequence 0, 1, 0, 2, 0, 3, 0, 4, 0, 5, • • • . 

If two sequences {sn] and {an}, neither necessarily convergent, 
are so related to one another that the quotient Sn/an tends, as 
^ 00 j to a definite finite limit K different from zero, then we 

shall say that and {o-n} are asymptotically proportional, and 
we write Sn ^ o-n- If K = 1, we shall say that the two sequences 
{sn} and {(Tn} are asymptotically equal, and we write Sn^an. 
Thus, for instance, + 1 ^ n, since \/n^ + l/n 1 as 

n —» + oo; •>/n + 1 ^/n ^ \/\^n, since 

V"n + 1 — -x/y 1 1 

Xj's/n J 2 


EXERCISES I 

1. Examine each of the following sequences for convergence, or type of 
divergence: 


(a) {n + lb 
(c) llogn}. 

(e) ((-1)V^}. 

(g) {(”3)-}. 

(i) {^2 + (-l)-n}. 

2. Prove: 

(a) 1 -f 2 + • A-nr^n\ 

(b) P + 22 + • + n2 ^ ■ 

(c) log (7?^2 -f- 17) ^ log w,_ 

3. If a > 1, prove that ^ a—oc 


Xn = 


(b) jn2 — nj. 

(d) {(-l)--^2n]. 

(f) K-i)”}. 

(h) + (-2)-). 


(Hint: Let 


show a = (l+a;n)”>l+ nzn > nxnj and finally prove 
ajn —> 0 as w —)■ + oo.) 


4. Prove the theorem stated in Ex. 3 for the case where 0 < a ^ 1. 

5. Prove that —»• 1 as n + oo. (Hint: Follow the method used 

in Ex. 3.) 
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2. Convergent Sequences. The following theorems indicate 
a few of the elementary properties of convergent sequences: 
^'Theorem 2.1. A convergent sequence {§«} has a unique limit. 
We base our proof on the fact that if a number a is such that 
\ai < e for every positive number e, then certainly ck = 0 , Sup¬ 
pose Sr, I and Sn f'. Then for any arbitrary positive number 
€ there exists a number N such that for n > N, — ?| < e/2 and 
1^. - ri < 6/2. Now 

- i'\ = !(^« - - (S. - r)| ^ “ ?| + w - 5n| 


By the preceding remark, f 

^■'Theorem 2.2. 7/ a sequence {Sn} i^ convergent^ it is hounded: 
and ij |s„| ^ K, where K is a finite number, then the limit ^ of 
the sequence is such that l^| ^ K, 

If Sr, then for any given positive number e there exists a 
number N such that for every n > N, ^ — e<Sn<^ + e. 

Hence, if X is a number greater than the W values |si|, |s 2 |, • * • , 

and greater than + e, then |s„| < K for every n. 

We shall leave to the reader the proof that jj| g if. 
^''Theorem 2.3. If Sn then |sn| —> |Ji. 

Since — |^|| ^ \sn — it is clear that (|s„j — |$|) 0 

when {Sf, — f) —^ 0 . 

^Thecjrem 2,4. If |&-nj is a convergent sequence all of whose 
terms an different from zero, and if lim f ^ 0 , then the 

n—>•+ CO 

Sequence : i/ 6 v.j is bounded. 

There exists an integer N such that for every n > N, 
- 4; < Ilf', and consequently |s„| > ||f. Let 7 be the 
.'^maiiesi of the positive numbers |si|, issi, ■ • • , |sAr|, ||f|. Then 
7 > 0 and for every n, {s„| t t, so that |l/s„| g K = 1/y. 

If ■is a given sequence and if 

ki < ks < ks < <. kn < 

is any increasing sequence of positive integers, then the numbers 
~ K = 1. 2, • • • , are said to form a subsequence of the 
given sequence. 

‘^'THjEOREM 2.5. Let Js'} he any subsequence of {srel. If 

‘r. e then s' ^ £ 
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Using N and e with the significance given in Sec. 1, we see that 
for every n > |sn — ^| < €. Hence for any n > 

K - 


since kn > N when n > N. 

^"^^Theorem 2 . 6 . If the sequence {sn} can he subdivided into a 
finite number p of subsequences^ each of which converges to then 
{^n} itself converges to ^ 

We shall prove the theorem for the case where p = 2. Let e 
be any arbitrary positive number. By hypothesis there exist 
numbers and n" such that for every n > n\ |s' — |1 < e, and 
for every n > n^\ — || < e. The terms s' and s'' have 

definite positions in the original sequence {sn}. Hence there 
exists an N sufficiently large in {s„.} such that for every n > N, 

Let Kj^ J? 2 j Kn be a sequence of positive integers 

such that every positive integer occurs once and only once in the 
sequence; the sequence {s'} formed from the sequence {s„} by 
letting s' - is said to be a rearrangement of the given sequence. 

^'^’Theorem 2,7. Let {s'} he an arbitrary rearrangement of 
{ Sn }. If Sn —^ $ then s' 

For every n > N, js^ — ^[ < €. Let n' be the largest of the 
indices belonging to the finite number of places which the 
terms Si. Sa. • • * , occupy in {s'}. Then for every n > n\ 

K - 

Consider any sequence {sn}. If we alter this sequence {s„} 
by omitting, or inserting, or changing a finite number of terms, 
or by doing all or a part of these things at once, and then renum¬ 
ber the resulting sequence {s'}, then we shall say that {s'} is 
obtained from {s^} by a finite number of alterations. 

"^''Theorem 2.8. Let {s'} be derived from {s^} by a finite number 
of alterations. // Sn —> J then s' —> 

The proof of this theorem rests on the fact that for a suitable 
integer p and a sufficiently large number N, s' = s„+p for n > N. 

"^Theorem 2.9. If si,^ and s'' and if for a suffidenity 

large m, the sequence {Sn} is such that 

si ^ Sn ^ n > m, 


then Sn —^ 
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We shall leave the proof of this theorem to the reader. 
“Theoeem 2.10. 7/ s„ —»■ I and o-„ —»• v, then 

(a) (Sn + ffn) (5 + ’?); (b) (s» - o-„) —> — 1?); (c) s„ 0 -„ —> ^n; 

(d) if every s„ 0 and | 0 , o-n/Sn —^ v/ f- 

The proofs of the various parts of this theorem are very similar 
to the proof of Theorem 3.2, Chap. I. 

'’'COEOLLAEY 2.101. If s„ -> J and c is any constant, then 

CSji —> c^. 

By repeated application of the above theorems, we have 
'Theorem 2.11. Let (4“), (4"'), • • ■ > («?’) be p given 
sequences converging respectively to • • • > If 

R„ = s®, ■ • • , 4”’) w “^2/ rational function of the p 

variables sj,”, • • • , 4®') '^th numerical coefficients, then the 
sequence • • • , 1^®’), provided division by zero 

is not required either in the evaluation of the terms Rn, or in that 
of the number • • • , 

The symbols 0(z) and o(z). Let {f„} and {z„} be two sequences. 
Then the sequence {fn} is said to be of the order of the sequence 
{ 2 „} if there exists a positive constant k, and a value N of n such 
that, for every n > N, |7n/Zn| < A 5 ^ 0 , and we write 

fn = 0 (z„). 

If lim (f„/zn) = 0, we write = o(z„). 

Tt—* « 


T. , . 7n-hl9 J U 7n 

Example 1. - = <^\ '^ )• Smce — = — 

1 + \n^J Zn 1 

>ws that for n sufficiently large, \tn/zn\ < 
reater than 7. 

1 /7n A- IqN 

Example 2. — = o( — )* •) 

\ 1 4 - / 


7n + 19 
+ 


— —> 7, it fol- 

lows that for n sufficiently large, \tn/zn\ < k, where ^ is a real number 
greater than 7. 


EXERCISES II 

1 . Complete the proof of Theorem 2.2, 

2 . Complete the proof of Theorem 2.6. 

3. Prove the statement given in Theorem 2.3 that 

IW ^ 

4. Prove that if {s,t} is a null sequence and {On} is any bounded sequence, 
then the numbers an = anSn also form a null sequence. 
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5 . Prove Theorems 2.8; 2.9. 

6 . Prove Theorems 2.10; 2.11. 

7 . If {pn} 0 , show that «« = — 1 -> 0, a > 0. 

8 . If a > 0 and then a^. 

Hint: Show that — 1) is a mill sequence. Use Ex. 7. 

9 . Let Isn! he a null sequence all of whose terms are greater than —I. 
Prove that log (1 + «») is a null sequence. 

10. If Sn > 0 for every n, ^ > 0, and if then 


log Sn —^ log 


Hint; log Sn — log ^ = log 

Sn $ 


log ^1 + ^ is a 




null sequence. Use Ex. 9. 


Demonstrate that 


11 . If jsnl is a null sequence all of whose terms are greater than —1, then 
s« = (1 + Sn)^ -- 1 is a null sequence. Here p denotes any real number. 

Hint: Show that p« = p log (1 -f s„) 0. Next show Zn—^0, 

12. If Sn > 0 for every n, and if s« ^ > 0, then sj where p denotes 
an arbitrary real number. 


Hint: By Ex. 11 show that sj — I'’ = ^1 + — 


3. Cauchy’s Theorem and Its Generalizations. We shall now 
prove certain theorems of great importance. 

c^^Theokem 3.1 (Cauchy^s Theorem). If then the 

arithmetic means 


J _ + 52 + 


+ 


n = 1, 2, 


also approach 

Let € > 0. Then there exists an m such that for every n > m, 
jsn ~ ^|.< e/2. Then for n > m, 

\.> ti ^ l(si - 9 + • + (s« - ?)1 , 6(n - m) 

ls« - II < - H 

The numerator of the first fraction on the right-hand side con¬ 
tains a fixed number m of terms of {sn}, so that we can determine 
an ^ m so that for every n > N, that fraction remains less 
than c/2. Consequently, for n > N, |s' — ^| < c. 

^Theorem 3.2. If Sn I, where each Sn > 0 and ^ > 0, then 
the sequence of geometric means 
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Since s„ = log s„ X = log | (by Exs. II, 9 and 10). 

By Theorem 3.1, 

= log 0 -r. log I 

The theorem follows at once from Ex. 8 and the fact that 

== O'. 


EXERCISES in 


Prove: 

^ 1 + (1/2) 4- + (1/n) 


0, as n 4 =«. 



5. Prove n \ ^ n 'e. (Use Ex. 4.) 

Many generalizations of Cauchytheorem have been given. 
The following theorem (due to 0, Toeplitz, 1911) is perhaps one 
of the most important and far-reaching of these generalizations. 
Consider the system M of real numbers a^s, 

Moo 0 0 • • • 0 

I flio (Zii 0 • • • 0 


M 


UnO CLnl Ctn2 


0>nn 


where M is subject to one or more of the following conditions: 

(a) Every column of If is a null sequence; i.e., for any fixed 
p ^ 0, a„p 0 as n 4“ . 

(b) There exists a positive constant K such that for every n, 

n 

i-0 
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(c) If ^ o,nh then An 1 as 71 -» + CO . 

i=o 

(d) For any fixed p ^ 0, a»,n~p 0 when n~^ + ^. 
'^'^Theokem 3.3. If Xo, rci, • - • is a null sequence and if M is 

subject to conditions (a) and (b), then the sequence \x'^] formed by 

n 

the Clumbers = ^anjXj is also a null sequence. 
i=o 

Let € be any positive number. Select an integer m such that for 
every n > m, \xn\ < €/2K. Then for n > m, 

= j^i^-n.0^0 "T" * • * anmXml "4" \an,m-^\Xm-\-\ ”1~ * ' ’ 4“ 

n 

\an,QXo -j- • • • aninXm] “f~ 

l^wO^O “4“ H” anmXin\ ”4" 


By (a) there exists an N > m so that for every n > N, 


Hence 


I a>njXj 

y=o 



i^nl < I + I = 


'^"Theorem 3.4. If Xn —> 
(b), and (c), the?}, the sequence 
Evidently, « 


and M is subject to conditions (a), 

n 

~ anjXj > 

J-0 


n 

X'n “ T" ^nq(Xq ^)‘ 

? = 0 

Theorem 3.4 now follows as an immediate consequence of 
Theorem 3.3 and condition (c). 

"^Theobem 3.5. Suppose M satisfies conditions (a), (b), (c), (d); 

n 

then if J a-nd. the sequence Zn — ^anpXpPn-p —^ 
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Write 

3Jp3/n—p “ (Xp ^^Vn—p “i* ^2/n—P* 

Then 

n n 

flnp2 /n—"f” ^ (^npyn--p» 

p«0 

Since (a;p — 0 and the t/n-p are all bounded, it follows from 

Theorem 3.3 and Ex. IV, 1 that the first sum in Zn tends to zero. 
From Theorem 3.4 and condition (d), it follows that the sum 

n n 

i 2/ ^«p2/n-P = f 2) ^ri,n—pyp 

p=0 p=0 

tends to Consequently Zn ^i?. 

EXERCISES IV 

1. Prove: {Corollary to Theorem 3.3.) If in Theorem 3.3, the ar, are 
replaced by <Xra = ar«Xr«, where |Xr«i are aU less than or equal to a fixed constant r 

71 ’ 

then {^n} is a null sequence, where iS„ ^ ansX). 

y»0 

2. By setting a„o - Oni = • • • = Unn = l/(n + 1) in Theorem 3.3, 
n = 0, 1, 2, • • - , prove Theorem 3.1 with ^ = 0. 

3. Prove Theorem 3.1 from Theorem 3.4. 

4. Let po, pi, • • • be any positive numbers such that 




71 

3=0 


Prove that if Xn —* then so does where 

Hint: In Theorem 3.4, set 



= Pk/<rn; 71 = 0, 1, 2, ; A; = 0, 1, . ■ . , n. 

o. From Ex. 4, prove Theorem 3,1. 

6, Prove Theorem 3.1 is true for ^ + oo and for ^ = — oo. 

7 Prove Theorem 3.4 is true for f = + « and for J-», provided 

Opq ^ 0 . 

^ 8. Prove Ex. 4 assuming, instead of the positiveness of the p,-, that 
^ 1 P)i —>•+», and the existence of a constant O such that 
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;=o iJTo 


9. Prove that if yn/Pn then ^t/,- j ^pj-^ ^provided the proper 

j=0 / j=o 

restrictions are placed upon the p,-. (Hint: In Ex. 4 or 6, set pnXn = yn.) 
What are these restrictions? 

. n n 

10. Let suppose that 

;=0 i=0 

'pn - An — An-l (fl ^ 1, Po = Aq) 
satisfy the restrictions given in Ex. 4 or 8. Prove that if 
Yn - Fn-1 . 7n 

11. From Ex. 10, show that 


(a) lim lim ■ , x 

72,-4 00 fi—* [ti — 1 )^ 2 


(b) b Tn -—^— = lim = —f 

^ - (n-iy 3 


w - (I -1)« -p+i 

where p is a positive integer. 

12. Prove: If ajn —> ^ and yn Vy then ^{n -f 1) ^v- 

n 

13. Prove: If Xn —► 0, and yn 0, and for every n, \yj\ < K, where K 

y=o 

n 

is fixed, then Zn = '^Xjyn-j —> 0. (Hint: Use Theorem 3.3.) 
y«o 

^ log . 

14. Show , -1. This shows that log m! ^ log 

^ m log m J 
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4. Criteria for Convergence. In examining a sequence 
{sn} two important questions present themselves: (1) Is the 
sequence |sn} convergent, definitely divergent, or indefinitely 
divergent? (2) If the sequence [sn\ converges, what is its limit? 
In general, (2) is by far the more difficult. 

We now state what is sometimes termed the first principal 
criterion for convergence. 

Theor^im 4.1. Every hounded monotone sequence is convergent, 
and every unbounded monotone sequence is definitely divergent. 

This theorem is proved in Chap. IX, Ex, III, 6, (A monotone 
sequence is defined in the same manner as a monotone function. 
See footnote to Theorem 26.4 of Chap. II.) 

A second criterion of convergence is given by 

'"’Theorem 4.2. Let {^n} be an arbitrary sequefwe of real 
numbers, and let e be any preassig7ied positive number. A necessary 
and sufficient condition that be convergent is that there exists 
a number N = Nie) such that for every n > N and every fc ^ 1 , 

^nj ^ *6- 

Necessity. If s* then for a given e > 0, there exists an 
iV such that for n > N, Isn — ?| < e/2, and for any n' > N, 
jsu' — < €/2. Hence 

:5n - Sn'l = i(Sn “ — (Sn' — ?) | 

^ bn - < I + I = 6 . 

Sufficiency. The suiEciency proof for this theorem will be 
deferred to Chap. IX, Ex. Ill, 5. 

Let Unj be a given sequence, let tn, yo, • • • , t;*, • • • be 
any sequence of positive integers (equal or unequal, monotone 
or not monotone) which diverges to + oo, and let fci, h, ‘ , 

kn, • • • be any positive integers (unrestricted); then we call 
the sequence where 

dn Sv , 

a difference sequence of | 5 »}. 

'"'"Theorem 4.3. A necessary and sufficient condition for the 
convergence of a sequence {sn} is that every one of its difference 
sequences he a null sequence. 

The proof of this theorem follows quite easily from Theorem 
4.2. 
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EXERCISES V 

1. Let ih, , 1 o "I" * . Prove {§„} is convergent. 

?z4-lw-f-2 2n 

Estimate its limit. 

2. Let = 1 + ~ + H- Ls convergent or divergent? 

2 u 

(Hint: Prove is unbounded.) 

1 1 (- 1 )'^“' 

3. Prove: If = 1 — - + - - -- the sequence {sn 

o o 2n — I 

converges. (Use Theorem 4.2.) 

( iV i 

4. Let I ^ ^ i ^ “ I • 

(a) that ivni is monotone decreasing and bounded; 

(b) that {sn! is monotone increasing and bounded; 

(c) that fsn) and jo-„} converge to the same limit. 

(d) What is this limit called? 

0. Prove Theorem 4.3. 

5. Limiting Points of a Sequence. In this section we shall 
introduce certain general concepts which will be of considerable 
importance for our later work. 

If then every neighborhood of i contains all but at 

most a finite number of terms of the sequence. Since every 
neighborhood of { contains an infinite number of terms of the 
sequence^ | is sometimes called a 'point of accumulation or limiting 
point of the given sequence. However, divergent sequences 
may also have such points of accumulation, as for example 
the divergent sequence 1, 2,1, 2, 2, 2, -1, 2, • • • , which has 

0 and 2 as points of accumulation. 

"■'^Definition 5.1. ^4 number ^ is called a point of accumulation of 
a given sequence {5n} if every neighborhood of ^ contmns an infinite 
number of terms of the sequence. 

Perhaps the most fundamental theorem here is that due to 
Bolzano (1817): 

"^''Theorem 5.1. Every hounded sequence possesses at least one 
point of accumulation. 

This theorem is proved in Chap. IX, Ex. Ill, 5, but owing to 
its importance we are including it here. Theorem 4.1 is a special 
case of this theorem. 

A particularly interesting theorem which brings out the rela¬ 
tionship between the limit point and a limiting point of a sequence 
is. the following: 
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cuTheobem 5.2. Every accumulation point of a sequence {s,,} is 
the unique accumulation point of some subsequence of {}. 

Let $ denote a point of accumulation of {sn}. For every 
€ > 0, there exists an infinite number of indices n for which 
_ ^1 < €. We can pick a suitable n - pi for which 

K “ 

a suitable n = p 2 > Pi ior which “ ^1 ^ ‘ ‘ 

n = p^. > p^-i for which \sp^ — ^1 < l/v, v — 2, 3, 4, * • • . 
The subsequence {spj = {4} tlius selected converges to 

From Theorem 5.2, we may prove that every bounded sequence 
has a least accumulation point m as well as a greatest accumula¬ 
tion point M. (See Chap. IX, Ex. Ill, 2.) 

The least accumulation point m of a (bounded) sequence 
[Sn] is frequently called its lower limit or inferior Ihnit, and is 
often indicated by 

lim Sn = or lim inf Sn = m. 

eo eo 

Likewise, the greatest point of accumulation M is called the 
upper limit or superior limit of the sequence {sn}? and is indicated 
hy 

lim Sn = Mj or lim sup Sn M. 

00 n—>+ w 

Evidently, m ^ M. 

If a sequence has no lower bound, we shall write lim Sn = oo ; 

n —>■-{- oo 

if it has no upper bound, lim Sn = + oo . 

n —* 

For example, if {a:„} = a, h, c, a,b, c, a, b, c, • • • , a <b < c, 
then lim a:„ = c, Im = a. If {x^} = 5 — 1, 5 — 5 — 3, 

n —^ 4 “ n —> 4 " 

5 — ‘ , lim Xn = “ 00 , lim Xn = 5. 

n.-H'-f w n—»-f- 00 

EXERCISES VI 

1. Distinguish between the definition of limit as given in Sec. 1 and point 
of accumulation as given in Sec. 5. 

2. Find the points of accumulation of {§„}, where 

(a) = i[l - (b) Sn ' 2”. 

(c) Sn = (n -f l)/n. (d) Sn (n - l)/n. 
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3. Construct a sequence of rational numbers having every real number as 
a point of accumulation. 

4. Do the accumulation points of a sequence necessarily belong to the 
sequence? Illustrate. 

5. In each of the following sequences determine lim inf s,. and iim sup Sn 

00 00 

(if they exist): 

(a) Sn = n = 1 , 2, 3, 4, • • • . (b) = 3 — 

(c) s« = —n. (d) s„ = (~l)"n. 

(e) 3 , 5, 3j 5, 3, 5, • • • , 3, 5, * • * . (f) Sn — 5 H- 

n 

(g) sn = 7 

6. Prove the following theorems: 

M and m are equal and jfinite. 

(b) A sequence {s„} is indefinitely divergent if and only if its upper and 
lower limits are distinct. 

(c) State and prove a theorem similar to (a) and (b) for the case where 
{ 5 „| is definitely divergent. 

7. Let lim aJn = At, 5*^ ± «». Prove: 

n—>+ ®o 

(a) The limit S of every convergent subsequence {z^] of is always 
^ M- 

(b) There exists at least one subsequence of whose limit is fx. State 
a similar theorem for the lower limit. 

PART B. SERIES 

6. Infinite Series, Products, and Continued Fractions.* In 

the application of sequences to mathematics and applied fields, 
the sequences to be examined do not as a rule present themselves 
directly. Sequences appear indirectly in a number of common 
types, the most common of which are ( 1 ) infinite series, ( 2 ) 
infinite products, and (3) continued fractions. We shall first 
consider infinite series. 

""""Definition 6.1. An infinite series 

ai + + Ua + • • • , or 

is a symbol for the sequence {§„}, where 

n 

Si = ai, 52 = fflx 4- ffla, • • * j • • • . 

* See the excellent treatise, by K. Knopp, “Theory and Application of 
Infinite Series/^ 
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An infinite aeries ^ ak is said to be convergent, definitely divergent^ 

jfc = i 

or indefinitely divergent, according as the sequence {sn} of its partial 
sums Sn exhibits the behavior indicated by those names. If the 
sequence { Sn } converges to s, that is, if Sn s, then we say that s 

is the value or the sum of the convergent infinite series ’^a/,, and 

4fc==i 

20 

we then shall write = 6 *. If }Sn ( is definitely divergent, we 

jfc=i 

shall say that the series ^ ak is defiyiitely divergent iJo + «> or — x ^ 

k=-l 

according as Sn or — oc. If diverges indefinitely, 
and M a?id m are the upper and lower limits of the sequenxe^. then we 

os 

shall say that the series ^ ak is indefinitely divergent and oscillates 

between the upper and lower limits M and m. 

The term sum as used here is not a sum in the ordinary sense, 
but really the limit of an infinite sequence of finite partial sums. 
We shall now briefly mention the second and third common 

Tvpes of sequences. An infinite product Ui ^^2 Ws • • • Ur, * - • , 

» * 

or JJ is simply a symbol for the sequence of partial products 

n~\ 

Pi = Ui, P2 = UiU2, P3 = UiU2Uzy • * * , 

Pn — U1U2 ' ' ‘ Unj 

For example, the sequence of numbers 

_ 2^ 2- 32 2“ 32 

Pi - 3.5’ p= - 3T5 • itq ’ = rrs ■ 5^’ ■ ■ ■ 

may be represented by the infinite product 

77 (n + 1)^ 

+ 2Xn + 4)' 

The theory of infinite products parallels the development of 
the theory of infinite series, except for a few particular con- 



Sec. 6] 


INFINITE SEQUENCES AND SERIES 


461 


ventioiis due to the peculiar part the number zero plays in 
multiplication. 

Let tti, ^ 2 , • • ‘ and 6o, • • • be any two sequences of 

numbers with hr, 0 for n > 0. Form the sequence {sn| as 
follows; 


f 1 1 , r 1 Ul 

So =" ^1 — Oft -t ^2 — Oo “h 


hi 


&i + 


S‘i — h() -f" 


ai 


hi + 




+ (ct's/bn) 


the term Sn being deduced from Sn-i by replacing the last denomi¬ 
nator of Sn-i by the value bn-i + (an/h,,). and so on. We 

sc 

shall use bo + K {a„/hn) as a symbol for an infinite continned 
«. =1 

fraction. 

We shall not concern ourselves with the theory of continued 
fractions any further at this point. However, it is worth remark¬ 
ing that considerable itse of infinite continued fractions is made 
in the study of certain phases of electrical network theory and 
design. 

We shall concern ourselves principally with problem (1) 
mentioned in Sec. 4, since it is the simpler of the two problems 
and lends itself to a systematic solution. 


While Theorem 2.1 shows that a (‘.onvergent secpience ^ai, 

k = l 

completely determines its limit S, we are faced with the difficulty 
that this representation of S is frequently of an unusual form. 
Thus to calculate S we must find a familiar representation for it, 
e.g., as a decimal fraction. For example, it is not at all evident 
that 

1 - i + i -* I + i - • • • 

and 

10 loo- 1000 10,000 

represent the same number x/4. 

* See T. C. Fry, Bull. Amer. Math. .9oc., July-August, 1929, pp. 463-498. 
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Considering the representation of a real number by a sequence, 
we may state question (2) in Sec. 4 as follows; Given two con¬ 
vergent sequences s,^ | and n- How can we determine 

if ? is equal to n, or if ^ and »j are in a simple relation one to the 
other? For example, if 

it is not at all evident that 17 = I®; nor is it evident that 1, 

I, fl, • • • and 1.414213563 • • • both converge to V2. 

EXERCISES vn 

1. Does ^ (-1)” = (1 - 1) -I- (1 - 1) + • • • + (1 - 1) + • • • ? 

= 1 - (1 - 1) - (1 - 1) - (1 - 1) - • - • ? 

2. Prove; 

2(71 + l)(n -1-2)“ 

««0 

ao 

iwhere x is real and 
^ n)ix-j-n-T ^ 

n =0 

X Of —1, —2, • * • . 

3. Test for convergence. If the series diverges, does it diverge definitely 
or indefinitely? 


(a) ^ra. 

n = l 
06 

(c) 2(-1)»(2« + 1). 


n = 1 
eo 

(d) ’^(-1)". 


4. Prove: 

(a) If X be fixed, 0 < X < 1, Sn = (^ + 1)^ — 0. 


(b) s„ 


2 A 


k=l 


k 1 
2 


(c) Sn = 

V -i- . 


h-l 


(d) 


2 n 

72.2 + 


TT 
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5. Let Sn — 


ai + a2 + 




?>1 + 62 + • -f- &n 

hn > 0, then Sn is also monotone. 


Prove that if is monotone and 

On 


7. Series of Positive Terms. We shall now concern ourselves 
exclusively with series all of whose terms are real and nonnegative 
numbers. 


If (all ^ 0), denotes such a series of positive terms, 

W =0 

then the sequence of partial sums is monotone increasing 
since 


Sn — Sti—i “h ^ Sn—!• 

It is easy to see (from Theorem 4.1) that 
Theorem 7.1. A series of positive terms converges if and only 
if its partial sums are hounded; otherwise it diverges io + 00. 

00 00 

Theorem 7.2. The two series and ^an, p being any posi- 

n = 0 n = p 

live integer^ converge or diverge together. 

Theorem 7.3. If each \n satisfies the inequality 

0 < X' ^ Xn g X", 

where X' and X" are fixed finite real positive numbers, then the two 

00 00 

series of positive terms ^an and ^^XnUn converge or diverge together. 

n=0 n=0 

Proof. If converges,* then the partial sums of 
are all less than some fixed number K, and the factors X^ are ^ X", 
so that the partial sums of SXnfln are all whence SXnUn 

converges, 

A similar argument may be given for the case where 2an 
diverges. 

Theorem 7.4 {Comparison Test). Let and Xdn be two 
series of positive terms, the first of which is known to be convergent, 
the second, divergent. Let be a given series of positive terms. 


We shall often use the symbol for where no confusion will 


result. 
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I. 7/ there exists a positive integer m such that for every n > m, 

S Cn, then Sa„ is convergent; (A,l) 

and if for every n > m, 

a„ ^ dn, then 2a„ is divergent. (A.2) 

II. If there exists a positive integer m such that for every n > m, 

^ ifiern Sa„ is convergent; (B.l) 

dfl (en 

and if for every n ^ 7n^ 

then SOn is divergent, (B.2) 

dn dn 


Case A.l, The hypothesis permits us to write a* = 7„Cn, 
7n ^ 1 for every n > m. Consequently, by Theorems 7.2 
and 7.3, Sun and converge together. 

A similar proof may be given for case A.2. 

Case B.l. Consider the sequence {gn}, gn = ajc^. For 
every n > N, i gn] hence there exists an N such that for 
n > A", {gn\ is monotone decreasing, and since all of its terms 
are positive, is bounded. Theorem 7.3 assures the convergence 
of 2a„. 

Case B.2 may be proved in a similar manner by considering the 
.sequence |An|, A« = dn/dn, and applying Theorem 7.3. 

In order that these comparison tests may be useful, it is 
necessary" to have a large stock of series whose convergence or 
divergence is known. The exercises given in the following 
.sections of this chapter should form a nucleus. 

EXERCISES Vm 

1. Prove Theorem 7.2. 

2. Complete the proof of Theorem 7.3. 

oo 

3. Consider the geometric series Derive an expression f©r th* sum 

n *=0 

(if it exists) of this series. For what values of a does this series conrerge? 
diverge? 


4. Show that the partial sum Sn of 


n{n -f 1) 


IS 


1 - 


n -h 1 


Find 
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the sum (if it exists) of the series. 


5 4 series of the form —, jp real, is called a harmonic Sbovj 

n — 1 

that if P ^ Ij the series diverges; if ?; > 1, the series converges. 

ao 

6 Show that — is convergent to a sum ^ 3, where 0! = L 

nl 

n = 0 

1 1 1 

Hint; Show that s,* ^ 2 + - + — + - - • + 

7. Prove Cases A.2 and B.2 of Theorem 7.4. 


Theorem 7.5. (Cauchy’s Root Test). Let he a series of 




positive terms. If for N sufficiently large, a„ < a”, n > N with 
0 < a < 1, that is, if -v^ ^ o < 1 for aUn > N, then the series 

90 

^ On Converges; hut if for some N, ^an ^ I for all v > M, then 

n — l 

the series ^ diverges. 

n — \ 

We shall leave the proof, depending on Theorem 7.4,, to the 
reader. 

From Theorem 7.4, we see 

Theorem 7.6. (Cauchy’s Ratio Test). If for N sufficiently 
large^ and for all n > iY, an > 0, 


^ < a < 1, 
an 


then ^ Ort converges; but if for all n > Y, 


(Xn 


then ^ an diverges. 
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EXERCISES rX 


1. Prove Theorem 7.5. 

2. Prove Theorem 7.6. 

3. (a) rse Theorems 7.5 and 7.6 to test convergence. 

71 = 1 

(b) Why is it essential that the root V^o„ and ratio a^+i/o. should not 
approach arbitrarily near to 1? 

4. Determine whether or not the following senes are convergent or 
divergent In each of the examples where x appears, assume a: S 0 and 
determine the values of a:, if any, for which the given series converges: 



(convergent for a; ^ 0) 

n-0 . 

OC 



(convergent) 

n=*l 


00 

(c) nrx", X >Q,p arbitrary 

(convergent if rr < 1) 
(divergent if a; >1) 

n = l 

CO 


\/ n(n -f 1) 

W = 1 

(divergent) 

00 

\/ n(l 4- n^) 

n = l 

00 

(convergent) 

2 1 + n> 

71 = 1 

. (convergent) 

00 

(logn)* 

n=2 

00 

(convergent) 


(convergent) 

n=^l 

00 


n«sl 

(divergent') 
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2 Gog Ji)*'®” 


(convergent) 


«=2 


5 . (a) Prove that 7 -—is divergent for p ^ 1, convergent 

{2,n -h l)p 

71 = 1 

for p > 1 . 

00 

(b) Show that --5-—, a and h being positive numbers, diverges 

^ (an + by 

n = l 

for p ^ 1, and converges for p > 1 . [Hint: Prove l/Cnn + b)^ ^ l/n^.] 

6 . Prove that — is convergent if fc > 1 , where p is a prime. 

p = l 

7. Let zi, Z2, ' ' • ^ Zn denote any “digits,” 0 , 1 , 2 , • • • , 9. Prove 

QO 

Zn 


that zo + 


10" 


converges when zq is any integer. 


1 = 1 


This example shows that every inj&nite decimal fraction may be regarded 
as a convergent infinite series, and therefore may be regarded as a represen¬ 
tation of a definite real number, the sum of the infinite series. 

Test each of the following series for convergence. If the series diverges, 
does it diverge definitely or indefinitely? 


S. 1 — “I” — “4” 

^ ^ 22 23 

1 1 


H-h 


'\/23 ‘ ‘ ‘ 

1 1 
V2 + Vs + ■ 


+ —?= + 


V 






12. — . + , , , + „ , , + 


2+1 4+1 


+ 1 


+ 


13. + + 

1*2 2-3 3-4 


14. + + 

1+14+19+1 


(converges) 
+ (converges) 

(diverges definitely) 
(diverges definitely) 
+ • • . (converges) 

• . (converges) 

+ ‘ . * . (converges) 


2 " +1 


n{n + 1) 


n2 + l 
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16. 


2 


* 4--^ + 


2-3-4 '3-4-5 4-5-6 


+ ■ 


2n 


-f l)(n +2)(« -f3) 

.3 ® i ^ • . . ■ 

2 • 3 3 • 4 ‘ 4 • 5 ' ’ + l)(ra + 2) 


(converges) 
. (diverges) 


Test each of the Iollo^viIlg sequences [sn] for convergence, where: 

n " 

17. (converges) 18. Sn ^ (converges 


(diverges) 20. Sn — 


2 lol 

w 

ifc=l 
n 

2 k\ 

3 • 5 • 7 • • • (2;f + 1) 

71 

■ -2 


1^ 
I k 


k^l 


_ 1 • 2 •3 •4 • • • (k) 

1 - 3 • 5 • 7 - • • (2A* - 1) 




23. Sn = ■ (^^OQverges) 24. 


k^l 


(diverges) 


(converges) 


(converges) 


k = i 


Theoeem 7.7. Let ^ a„ be a series whose terms form a positive 

71 = 1 

monotone decreasing sequence {an}, and let Qqj gi ' ■ be any 

increasing sequence of positive integers. Then the two series 

3C cc 

aM. '2^{gk+i - gh)au^ 

n =0 A =0 

are either both convergent or both divergent, provided that there 
exists a positive constant M such that for every A; > 0, 

gi:^l - gi: g M{gk - S';.-!). 

Let 6 k denote the partial sums of the given series and 4 the 
partial sums of the second series. Let A denote the sum of the 
terms fif any) preceding a„^. Then for n < Qk, 
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s„ < A + (o„^ + ■ ■ • + a, _i) +••• 

+ (Off, + • ■ • + as,.,-i) 

^ y4 + (^1 — go)ag^ + • • • + (sk+i — gk)ag^ = 4 H- fe; (1) 
for n > gk, 

Sn > \ > (®ff«+i +■■•+“»,)+•••+ + • • * + Ob.) 

^ (gi - go)% + • • • + (fift - gk-i)ag^ = fe - f#. 

Also, 

Msn > (gi - gi)ag^ + • • • + (ffi+1 - gk)ag^- 

Hence 

Msn > — io- (2) 

From Eq. (1), if {tn\ is bounded, then so is {s»}; and from 
Eq. (2), if {s„} is bounded, so is Consequently and 

(«„} are both bounded or both unbounded, and so converge or 
diverge together. 

90 

Theorem 7.8. If ^ a„, a positive monotone decreaszm^ series^ 

n = l 

is to converge, not only must a„ —^ 0 but also nUn —^ 0. 

If 2an converges, for every chosen e > 0, there exists an m 
such that for every p > m and every cr ^ 1, \s^^ - Sf,\ < e/2. 
Pick n > 2m and m the largest integer not greater than n/2. 

n 

Then fx ^ m and ^ aj < e/2. Therefore {n — ii)an < e/2 and 

j=ix+l 

7h € 

jrttn < K- Hence, na„ —> 0 as n ^ . 

EXERCISES X 

1. Retaining the relevant assumptions of Theorem 7,7, prove that 

V an and ^ 2 ^ 0 ^^ converge and diverge together. 

00 00 

2. Show that ^2" together (use Ex. 1). 

n«l k^l 


3. Show that 



p fixed but arbitrary. 


and 



ifc*=l 


converge and diverge together^ 
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4. Show that gh = 3^ 4^ • • • , k\ • • • are examples of particular 
values of gk for which Theorem 7.7 holds. 

Exercises 1 to 4 clearly show the value of Theorem 7.7, for the divergence 
and convergence of 22*02^ is more easily determined than that of the 
series 2a„. 

5. Prove that 2(2^ -h 1)0*2 and 2a„ converge and diverge together. 


2 1 X? 2* 

- rTT “ / j zr~i - Tail's 

(log 2)k -^J2* log (2*) 

Jk=i 


and 


loi 


n=2 


n log n 


diverge 


together. 

7. Prove that 


1 


2* 


J k log 2 • log (fc log 2) 2* • log 2* • log (log 2*) 

Aj 2 A ~ 2 


and 


2^ 


1 


n • log n • log log n 
8. Generalize Ex. 7. 


diverge together. 


9. Prove that, if 6 > 1, ‘ 


in log n • • • logp_i n • (logp n)^ 
2 

2 3*+i — 3* 

3*( 


converges 


n«2 

34+1 _ 

i3*‘aog3‘) • • • (logp3»)‘ 


10. Consider ]^an, where a„ = l/(n log n). Show that o. -»0 and 

n = 2 

na«—>0. Does diverge? (No.) 


71 = 2 


11. Investigate the behavior of ^ an, where iot n ^ N with N sufiSci- 


n=N 


ently large, On has the following values: 


(a) n^/nl 

(d) 3”(n!)/n% 


(b) 


(n\r^ 


(2n)r 

(e) Va - 1, 


(f) «, 


(g) (- ViT), (h) + nj 


12. Prove: ^ < 1 + i + i + 
2 2 3 


4- ^ < n for every n > 1. 


13. Prove: The sequence {xn\, where = l + i + 4- i -. log n, 

2 u 

is monotone decreasing. 
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14. 


00 OO 

Prove: If converges, then so does 


n=l 

15. Prove: Every positive real number x is expressible uniquely in the 
form 

a2 as , , 

X = ai -\ --h ... 4-L . .. 

2 ! 3 !^ ^ n\ ’ 


where fln is a nonnegative integer with ^ n — 1 for w > 1, and where 
0,^ n — 1 for every n after some definite value N of n. The series ter¬ 
minates if and only if x is rational. 

8. Series of Arbitrary Terms. In this section we shall assume 


that the terms an in ^ an are arbitrary real numbers. 

n = 0 

From Theorem 4.2 follows immediately 

^''’Theorem 8.1. A necessary and sufficient condition for the 
convergence of the series Zan is that for any 'preassigned positive 
number e there exists a number N — N{e) such that for every n > N 
arid every h 1^ €j that iSj that 

l^n+l + Un-f.2 -!-•••-[- ati+yfel < €. 

‘^^Theorem 8.2. Let cirid {kn} be two arbitrary sequences 
of positive integers^ the first (at least) of which tends to + «:. The 
series 2an converges if and only if the sequence 

is always a null sequence. 

This theorem is an immediate consequence of Theorem 4.3. 

An immediate corollary to Theorem 8.1 is 

‘'^Theorem 8.3. A necessary condition that Zan converge is 
that an —> 0. 

Is Theorem 8.3 true if the condition necessary is replaced by 
sufficient? 

00 00 

^''Theorem 8.4. If ^ an convergeSj and if rn — aj denotes 
n^O y = n4'l 

the ^‘remainder” after n terms, then —> 0 as ^ . 


Since ^ an converges, for every e > 0, there exists an N such 

n = 0 


that for every n > N, and every ^ 1, 
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+ an+2 + ■ • • + an-\-k\ < €. 

Let k -j-oc. Then for every n > Ny Vn S e, 

"^Theorem 8.5. Let Po, • * • , an arbitrary 

■monotone increasing sequence of 'positive numbers tending -f oo. 

as 

If ^ is a convergent series of arbitrary termSy then as n —> + Qo, 

n — C 

Poap + PlQl + • • • + Pnan Q 
Pn 

From Ex. IV, 4, if Sn s, then 

^1^0 + (P2 - Pl)Sl + ■ * * + (Pn — Pn-l)s»-l ^ ^ 

---—-► . 

Pn 

Now peSo/pn 0 and Sn s, so that 

__ (Pl - Po)Sq + (P2 - Pl)^I + ’ ' ' + (pn - Pn^Q Sn^l 


Since a/, 

i»o 

Poap + PiQi + • — + 
pn 

"^"Thiiorem 8.6. Let ^ a» he a given series of arbitrary terms. 

72 =0 

From ^ay. construct a ne w series ^a' 6y omitting a finite number 

■» = 0 71=0 

of ^ermSj prefixing a finite number of terms, or altering a finite 
number of terms (or by doing any or all of these things at once), 
and then renaming the terms of the series so constructed aj, aj, • • • . 

«e 00 

Thert and converge or diverge together. 

n=0 71 = 0 

By hypothesis there exists a definite integer k (positive, zero, 
or negative) and an integer m, such that for every n > m, 
gL == Hence, if the initial index of the one series be greater 

than m ’T'Vkly then every portion of the one series is a portion of 
the other. Then from Theorem 8.1 we have Theorem 8.6. 
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A series whose terms are alternately positive and negative is 
called an alternating series. 

Thbobem 8.7. Let be an alternating series. If as 

71 = 0 

00 

^ 00 , jan| 'is vionoto7ie and 0, thefi ^ 7S convergent. ; 

Write |<Xnl — ~ Then 

Tn,h = ±[^n+l “ ^«4-2 + • • • + (— 

A short argument shows that jTn.fcl < Since it 

follows that Tn,k 0. Theorem 8.7 then follows from Theorem 

8 . 1 . 

EXERCISES XI 

1 . Show that every sequence is expressible as a series. 

2. A finite part of a series Tap = «a+i 4" aa +2 + * * • -r Ga^s is fre- 

00 

quently called a jMrtion of the series ^ fl,.. Prove: A necessary and supdenl 

11 == 1 


condition thcd an converge is that every sequence of portions Ta$ -> 0 as 


11 = 1 


4 - 00 . 


3. Prove that ^ (!/'«>) is divergent by exhibiting a sequence of “por- 


71 = 1 

tions” which is not a null sequence. 
Hint: Show = r~: + rr; + 


1 1 


n 4" 1 w 4" 2 

4. Show that the series converges by demonstrating that 


Ta$ 

Hint: Prove that 

(a TW ^ (- 

and then consider Ta^. 

5. Prove Theorem 8.3. 


—1 ^. ... + - 
L (a + 1)® (« + pr 


^ 0 as oc ■ 


4- oo. 


1 . f-J_L.\ 

« + (3 - l)(a + ^) v® + ^ - 1 « + /3/ 
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6 . Explain the absence of comparison tests in the case of series of arbi- 
trary terms. 

ALGEBRA OF CONVERGENT SERIES 

9. Algebra of Series. We have already pointed out that the 
term used to designate the limit of a sequence of partial 

sums of a series is quite misleading, because it is apt to foster 
the belief that an infinite series may be manipulated by the same 
rules as an actual sum of a finite number of definite terms. This 
belief is, of course, erroneous. 

In the following paragraphs we shall show to what extent the 
principal laws (the associative, distributive, and commutative 
laws) of the algebra of actual finite sums hold for infinite series. 

We first consider to what extent the associative law is valid 
in the theory of infini te series, this law being expressed by the 
relation 

ao + {di + = (^0 + ^i) + ^2. 

‘^’'Theorem 9.1. LetfjLi,fX 2 , • • • denote dny increasing sequence 
of distinct positive integevs* Suppose that 

flo 4“ ”1" “h * * * ^ S 


is a convergent infinite senes. If 

Ah = a^j+i + Omj+2 + • • * + & = 0, 1, 2, 

(mo = — 1) 

where each Ak is considered as one term, then the series 
^0 + + ^2 + ■ * ■ + -Aj; + • • * 

converges to S. 

00 

The partial sums Sk of is a subsequence • • • , 


Sftj^y • • • of the sequence of partial sums Sn of ^ Un. So, from 

n = 0 

Theorem 2.5, we see that Sk tends to the same limit as s„. 

00 

- - — implies that of 


n*»l 
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2[(2A - 1) 2*] ~ 2(2A: - 1) • 2k 

A;«l &=•! 

and 

00 

^\k k + 1 

fc*=2 

to the same sum S. 

The following example shows that, while Theorem 9.1 permits 
us to introduce brackets, we may not omit brackets occurring 
in an infinite series without special consideration. 

In the convergent series 0 + 0 + 0+ ***+0+*** with 
sum 0, replace each 0 by (1 — 1). We obtain 

(1 - 1 ) + (1 - 1 ) + • • • = 0 . 

However, upon omitting brackets we have the series 

which is divergent. 

""^Theorem 9.2. If is a convergent infinite series and the 

A; = 0 

terms Ak are themselves actual sums, then the brackets enclosing the 

00 

Ak may he removed if and only if the series ^ an so obtained is also 

n«0 

convergent. 

We shall leave the proof of this theorem to the reader. 
‘"''Theorem 9.3. If ^an == A and = B are both con- 

n=‘l n^l 

vergent, they may be added term by term, i.e., 

00 

^ (an + &n) = A + jB. 

n=® 1 

Also without braces, 

ai -f- 6i 4" “h d" “h 4“ 4“ A A’ B. 

Let Sn and Cn be the partial sums of the first two series. Then 
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(sr. + <r„) are the partial sums of the third. By Theorem 2.10 it 
foUows that {sn + ^n) {A + B). The proof of the remainder 
of the theorem is left to the reader. 

Similarly, it may be shown that 

^^'Theorem 9.4. Two convergent seiries may be subtracted term 
by term. 

se 

"Theorem 9.5. // ^ an = s converges and if c is an arbitrary 

n=»l 

constard. then the series may he multiplied by the constant c, that is, 

ac 

^ (car.) corwerges to cs. 

n = l 

Theorem 9.5 provides a partial extension of the distributive 
law to infinite series. 


EXERCISES Xn 

1 . Prove that S in the example following Theorem 9.1 satisfies the 
inequality -f-^KSK H- 


2 . Prove that 




+ 


4p 




is convergent as well as 


\4p — 3 

the series resulting from it by removing the braces. 

3. Show that the sum <r of the series in Ex. 2 is | times the sum S of the 
series in Ex. 1. 

4. Prove Theorem 9.2. 
o. Prove Theorem 9.4. 

6 . Prove Theorem 9.5. 

7. Prove: The series Son deduced from 'ZAn in Theorem 9.1 is convergent 
if the quantities 

Ap = + • • • 4- [flu I 


form a null sequence. 

8. Complete the proof of Theorem 9.3. 

10. Absolute Convergence. The following definition enables 
us to extend further the laws of algebra to infinite series. 

"^Defi^htion 10.1. A convergent series H^an is said to be 
absolutely convergent if S|an| also converges^ otherwise it is said 
to he nonabsolutely convergent. 

For example, the convergent series 

+ • • • 

is nonabsolutely convergent, for 1 + i + f + * ‘ - is divergent, 
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while the convergent series 1 — ^ + is 

lutely convergent since 1 ~ ^ -is convergent. 

^Theorem 10.1. If X\an\ converges, then so does Sa„. If 
2an = s and S|a„| = cr, then \s\ ^ <x. 
k k 

Since ^ ^l^n+pl, the left hand number is < € if 

p=i 

the right-hand number is. The first part of the theorem then 
follows from Theorem 8.1. Since |s„| g.^|op| < <r, then by 

t p = 0 

Theorem 2.2, \s\ g <r. 

^Theorem 10.2. Let Scn* he a convergent series of positive 
terms. If, for every n > m, l^nl ^ Cn, then San i^ absolutely 
convergent. 

Comparison of Zjanl with Scn together with Theorem 10.1 
makes this theorem evident. 

""Theorem; 10.3. Let pi, ‘ , Pw, • • • form a bounded 

sequence. If 2an is absolutely convergent, then so is Xpnar,. 

The sequences {|pn|! and {pn} are both bounded. From 
Theorem 7.3, S|pn| • [anl = 2|pnan| converges with S|an[. 

We shall now show that the fundamental laws of algebra for 
finite sums are essentially maintained in the case of absolutely 
convergent series, but not for nonabsolutely convergent series. 

""Defiistition 10.2. Let'Lon he a given series. If tii, pl 2 , • • * 

is any rearrangement of the sequence 1, 2, 3, • ■ * , the7i the series 


^ofn ^ to be generated from ^an by rearrangement. 

W = 1 71 1 

""Definition 10.3, A convergent infinite series which remains 
convergent, without alteration in sum, under every rearra'ngement 
{i.e., obeys the commutative law) is said to be unconditionally 
convergent. If a convergent series is such that its convergence can 
he altered by rearrangement {i.e., does not obey the commutative law), 
the series is said to he conditionally convergent. 

(— 1 )”+^ 

For example, the series 


vergent; but the series” 


i(- 


J 2"' 


is unconditionallv eon- 


n 


is conditionally convergent. 
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‘Theoeem 10.4. Every absolutely convergent series is uncondi¬ 
tionally convergent. m 

(a) Case when 2c„ = S Is a Series of Positive Terms. Let 

Consider an arbitrary rearrangement ^c' = 

of Scn. Then if Si be the partial sums of Sci, then Si < Sn, 
provided N is greater than all of po, Pi, * • • > Pn- Since 
jSa < S Sh S for every n > N. Hence by Theorem 7.1, 
Sci converges. If S' be the sum of Sci, then by Theorem 2.2, 
S'”< S. But Sc» can be thought of as a rearrangement of 
Sci, so that as before, S ^ S'. Hence S = S'. 

(b) Case when Sa, Is an Arbitrary Absolutely Convergent Series. 
Let Sai be an arbitrary rearrangement of San. By (a), Sjoil 
is convergent; so by Theorem 10.1, Sai is also convergent. 
We shall now show that any rearrangement of Sa„ does not alter 
the sum. Let e > 0. From Theorem 8.1, there exists an M 

k 

sufficiently large that for every fc ^ 1, Next 

P“i 

select an integer No so large that po, Pi, , Pv, contain at 
least all of the integers 0, 1, 2, • • • , M. Only terms a.v+i, 
um+s, • • • of index > M remain in the difference Si — S„ 
for’^all n > No. Hence for n > No, ISi - Sj < e. From this 
we infer that Si = S„ + (Si - S„) converges to the same 
limit as Sn, so that San and Soi have the same sum. 

‘Theorem 10.5. If San is nonabsolutely convergent, it is only 
conditionally convergent. 

To prove this we shall show that by a suitable rearrangement 
of SOn a divergent series Sai can be obtained. Denote the terms 
of Sa„ which are ^ 0 by pi, Pa, • • • , and the terms which are 
<0 by —qi, —Qi, • • • . At least one of the series of positive 
terms, Sp, and S?n, diverges, for if they both converged, then 
Sa„ would be absolutely convergent. Suppose Spn diverges. 
Consider a rearrangement Sai of 2an as follows: 

Pi + pa + • • • + Pn, — S'! + Pn,+1 + Pn,+a + ’ ‘ ‘ + Pn, 

- qi + pn,+l + ■ • ■ • 


Since Spn diverges its partial sums are Unbounded, so that we 
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ni 

can select an integer ni sufficiently large that >1 + ^ 1 , an 

nz 

n% > ni so that > 2 + qi + q^, • , a rit > rit^i so that 

S~1 

^Pj > t + Evidently ^a' diverges. A similar argument 

=1 

holds when Dgn diverges. 

""Theorem 10.6. Let jui, iU 2 , • • • , jUn, • • • &e any increasing 
sequence of positive integers. If San is absolutely convergent, 
then so is the subseries 
This theorem follows from Theorem 10.1. 

Let SUn be any absolutely convergent series. Let be 
any subseries of Sun (finite or infinite). Arrange this subseries 
in any order and denote the resulting series by = or(o), 

k 

where is its sum. (Why does this sum exist independently 
of the arrangement selected?) Pick a second subseries of Xan 
(finite or infinite), arranged in any order with sum 

h 

Continue this process in such a manner that each term of 
2an appears exactly once in exactly one of the subseries. The 
series + * * * + + • * * is said to be a rearrange¬ 

ment of 'La-n in the extended sense. It can be shown that 
"T'heorem 10.7. If an absolutely convergent series be rearranged 
in the extended sense, the series is absolutely convergent 

and its sum is equal to the sum of Ihan* 

00 

'Theoeem 10.8. Let 2 <® = zCi> ;= • • • , 

«a»0 S = 0 



be an infinite set of absolutely convergent series. 


a = 0 


If converges to where ^ = 

r^O a=0 

00 

(5 = 0, 1, 2, ) the series ^ 


then for each fixed s, 
is absolutely convergent 


r=0 
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and other words, in the infinite matrix 


r = 0 


(a'^'O the SU 771 S of the rows and the sums of the columns are both 
absolutely convergent to the same sum.) 

Arrange all the terms in [a^] = A in some simple sequence, 


say, tto, a-. 0 . 2 , • ■ • . Now every partial sum a, j Act, since if 

y-o 

we pick k large enough that ao, ai, • • • , ctm all occur in the first h 

m k 

row? of .4, ^ Hence is absolutely 

i=o J=Q 

convergent. A new rearrangement of the terms in A, a^, a[, 
a'a, ■ • • would produce a series Sa' which is merely a rearrange¬ 
ment of and consequently absolutely convergent to the same 
sum cr. 

Both and are rearrangements of Sa,, = o- in the sense 
of Theorem 10.7; hence these series both converge absolutely 
to the same sum a. 


EXERCISES XIII 

1. Exhiiiiiie each of the following series for absolute convergence: 


<* a. 


t'e t 


ie 


p > 1, 


2 a:'' 


s < 0. 



(l/a»), p <1. 



(- 1 ) 


n-l 

-» p > 1. 


2. Prove Theorem 10.2 with the condition lan| < c« replaced by the 
condition jan^l/On! ^ Cn+l/Cn. 

3. Prove that if 2a« is absolutely convergent, then the series generated 
from it by an arbitrary alteration in the signs of its terms is absolutely 
convergent. 

SC 

4. Prove that >- is nonabsolutely convergent. Rearrange the 

Mmmd n 

71 = 1 

series to give a divergent series. 

5. Prove Riemann's theorem: The terms of a nonabsolutely convergent series 
can ahrays he rearranged (1) so that the series is convergent to any arhi- 
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irarily gimn number, (2) so that the new series oscillates between arbitrarily 
assigned hminds, (3) so that the new series is definitely divergent. 

6. UliQstmte Riemann’s theorem by means of the series 



7 . Prcve Theorem 10.7. 

11. Multiplication of Series. The distributive law for finite 

sums is 




2) 

r = 0,...,Z 


irrespective of the order in which the products aA are added. 

so ^ 

Let X ~ ^ convergent series with sums 

r=Q S=0 

A and B. Under what conditions does 


2)ar)( = AB 

t = 0 

independently of the order in which the products aA are added? 
Let Pg. Ph P 2 j • • • denote the series of all the products arb^ 
in an}' chosen order. Under Avhat conditions does con¬ 
verge? Converge to .4.S? These questions are partially 
answered b}" 

""Theotiem 11.1. If 2a,- = A and Shs = B are absolutely 
corwergerd, then the product series 'Zpn converges absolutely to the 
sum AB. 

(a) Let n > 0. Denote by M the largest of the indices r and s 
in the products arbs which were denoted above by po, Pn • * * ? 

M M 

Pn. Then SwsISwKS |hs| J < where ^ \an\ = <x 

j = l r = 0 s==0 

and jbw' = /5. This shows that the partial sums of 

n ~ 0 

bounded, so that I^pn converges absolutely. 
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(b) The sum S of can be determined quickly by the 
“squares arrangement/’ aobo = ?>o, 

(ao + ai)(ho + bi) = po + Pi + P 2 + • * * , 

(ao + * * * + Clrdibo 4“ • • * + bn) =. po H“ * ' ‘ “b P(7^+l)^-l 

= CTn. 


By Theorems 2.5 and 2.10, Cn S = AB. 

EXERCISES XIV 

1. Let Sor == A, Xba ^ B be two absolutely convergent series. Let 
M = (arhs) be the infinite matrix whose element in rth row and sth column 
is arha. Show that AB is equal to the sum of the diagonals of M, 

aobo -{- (flo&i + o,ibo) 4- (aobz + aibi + a 2 &o) + • • • . 

This form of the product is called Cauchy^ product. Write the product in 
the form indicated when squares of the main diagonal of M are used, starting 
from the upper left hand corner of M. 

2. Let 'LarX'^j XbaX" be two power series. Indicate the Cauchy’s product 
of these two series. 

3 . Prove: ( X®") = ^ 

71 = 0 ,n~0 n = 0 


Hint: If -H a;2 *= xz, prove 


\n = 0 / \r 


/ 


n = 0 


4. Prove that if the series 




be rearranged so that we have 

70 

alternately r positive terms and r negative terms, that the resulting series 
converges. What results if the number of positive terms used is different 
from the number of negative terms? 

o. Prove that any conditionally convergent series can be grouped together 
in such a manner that the resulting series is absolutely convergent. 


6. Let 


2 s 


Show that l+^+—+;^4- 


7 s: that, 
4 


1 - 

7. 

bers. 


22 42 5= 72 82 102 ’ 9^* 

^AbeVs Partial Sum. Let Aq, ai, • • • ; bo, bi, • 
Show that for every ^ 1, and for every n. ^ 0, 


• • be arbitrary num-- 


n+k 


71 -^-k 


Orbr = ^^j4r(br — br+l) — .4nbn+l + An-i-kbn+k+U 


r«n+l 




n 


where An 
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8 . ^Mertens' Theorem. Suppose that at least one of the two convergent series 
Xan “ 4 ^ converges absolutely. Let 


Crt — + a^lhn^l -f* 4- Ctn6o). 


Prove that 2Cn converges to the sum AB. 

9 . ^AbeVs Theorem. Show that if i:an = A, Xbn = B and Scn = C each 
converge^ then AB = C, where c„ = ao6n + ai6a_i + • • • + an&o* 


PART C. POWER SERIES 

12. Power Series. In this section we shall consider series of 

am 

the type Vono:", where x is assumed to be a real variable. Such 

n=0 

series are known as 'power series in x, and the (real) numbers a„ 
are called their coefficients. 

We shall first consider the question, for what values of x is the 

series convergent and for what values is it divergent? 

•0 

It is quite obvious that every power series is convergent 

n = 0 

for a; = 0, no matter what the coefficients a-n, may be. However, 
as will be seen in Exs. XV, 1 to 5, power series exist which con¬ 
verge for all values of x, which converge for only certain values of 
X, or which converge for no values of x different from zero. In 
the first case, the series is said to be everywhere convergent and 
in the last ease the series is said to be nowhere convergent (even 
though convergent at 0). 

00 

The totality of points x for which the given series ^cinX^ con- 

n=0 

verges is known as its region of convergence. (Thus the region of 
00 

convergence for ^ 5 :” is the set of all points x for which |a;| < 1.) 

n = 0 


^Thbokem 12.1. Let he any power series which is neither 

n~0 

convergent everywhere nor convergent nowhere. Then there exists a 

00 

positive number r such that converges {even absolutely) for 

71 = 0 

every \x\ < r but diverges for every |xl > r. 
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The number r in this theorem is called the radius of convergence 
and the region of convergence of the given power series is the 
interval —r<x<r. 

It should be remarked here that the question of the convergence 
of the series bA x = r and x = -r is not answered. A separate 
investigation must be made for the values r and — r of x. 

We shall base our proof of Theorem 12.1 in Chap. IX on the 
following two theorems: 

so 

^'Theorem 12.2. Let he a given power series convergent 

«=o 

for X = xq, .Co 0. Then is absolutely co7wergeM for 

n = 0 

every x = Xi for which |a:i| < |a;o|. 

If converges for Zo^ then there exists a positive number 

n = 0 

K such that \anXl\ < K for every n. Then 
\a,^\ = janXgl ^ K 

The theorem now follows immediately from Theorem 10.2. 

00 

‘'Theorem 12.3. If diverges for x = then it diverges 

n = 0 

for every x = Xifor which |a;ij > |rco|. 

If the series were convergent for xi, then by Theorem 12.2, 
it would also converge for since \xq\ < |a:i|, contradictory to 
the h 3 rpothesis. 

Theorem 12.1 merely assures the existence of the radius of 
convergence without giving us any information as to its magni¬ 
tude. To supply this need we shall now" prove 

XI 

Theorem 12.4. Let he a given power series. Let 

n = 0 

/I = lim -v^lonl. 

n—>+ CO 

Then, (a) if y = 0, the power series is everywhere convergent, 

(b) if fi ~ + «>, the power series is nowhere convergent, 
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(c) i/ 0 < M < + ^ power series converges ahsoliUely for 
every [xj < I/m, but diverges for every \x\ > 1/ju. Thus, r = l//i, 
is the radius of convergence of the given power series. 

(a) Let xo 7^ 0 be an arbitrary real number. Then there 

exists aii m large enough that ^\an\ < l/2lxo|, or \anXl\ <1/2^ 
for n > m. By Theorem 10.2, converges absolutely. 

(b) If converges for some Xi 9^ 0 , then and 

{^\UnXi\\ are bounded. From this we can conclude that 
[^\an\] is bounded. This contradicts hypothesis (b). Hence 
SttnX” cannot converge for any Xi 9 ^ 0. 

(c) Suppose X 2 is any number such that \x 2 \ < l//x. Select a 
positive p such that |x 2 | < p < 1/p. Then 1/p > p. Then for 
m sufficiently large, \/la„j < 1/p, and \/\a^\ < lx 2 l/p < 1 
for n > m. 'EUnXl is evidently absolutely convergent. If 
Ixsj > l/pj \^/xz\ < Pj and there must exist infinitely many n’s 
such that '\/\an\ > jl/^ai, or \anXl\ > 1. Hence the series 

cannot converge. (Why?) 

» 

"^Thiiorem 12.5. If ^C(>nX^ has the radius of convergence r, 
*1 = 0 

then so has ^na-nX'^ 

«,=0 

Let nan = Then = ^a^' '^n. Since 1, 

the sequences and {'^lan|} have the same upper limits, 

and the theorem follows from Theorems 12.4 and 9.5. 

So far we have considered only power series of the form 

However, our results are essentially unaltered if we 

=0 

also consider power series of the more general type ~ 

n =0 

By setting x — Xq — x', we see that the series converges abso¬ 
lutely for all x's such that |x'| = jx - Xol < r, but diverges for 
\x — xol > r, where r denotes the number determined by Theorem 
12.4. Evidently, the region of convergence of the series is there¬ 
fore an interval (or the point Xq) the middle point of which is Xo. 
The interval of convergence may or may not include one or both 
end points. All the considerations given above for the series 
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&r6 vsdidj except for th.e trsinsl&tion. of tiie interval of 

na=0 

convergence. 

J'or e£tcli value of x in the interval of convergence, the power 

series - xo)” has a definite sum S. In general the value of 

8 is depLdent on the value of x. To denote this dependence of 
S on X, we shall write 

Va„(x - xo)” = -S(x), ix - xo| < r, 

n=0 

and say that the power series defines, within its interval of con¬ 
vergence, a function of x. 


EXERCISES XV 

00 

1 . Prove that the geometric series is absolutely convergent for 

[a;| < 1 and divergent for ^ 1. 

2 . Prove that S(a;”/7i!) is absolutely convergent for all real x's. 

3. Prove that 2(a:”/n) is absolutely convergent for |a;| <1; is divergent 
for !a;l > 1; is convergent for a; = -1; and is divergent for x = 1. 


4. Prove that 




{2k)\ 


is absolutely convergent for all real x's. 


k=i 


5. Prove that is absolutely convergent for \x\ ^ 2, and diver- 

gent for \x\ > 2. 

00 

6 . For what values of x is convergent? 


Ans, 0. 


n = l 


7. For what values of x is ^ convergent? 


Ans. X > 1. 


n — l 


8 . Prove Theorem 12.2 if the first sentence is changed to read, “If the 
sequence {a»xS} of its terms is bounded at x — Xo, Xo 0.” 

is not necessarily equal to lim 
lim VM VM 


9. Show that 


is not necessarily equal to lim 
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10. If a power series is everywhere convergent, then '\/lan| -»0 as 

^ 00 . _ 

11. Prove that "v/i/ti!—> 0 as w— ^4“°°. (Hint: Xx^/nl converges 
everywhere.) 

12. Show that each of the following have the same radius of convergence 


as 


n = 0 


=0 

00 « oO 


a = 0 


^w(n -* 1) 


n =0 n =0 

(n — k l)cLnX'^~^j for all positive integers k. 


1^0 


13. Show that each of the following have the same radius of convergence 
00 

^anX^: 


n = 0 


n + 1' ^ 


anX^ 


{n 4* l)(n 4-2)’ 


n = 0 


n =0 


dnX^ 


l(n + l)(n +2) 


(n + k) 


n==0 


Find for what values of x (if any) each of the following series converges: 


® 2“ 3® 42 




15. 1 4- ^ -h rc* -f • • • 4- + 


Ans. —1 S X ^ 1. 
Ans. —1 < a: < 1. 


^+^■*'4! + ■ ■ ■ + ^ 

17. a; 4 - X -h a:® 4“ • • * 4 - a;”’' 4 - * * • . 

18 . + (-l)--^~ -f 

2 3 4 n 


4" • • • . Ans. — 00 < X < A- 
• • • . Ans. —1 < 2 ; < 1. 


19. 1 4- a: 4- - 4- 


X”- 


20. x-“4-~---4---- + (-l)’^’- 

3! 5! 7! 


Ans. —1 < X ^ 1. 
Ans. — « < 2 ; < 4- °° • 

3.211-1 


4- 


{2n - 1)! 

4ns. — 00 < X < 4- 
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21. X 4- y= + —7= -h • • • + ' 

V2 


Arts. — <» < x <' 


1 2a; 3x2 " , 

3 2 • 32 2® - 33 2"“i • 3" 

Ans. —6 < z < 4-6. 

23. 1 - 2(x - 1) 4- 3(x - 1)2 - 4(x - 1)^ 4- • • • 

(-1)«-i(7i)( 2; - 1)""^ 4- • • • • 0 < z < 2. 

For what values of x, if any, does each of the following sequences |s, 
converge, where: 


24. = '^(-D'^kx^K 

^• = l 

n 

2 X* 

fc-3‘ 

t'=l 
n 

^ 2*x* 

26- Sn - ^ { 

k = l 
n 

2 (k 4- 1)^;^ 

A'! 

/; = ! 

jiU ^ {2k-1) 


27. «n 


28. Sn 


.iik-l) 


Ans. —1 < X < 1. 


Ans, —3 ^ r < 3. 


Atis. — ^ ^ X ^ 

2 2 


Ans. — < X < 4" “0. 


2 x^ 


k^l 


k = l 


30. s, 

k^l 


31. 


••-2 


2U-n(/b 4- 1) 


& = i 


32. 5 . = 1 4- 


- 2)^' 


2 (^ 

{k - 


{k - D* 


k=2 


Am. —2 < X < 2. 


Ans. 1 < X < 3. 


13- Properties of Functions Represented by Power Series.. 

Let tbe power .series f(x) = '^a„{x — Xo)" define a function of x 
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Sec. 13’ 

within the (open) interval \x — Xq\ < r. As a general rule the 
most important problem concerning this series is to deduce from 
the series the principal properties of the function represented by 
the series. 

‘^Theorem 13.1. The function f{x) defined (in its interval of 
convergence) by the power series ^an(x — Xo)'' is continuous 

?i = 0 

at X = X(j (i.e., f(x) ~^f(xo) = ao as x ^ Xo). 

oc 

Suppose 0 < p < r. By Theorem 9.5, ^|a„|p"“* = K (K >0) 

n~0 

and converge together. Then for every \x — xq\ < p, 

\f(x) - aoi = (x - ^ - xol • K. Let 

n — l 

f > 0 . Then if 5 > 0 be less than both p and e/K, then for every 
I 2 ; _ xoj < 5, \f{x) — ao| < i. Theorem 13.1 follows from Theo¬ 
rem 4.2 of Chap. I. 

DC 

^Theorem 13.2 (Uniqueness Theorem). Let and 

ft =0 
ao 

be two power series both having a radius of convergence 

71 =0 

r ^ p > 0 , where p is some positive number, and both having the 

same sum for every la:| < p. Then, for every n = 0, 1, 2, • • • , 

the two series are entirely identical, that is, a„ = bn for all n. 
Consider 

tto -h a-ix -I- -t- = 6o -f- biX + bix^ -|- 

|a:| < p. (1) 

Let x-^O. Then by Theorem 13.1, ao = bo. Subtracting 
ao = bo from ( 1 ) and then dividing by x, we find that 

Ui -j- a^x + asx^ -L = hi + boX -1- bsx^ -h 

(0 < l^l < p). (2) 

Again let x —* 0 and apply Theorem 13.1. We find osi = hi, 
and 
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02 + Osa: + 042;^ + • • • = &2 + & 3 a: + 642:* + ' • • , 

(0 < la;| < p). 

By a complete induction proof, we are then led to the conclusion 
that an = In for every n. 

A corresponding statement holds for the more general series 
'^an{x — Xo)"- 

n ~0 

It should be remarked in passing that this theorem holds for 
series involving but a finite number of terms as well as for infinite 
series. 

We shall now prove a number of theorems which are without 
doubt among the most important theorems in the theory of 
infinite series. 

‘Theorem 13.3. Let ^ a„(x - Xo)" he a power series with 

n = 0 

radius of convergence r, representing the function f{x) for all values 

o__I_ 1—1 -o of X for which \x — Xo\ < r. Then 

^ f(x) may also be expanded in a power 

series with any other point Xi of the 
interval of convergence as center; in fact^ 

00 

f{^) = 2 ) “■ 

A = 0 

where 

00 

n~0 

and where the radius Ti of this new series is 
ri ^ r — [xi — XqI 

Suppose xi is such that \xi — a;o| < r*. Then (see Ex. XVI, 2) 

oe 

f(x) = 2a„[(xi - Xo) + (* - xi)]" 

n=0 
00 

71 = 0 


“ ®o)” ’‘(x — Xi)*= 

. A = 0 ^ 


(3) 
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so that 

00 n+fc 

/(^) = 22 “”©^''^" 
ft = 0 n = k 
« n 

“ 22 “’''^^(” "fc 

Jfc = 1 n = 0 

A =0 

provided the indicated rearrangement (see Theorem 10.8) of the 
series is valid. Theorem 10.8 is applicable, since the series 

09 

|fln|(|aM - Xol + |a: - a:i|)" 

n==0 

converges if \xi — a;ol + \x — xi\ < r. Hence, if x is closer to xi 
than either {xo + r) or (xo — r), the rearranged series (4) 
converges to f{x). 

Theorem 13.4. A function f(x) represented by a power series 

00 

^ an{x — 2 : 0 )’^ is continuous for every value x\ of x interior to the 

n = 0 

interval of convergence. 

From Theorem 13.3, within a certain neighborhood of xi, we 
may write 


/(®) == 2 ) ^ X 

71=0 71 = 0 

where 

bo = - a;o)" = fixi). 

71=0 

By Theorem 13.1, as a; -> xi,f(x) fixi), from which the theorem 
follows, 

'^Theorem 13.5. A function f{x) represented by a power series 

to 

^an{x — Xo)^ has a derivative at every point Xi interior to the 

n —0 
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interval of convergence of the series, and the value of the derivative 

00 

f(xi) at a:i is equal tof'{xi) = '^na„{xi - 

Since f{x) = ^ Inix - xf)’\ then for all x'b sufficiently eiose 

n = 0 

to Xx, 

fix) - f(xi) ^ 4 . 53 ( 3 . - Xx) + • ■ ■ . 

X — Xi 

Upon letting x x\y and applying Theorem 13.1, we find that 

00 

f'{xx) = bi= '^nOnixx - 

n = 1 

From Theorem 13.5, it follows that 

‘Theoeem 13.6. A function fix) represented by a power series 

30 

^ an(x — has derivatives of every order at every point Xi interior 

n =0 

to the interval of convergence, and the value of the fcth derivative 
at xi is equal to 

X 

= ^ (w + 1)(« 4- 2) • • • (n + k)a„+kixx - so)’*. 

; 2=0 

From Theorem 13.5, for every x in the interval of convergence, 

so 

fix) = ^ (« + l)a„+i(a' - .ro)". 

n — 0 

By Theorem 12.5, f{x) has the same interval of convergence as 
the original series. Hence we may again apply this result to 
f(x), yielding 

X 

f'ix) = '^nin + l)a„+xix — 

n-l 

90 

= (« + l)(»i + 2)o„-2(a- - Xo)". 

w = 0 
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Repeating this process, we obtain 


/<*•'(«; = ^ (w + 1)(» + 2) • • • (•«. + k)an+kix - XoY, 

71—0 

which converges for every x of the original interval of convergence 
for the series of f{x). In particular, this relation holds for 
X = :r-j.. 

Substituting for the coefficients hk in the series of Theorem 13.3, 
the values of - obtained in Theorem 13.6, we have 

^Thbokem 13.7 (Taylor^s Series). If f{x) is a function repre¬ 


sented by the power series ^ an(x — .ro)"' for every x for which 

|a; — iCol < r, where r is the radius of convergence of the series^ and 
if .ri denotes any point interior to the interval of convergence, then 


fix) = /tel) +t-^ix - Xi) +t-^ix 


+ 


+ 


a:i)- 
/‘'^'tei) 


k\ 


(.(• - xxY + 


for every x for which \x — .rij < Vi = r — \xi — .t-oi- 

"^Theokem 13.8. A function f{x) represented by a power series 


Unix — Xo)"^ niay be Megrated term by term loithin the interval 

71—0 

of convergence of the series; and the definite integral from t = Xi to 
i = X 2 , where Xi and Xo are interior to the interval of convergence, 
is equal to 


so 

n =0 


- (Xl - .'To)" 


By Ex. XV, 13, the series Ste) = ~ 

n =0 

converges if |a; - :co! < r. From Theorem 13.5, the derivative 
S'ix) =-■ 'Sar.ix - XoY = fix). By Sec. 33 of Chap. II, the 
function gix) = jXfit) dt has for its derivative, g'{x) =fix). 
From Theorem 2.1, Chap. II, gix) - Ste) = C, a constant. But 
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g{x^) - /SCxo) = 0, so that (7 = 0. Thus g{x) = S(x), and 
00 

f fit) dt — ^ Theorem 13.8 now follows. 

j*o 4- 1 

n = 0 

It should be emphasized that Theorem 13.4, on the continuity 
of the function represented by a power series, is valid only for the 
open interval of convergence. In fact, we are unable to conclude 
directly that the function is continuous even if the series con¬ 
verges at one or both of the end points of the interval. However, 
the following theorem is of interest in this connection: 

Theorem 13.9 (AbeVs Limit Theorem.)^ If the 'power series 


'^anX^ 

n=0 


has a radius of convergence 


r and converges for x = -f r, 


and if f{x) denotes the fu7iction defined by the series^ then lim/(a:) 

x—*r — 0 


exists and is equal to /(^) continuous on the left at 

n = 0 

X == r. 

If ZanX^ has the radius r, then DbnX^ with bn = Onr^ has the 
radius 1. We shall accordingly simplify our proof by assuming 
r = 1, and = S, and then show that lim f{x) = S. By 

Theorem 11.1, since 


fo’'’ 1^1 < 

n=0 71 = 0 71 = 0 71 = 0 

where <Sn = it follows that/(a:) = (1 — x)'^SrJX^. Since 

n=0 

(1 - a;)2x“ = 1, 

«ae 00 

S - fix) = (1 — x)'^iS — /S„)a:" = (1 — a:) '^VnX^, \x\ < 1, 

71 = 0 71 = 0 

where rn ^ S — Sn^O, (Why?) 

* Abel: Jour, reine angew. Math., VoL 1, p. 311, 1826, This paper is one 
of the most famous in the history of infinite series. The serious student will 
find it well worth studying. 
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Select a positive number e. Then for n sufficiently large, say, 
> N, \rn\ < e/2. Then for 0 ^ x < 1, 


1^ g (1 - ^ 

n = 0 n=:iV+l 

S P(1 - X) + •-<* - *> 


N 


where P ^ ^ l^^l* Hence for 1 - 5 < a; < 1, 


* = 0 


l>S-/(a:)| + ^ = 

so that fix) S as a: 1 — 0. 

A similar theorem can be stated for the left end of the interval 
of convergence. 


EXERCISES XVI 


1, Complete the inductive proof begun in the proof of Theorem 13.2. 

2. Apply the result of Theorem 13.2 to prove that 



Hint: Since (1 + x)^(l + x)p =(14- then 




Here { ^ ) is a symbol for the binomial coefficient; 


{:) 

;) 


P(P - 1)(P - 2) 


(p - t? 4-1) 


1-2-3 


1 , V ^ 


Thus, 

(a 4 b)p = ap 4 




+ 


+ 
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3. het fix) be defined by a power series '^OnX^ convergent for \x\ < r. 

rt = 0 

(a) If f(x) is an even function [i.e., f(x} — /(—a;)], show that only even 
powers of x can have nonvanishing coefficients. 

(b) Show that if f(x) is an odd function [i.e., fix) = —/(—x)! only odd 
powers of x can have nonvanishing coefficients. 

X 

4. Show that in Theorem 13.5,/'( 2 : 1 ) — ^ -f- Dart+dari — 

11 = 0 

5. The distmction betw'een Taylor's series and Taylors theorem of 
Chap. I should be carefully noted. State these distinctions. 

X 

6. Prove: If converges for x — — r, then limit fix) exists and is 

^ x-^-r+O 


equal to ^ (— 1 )^^anr'^. 


n = 0 


7. From Theorems 13.4 and 13.9, show that iim (XanX*^) = pro- 

vided the series on the right converges and x ^ from the origin side. 

S. If ^ <2r. is a divergent series of positive terms and ^ anX^^ has a radius 


n=0 


of convergence 1 , .show that/(a:) = ^+00 as a; 


1 - 0 . 


n—O 


14. The Algebra of Power Series. It follows immediately 
from Theorems 9.3 and 9.4 that convergent power .series may be 
added and subtracted. From Theorem 11.1 we see that two 
power series may be multiplied provided, of course, that we 
remain within the interior of the intervals of convergence. Thus 


'^anX'‘ ± '^bnx" = ^ (a,. ± 

n—0 n = 0 n—O 

b„z’^ 

I / n=0 

promded that x lies in the interior of the intervals of convergence 
of both .series. 

Since power series may be added, subtracted, and multiplied 
[vidthin the interior of their common region of convergence), it is 
natural to suspect that, under certain conditions, one can divide 
by power series. That this is the case follows fron: 


^ (oohn + Oihn-i + • ■ • + a„bo)x’‘, 
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Theobem 14.1. Let '^Or.x^ be convergent with sum A{x) and 

n = 0 


suppose is comergoni with radius R and sum B{y). If 

7^ = 0 

00 00 

^ y he replaced by ^ obtaining 

71 =0 


in 


71 = 0 


',71=0 


n = 0 


n = 0 


n=0 


then CnX'^ converges to the sum B[*4(a:)], if x is such that |a„a:" 

n = 0 

converges. 

This is a special case of Theorem 10.8. Write 

= /c = 0, 1, • • • . 


V = 0 / J = 0 


Then the series bo = boi hiy = hil '^a',Lx'-], • • • of 

\ k ~0 / \^=0 / 

array d = corresponds to the series of Theorem 10.8. 
Next, consider the series 

\bo\=\bo\[Xai^^e), IN’! = N| ■ ■ ■ 


A = 0 


_fc = 0 


of array a ^ with \x\ = ri — ^ \anX'^\. Each element 


n = 0 


of Qi is ^ 0. Since S|6/c|77^' is convergent by assumption, Theorem 
10.8 applies to a. Since every element of d is in absolute value g 
the corresponding element in Theorem 10.8 applies to d, and 
Theorem 14.1 is now an immediate consequence. 


EXERCISES XVII 


1. (a) Ero^{Xa.Alx A = 


that 


V = 0 / \k = 0 / 71 = 0 
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VonX** = (1 - 

00 

n 

where s„ = '^au, [il < 1, < R where R is the radius of 


& = 0 


(b) Consider 1/(1 - y) = converges for \y\ < 1. Let 

n-O 

X\anX^\ be convergent. Show that the resulting power series 
1 -f (XanX^) + + . . . S SCn^;" 


converges to the sum ^ 


< 1 . 


2. Let ^ Co + cia: + C 2 X^ + • • * . We may 

<2o -r dlX -f CL^X^ T* • • 

express the c’s in terms of the a’s (for, of course, the common region of 
convergence of Sa^and Scn)* Evidently, (JLo>nX^) * (Scnic”) = 1, from which 
we find 


CLqCq = 1, 
floCl + CLlCo = 0, 

00^2 “f" 0 . 1^1 “h ^2Co = 0, 


From these equations, if oo 5 *^ 0, the coefficients may be uniquely determined. 

1 1 

(a) Find the c’s if sec a; =- ==--- : -6- = SCna;^ 

cos X £2 ^ ^ ^ 

2! 4! ” 6! ^ ‘ ‘ ‘ 

(b) Determine the coefl&cients Bqj Bij • • • in 

A713. Be = Ij Bi = —I, So = i, Bs = 0 , -B 4 = — Bb = 0 , B^ — 

B 7 = 0, B& ~ ~~"^y B^ = 0, J5io = . 


These numbers are called Bernoulli’s numbers. 

(c) Show from 3 ^our work in (a) that 



(d) Show that (B -h 1)" — = 0, where B* ^ B*, from which the B’s 

may be determined successively. 
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15. Reversion of Power Series. Let 

00 

y = - xo)" + j/o = fix) 

n = 1 

be convergent for |a; — Xo| < r. It is easy to see that if 

= ai ^ 0, 


dx 


lo,o 


(see Sec. 20 of Chap. I) the given series determines uniquely a 
function which may be expressed in the form of a power series 


X 


= Qiy) = Xbniy - 2/o)" + xo, 


n = l 


which converges in a certain neighborhood of yo. 

Furthermore, f[g{y)] ^ y and hi = l/ui. 

EXERCISES XVIII 

1 . Let Xo ■== yo = 0. By substituting x = in 2 / = SunX’"', giving 

y s ai(26„7/’0 + + az^^hn.y^'-Y -f . . . , 

find a set of equations from which hi, 62 , * • ’ can be found in terms of 

CLi, < 22 , * • ' • 

2. Determine the first few terms of the series, obtained by division, for 

1 


X 

1 -j-_j_ — _l- . . . 

2 3 


3. From 


( 


x^ 

1 --1-h 

2! 41 


E 2 E. 

E, - + 




determine Eo, Ei, E 2 , • * * . Show 




.4 -T 


-f- Eo = 0. 


These numbers Ek are called Euler’s numbers. 

Ans. Eo = 1, E'l = 0 , E 2 = 

4. Show that: 


(a) 

1 — X 


n — 0 


(b) 1/(1 “• xy = {n -h l)x^ 
n = 0 
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& > 0, |a;| < 1 . 

(1 k J ’ 

n =0 


(1 

(d) (1 + x}p 



n=Q 


2’5» , , 

i'f I X ctn X 1- —X- -r 


+ 


(- IP 


2^BnkX^’‘ 

(2k) \ 


+ 


= 2 < 


ig) tan X = (-!)*■ 

k = l 


- Djgoi 

(2;b)! 


Hint: tan x = ctn .? — 2 ctn 2x; use (/). 


th.,’ 




;:- = 0 


(22I,- _ 

(2k) \ 


Hint: 1 i.sin x) = etn x + tan (x/2). Use (f) and (g). 

5. From the series for y = sin x, determine by reversion a series for (a) 

X = Sill"’* y; (b) Tan“^ y. [A simpler method for the finding series for Sin"^ y 
would be to integrate the series for (d Sin"- x)/dx — (I — Discuss 

the validity of this method. 

6 . Expand into power series: (a) e^/(e^ + 1), (b) x^/{l — cos x). 

7. By integration, find series for: 


:a) Sin"^ x. (b) log (1 + 2 :). 

( C t Tan"^ X. (d) log cos x, 

S. By difierentiation, find series for: 

• a • sec- X. (b) csc^ x. 

9. By integration, find approximate values of: 

fie~-' dx. (b) /o^log (1 + V^) dx. 

JS V''2 — cos X dx. (d) /J dx. 

(e /: cos \/x dx. (f) JJ sin x'^ dx. 


PART D. OTHER TOPICS 

16. Euler’s Transformation. In computational work it is 
frequently desirable to replace a given convergent series by one 
which converges more rapidly. Many devices for doing this are 
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known. One of the most useful and one which often leads to 
more rapidly convergent series is due to Euler (1755). 

Consider any sequence {a;„} of numbers a;o,a:i,a: 2 , • • ■ . Con¬ 
struct the first differences of {a:„}: 

Axa = xo - Xi, Axi = Xi - Xi, • ■ ■ , Ax,: = Xk - x^+i, • • • . 

Construct the second differences of : 

A^Xo = Axo — Axi, A^Xi = Azi - Axi, • • • . 

AH,: = Ax,: — Axk+-,, • • • . 

Continue this process, constructing the nth differences of ia-„}; 

A^xo = AH, = A^~^xi — A’^-^xi, ■ ■ • , 

AHk = A^-Hk - A^-Hk+i, ■ • • , 

and so on. 

In carrying out this computation, it is quite convenient to 
arrange the work in a triangular array: 


Xo, Xi, 

Xi, 


X3, X 4 ; 

Axo, Axi, 


AXi, 

Axi, ■ • 

0 

<1 

AHi, 


AHi, • • • 

AHa, 

AHo, 

AHu 



Euler’s transformation of series is given by 

00 

‘'Theorem 16.1. If ^ ( — l)^afc is an arbitrary convergent series, 

k = Q 




fc =0 


n = 0 


Example 1. Consider log2 = l— | + slowly con¬ 

verging series. Arrange the array of differences in the form 


1, 


111 
2 Z 4 

1111 
1-2’ 2-3’ 3 * 4 ’ 4-5* 

1-2 1-2 1 >2 
1 • 2 • 3 ’ 2 • 3 • 4 3 • 4 • 5 ’ ’ ’ 

1*2.3 1 - 2.3 


1-2 -3 .4 


2.3*4.5 
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In general, 

1 n\ 

= . - - - , A”afc — ——- --— 

n -j- \ (ifc 4" 1)(^ "1“ 2) (A; 4” n 4- 1) 

By Euler’s transformation: 


log ! 


2 , 11111 

=-1_I-1-[_ 

^ ^ k l-2 2-22^3-23^4-24^ 


this series converging more rapidly than the given one. 

EXERCISES XIX 

1. Show that 

n. “ 111 


^ , 1 , 1-2 , 1-2-3 
1 + ~ + -—: + -—-—;; + 
o 0'0 0*0*7 


2, Show that for k fixed, 

A2a:A- = Xk - 2xk^i + A^Xk = Xk - Sxk+i 4“ Bxk+2 - Zk+^, 

."ri = X,: - 


3. Given ^ (§)«. Find the corresponding series generated by Euler’s 

72 =0 

oo 

transformation. | (f)^ 

rm n = 0 

Which series converges the most rapidly? Ans. The first. 

This shows that Euler’s transformation does not always lead to a more 
rapidly convergent series. 

4. Apply Euler’s transformation to 



«=0 71 = 0 n = 0 


17. Infinite Products. Consider the sequence of products 
Pi = Ui, po = Uiii2, • • • , p, = U1U2 — • Un, ‘ . Such a 

sequence of products, caUed an infinite product, might be said to 
be convergent to the value U if the sequence of partial products 
[pn] tends to U as & linait. If this definition were used, then 
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every product would be convergent for which a single factor was 
zero. Similarly, if for every n > m, m being a fixed integer, 
\un\ ^ ^ < Ij then pn 0. However, such trivial cases are 
quite inconvenient, due to the part played by zero in multiplica¬ 
tion. To exclude these special cases, we shall adopt the following 
definition: 

Definition 17.1. The infinite product 

TT ^ UiU^Uz 


is said to he convergent {in the new and stricter sense) if for every 
n > N, N being some fixed integer^ no factor vanishes, and if as 
n + ^, the partial products 

Pn = U^r^lUN+2 Un (r? > N) 

approach a finite limit Un different from 0. The number 

U ~ U1U2 * * * UnIJ N 

{which is independent of N) is called the value of the product. 

The following elementary theorems follow immediately from 
the definition. (Note the analogy with similar theorems for 
finite products.) 

"'Theokem 17.1., A convergent infinite product has the value 0 
when and only when at least one of its factors is 0. 

"Theorem 17.2. In a convergent infinite product, the sequence 
of factors always approaches 1. 

If pn~i Un, then so does pn^ Un. Since Un ^ 0, 

W„ = . 1. 

Pn-1 

Theorem 17.2 suggests the more convenient device of denoting 
the factors of an infinite product by = 1 + The infinite 
products under consideration then have the form 

00 

JJ(1 + an). 

n~l 

The numbers are usually called the terms of the product. 
Obviously, a necessary condition for the convergence of an infinite 
product is that 0. 



504 


HIGHER MATHEMATICS 


[Chap. IV 


“Theorem 17.3. The produd, JX (1 + «»>)> an ^ 0, con- 

n~l 

verges if and only if the positive seines ^ an converges, 

n = l 

The product sequence [pn] is monotone increasing since each 
On ^ 0. Since 1 + ai: ^ c“/:, pn ^ e^n for each n, where 

s n — a 1 !' • * • I a n • 

Moreover 

Pn = (1 4“ ai) • • * (1 + On) 

= 1 + Qi + ‘ * * + a-ft + 0x02 + * ‘ ‘ > Sn 

(why?), so for each n, Sn < Pn- From the first inequality, we 
see that Sy^ is bounded, so that pn is bounded. Coiiversety^ by 
the second inequality, when pn is bounded, Sn remains bounded. 
This completes the proof. 

Remark. Theorem 17.3 answers completely the question of 
convergence. 

‘'Theore:^! 17.4. The product 11(1 - a^), where an ^ 0 for 
every n, converges if and only if converges. 

In case the On have arbitrary signs, it can be shown that 
'■Theore:vi 17.5. The infinite product n(l + an) converges if 
and ordy if, for every preassigned positive number e, there exists a 
number N such that for every n > N, and every k ^ 1, 

L(1 ~t 4" Un-L-s) ‘ * (1 “h citiA^k) — 1] <? e. 

‘^Defixitiox 17.2. n(l + af) is said to he absolutely convergent 
2 / 11(1 + \an) converges. 

^Theorem 17.6. The convergence of n(l + |a„|) implies the 
convergence o/II(l 4- a„,). 

Evidentht, 

hi ^ + anJrf) '••(14- an+ld) — l] 

^(14- |a.i,.fi|)(l + |arn.2|) • ■• • (1 + |a.i+/,|) — 1. 

So if n(l 4- iun!) converges, n(l 4* an) must also. 

As an immediate consequence of theorems 17.3 and 17.6 we 
can state 

^Theorem 17.7. 11(1 4- af) is absolutely convergent if and only 
if 2a n converges absolutely. 
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The question of the convergence of products may be reduced to 
the corresponding problem for the convergence of series by means 
of 

^Theoeem 17.8. JJ (1 + ttn) converges if and only if the series 

n = l 

00 

^ log (1 + an), with an appropriate integer N, converges. 

= A'+1 

OO QC 

JJ (1 + Cin) converges absolutely if and only if ^ log (1 + fln) 

n = 1 n = N-rl 

converges absolutely. If a is the sum of ^ log (1 + an), then 

n = A' +-1 


(1 + af) = (1 + tti) • • • (1 4- as)e^. 

n — X 

"'Definition 17.3. If n(l + an) remains convergent with value- 
unaltered, no matter how its factors are rearranged, the product is 
said to he unconditionally convergent. 

"'Theoeem 17.9. n(l + an) is unconditionally convergent if 
and only if it converges absolutely. 


EXERCISES XX 

1 . By means of Theorem 17.3 construct several examples of convergent 
products n(l + Un). 


2 . Show that nl 


0 


converges if k > 1, diverges if k ^ 1. 


3. Show that n(l + 2 :") converges for 0 ^ a; < 1. 

4. Prove Theorem 17.4. 


5. Prove 


converges if ^ > 1, diverges if k ^ 1. 


1 . Prove: = ^1 — 3^ ~ ®how 


Vn = l/n.) 

7, Show that 




■ ) diverges to zero. Discuss carefully the rea¬ 


son for divergence in the light of Definition 17.1. 
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Remark. An infinite product is said to be divergent (in the sense of our 
Definition 17.1.) if its partial products form a null sequence. 

8 . Prove Theorem 17.5. 

9 . Give several examples of absolutely convergent products; also non- 
absolutely convergent products. 

10. If n(l 4” ittnl) is convergent, does it follow that n(l + converges 
in the strict sense? 

11 . Prove Theorem 17.8. 


I converges to the value. 


13. Prove n 1 ^ j is absolutely convergent for every x. 


12 . Show that n 1 + 


14. What is value of product in Ex. 13 when a; - 1 ? 


15. Examine for region of convergence 


16. Show that the symbols 


n(-i> 


in(>+5r^) 

n a 9 ^ / 


have the same meaning. 


Hint: is a sjunbol for the sequence {s„j of its partial sums; 

n = 1 

JJ (1 -f On) is a sjonboi for the sequence {pn} of partial products 


Pn — JJ (1 + ax). 


1 /. (a) Show that the sequence {} may also be represented by the series 


Pi 4“ (p2 -*■ pi) + (p3 - P 2 ) + • 


= Pi + 2/ • • * (14- a^-i) • an. 


Show that the sequence with Sn = a\ may be represented by 


the product 
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§2 S3 
Si S2 



; ai 


nO . 

»» =9 N 


fll + 02 + • ■ 


_ ). 

4 - an~ij 


provided that each Sn 7^ 0. 

This shows that every series may be written as a product and that every 
product may be written as a series. 

18. Prove Theorem 17.9. 

19. Construct unconditionally convergent infinite products; also, condi¬ 
tionally convergent products. 

20. Prove: If n(l + On) is not absolutely convergent and has no zero 
factor, then the factors may be so rearranged that the sequence of partial 
products has arbitrarily prescribed upper and lower bounds, subject, how¬ 
ever, to the restriction that these bounds have the same sign as the value 
of the given product. 

21. Illustrate Ex. 20 by constructing appropriate examples. 

22. Prove: n[l + = 2. 

23. Prove: I I ^ 


18. Divergent Sequences and Series. If a series 

Cl + ao + • • • + + * * ■ 

does not converge to a sum S, it is still often possible to a.-sociate 
with the sequence a '‘sum” indirectly. Many such methods 
have been studied, the simplest of which is "summation by 
arithmetic means.” 

Let ^ a.v. Construct the arithmetic means 


>Si + 5^2 + * * * Sn 


of the partial sums of the series San. If S OsS n + cc ^ 
then by Theorem 3.1 so does an-^S. It sometimes happens 
that (Tn will tend to a limit even though Sn does not tend to a 
limit as n “^ + 00 . If <7^ tends to a limit S as + x , the 

sequence {>Sn} is said to be limitahU Ci, the series is said to 

be summahle Ci to S by arithmetic meanSj or by Cesaro's means 
of the first order, or summahle (C, 1); S is called its Crsum. 

Example 1. The sequence 1, 1, 1, 
and is also limitable Ci to — 1. 


approaches the limit >8 = 1, 
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Example 2. The series 1 — l+l — l + l is divergent but 
is sumrnable Ci to J since o-„ —> | as w -f «5. 

If (Jn does not tend to a limit, but the arithmetic means 

™ ‘ ‘ " 1 “ 

— 

n 

tends to a limit ;S as + oo , then is said to be sumrnable 
C 2 , or (C, 2). This process is readily generalized. 

EXERCISES XXI 

1 . Construct a series which is divergent but sumrnable (C, 1); a series not 

sumrnable (C, 1), but sumrnable (C, 2); • • • ; (C, n). 

2 . Show that 1+0 — 1+1+0 — l-{- • • - is sumrnable (C, 1) to 
the ‘'suin’’ 

3. Show that 1 —2+3—4 + • • - is sumrnable (C, 2) to the “sum” 
I, but not sumrnable (C, 1). 

4. Show that 1 + 2 + . . - jg sumrnable Ci on the circumference 

I 2 ; = i to the “sum ” ———except for 2 = +1. Here 2 is a complex number 
1—2 

PART E. SEQUENCES OF FUNCTIONS 
19. Sequences of Functions. In the following sections we 

oe 

shali consider series ^/a(x) and sequences whose terms are 

n = 0 

arbitrary functions/„(a;) of an independent variable x. We shall 
assume that all the functions f„(x) have at least one common 
interval of definition. 

"Definition 19.1. An interval I is said to he an interval of 
convergence of the series S/„(a:) if, at every point of I {except possibly 
one or both the end points), all of the functions fn{x) are defined 
and the series converges. 

A very simple example of a series whose terms are functions of 
X is the geometric series Sx”. This series has an interval of 
convergence — 1 < x < 1, and no other interval of convergence 
exists. Another example is formed from the harmonic series, 

w 

^ (I k-*), which converges in 1 < x < + ; no other interval 

of convergence outside of this one exists. 

Since a series 2a„ is simply a symbol for a certain sequence 
of numbers, so the series 2yn(x) is no more than a S 3 nnbol for a 
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sequence of functions, namely, the sequence of its partial sums 

>S.(a;) =U{x) +h{x) + • • • ^^Ux), 

Thus, it is immaterial whether the terms of the series or its 
partial sums are considered, since each set determines the other 
uniquely. 

In view of this fact, we shall usually state our definitions and 
theorems in the language of series, and leave as exercises for the 
student their formulation for the case of sequences. If a given 
series is convergent in the interval 7, then to every point in 

I there corresponds a definite value of the sum of the series. 
This sum is itself a function S{x) and is defined or represented 
by the series. 

When a series of variable terms is given, it is usually quite 
important to know whether properties possessed by all the func¬ 
tions/ri(:r) are also properties of its sum. 

If each fn{x) is continuous it does not follow that the sum of 
the series S/n(rc) is continuous (see Ex. XXII, 2). If each(a*) is 
differentiable (or integrable) it does not follow that the sum is 
differentiable (or integrable), or that, if the sum is differentiable, 
its derivative is equal to the sum of the derivatives/,((r). 

In view of this situation, we shall be forced to investigate 
under what additional conditions a property of the terms j„(r) is 
transferred to the sum S{x). The mere fact of convergence does 
not insure the transfer of a property of Jn{x) to the sum S{x). A 
study of a few examples will soon show that the mode of con¬ 
vergence is at the heart of the problem. This leads us to the 
concept of uniform convergence in an interval. 

Before giving a general formulation of this concept we shall 
consider the following example: 

Example 1. Consider the series whose partial sums are 

1+.V ” -■ 

Since Sn{x) = 0 for every n when x = 0, since 


0 < 



\nx\ T 

Sn{x) 

<[ 1-1 = — 


'nx 


( 1 ) 
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when a: 5 ^ 0 , and since lim ■ 0 for each a: 5 ^ 0 , it follows that 

n—♦■-f- 00 

S{x) lim Sn{x) - 0 

i-+-r CO 

for every value of x. 

By (1), Sn{x) < l/nx ^1/n when 1 ^ x < and in particular, when 
I ^ X ^ 2. Hence the nth curve S„.ix) of approximation to S{x) lies above 
Six) = 0 for 1 S X ^ 2, but at a distance less than 1/n from the limiting 
curve = 0. The larger n, the smaller this distance all along the curve. 

However, the situation over the interval 0 ^ a; ^ 1 is quite different, 
even though S(x) — 0 over this interval. In this ease the nth approximation 
curve Snix) does not lie close to the limiting curve Six) =0 throughout the 



inten’al, for any n whatever. For a; = 1/n, Snix) = J for every n. Hence 
the appro.ximation curve Snix) in the interval 0 ^ a; g 1 has a hump of 
height i for every n. The larger the n% the closer the hump to the ordinate 
axis. However, it is still true that, for every fixed x, the ordinates of the 
approximation cun-es ultimately shrink down to a point on the a;-axis, so 
that lim Snix) — 0 for every fixed x. 

n—T-f- sc 

We say that the series under study converges uniformly in 1 ^ a; ^ 2, but 
not uniformly in 0 ^ a; ^ 1. 

Uniform Convergence. Suppose S/„(a;) is convergent for 
every value of x in an interval I. Write the sum of this series as 
S{x) = S„{x) + rn{x), where Snix) is the nth. partial sum. 

'DepiivItion 19.2. A series Efnix), convergent in I, is said 
to be uniformly convergent in a subinterval I' of 1, if for every 
positive number e, there exists a single number N = ^(e), inde¬ 
pendent of X in T, such that |r„(a:)| < «for every n > N and for 
every x in F. 

EXERCISES XXTT 

1. Show that the series 1 + s + a* + ■ • • converges and has for its 
sum , when -1 <x <1. 

1 — X 
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2. Show that the function S{x) defined as the sum of the series 


2(sin a; “ i sin 2a; + i sin 3a; — • • • ) 
over —TT < X < +x is discontinuous at a; = (2r + l)7r, r being an integer. 

(3,2) •« 

3. If >Sn(a;) , / ox • ^nix) -> 0 as -f =0 if \x\ < 1, 

1 + (a;-)” 

S„ -»1 if |a:| > 1, and -* J if la:| = 1. 

4. Let Sn(x) = lim (cos^ n\irx)K Show Six) = lim S„ix) is 1 for 

00 71—»+ « 

rational values of x and 0 for irrational values of x. 

This function S{x) was discovered by Dirichlet and is an example of a 
function which is everywhere discontinuous, and is consequently not' 
integrable. 

5. Show that Sn{x) = (2 sin a;)" defines a series with an infinity of 
isolated intervals of convergence, namely. 


—x/6 < X ^ tt/G, ott/G ^ a; < Ttt/G, • • • . 


Prove that the sum of the series is 0 everywhere in the interior of these 
intervals, but equal to 1 at one end point of each interval. 


G. Examine the series 


+ • 


+ 


a; + l (a; + l)(2a; + 1) 

convergence. Show that the sum S{x) of the series is 1 if x > 0 and 0 if 

1 


X - 0. 

curves Sn{x) 


Hint: Sn(x) = 1 - 
l' 


Examine the approximation 


1 - 


\ nx 


1 + nx 

Plot S{x), Si{x), S,{x), Sioix), 


7 Examine the series whose partial sums are Snix) — - -Plot 

1 -t- nb:- 

the sum S{x) and the approximation curves S^ix) and Sio{x). Show that 
the sum of the series is continuous but that the approximation curves differ 
greatly from the curve S{x) =0 in the neighborhood of the origin. 

8; Show that a power series Sa„(x -• Xo)” of positive radius of conver¬ 
gence r converges uniformly in every subinterval of the form 

\x — Xq\ S p <r 


of its interval of convergence. 


1 sm Tix . ^ . 

9, Show that is uniformly convergent in all finite intervals. 

n — l 

10. Prove that the geometric series is not uniformly convergent in 
the whole interval —1 < x < -{-1. 
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1 1 
1 -f 2 -f 
uniformly in the interval a; ^ 0. 


-f 


1 

3 -frr 


[Chap. IV 
• • converges 


12. Prove that 


1 -2 


X X 

2*3 3 • 4 


converges uniformly in any 


fixed interval Q ^ x ^ b but not in the infinite interval a; ^ 0. 

13. Consider the series 


1 -b (a: — 1) + (x- — x) -f -f (a;"" — x^ b + 

Show that this series converges in the interval —1 < x ^ +1, and that 

, . •cT/\ /ofor0^a!<l 

in the intemnl 0 ^ a: ^ 1, the sum is o(x) ^ j ][ fQj. .j; = 1 Prove 

that the convergence is not uniform in 0 ^ x <1. Plot A§ri(a;) for 


n = 1, 2, 4, 12, 20. 


Plot .S'(a*) also. 

14. Consider the series (1/a;) -f- 1 -f a; + re- + • * • . Show that this 
series is uniformly convergent in 0 < a; ^ even though the term 1/a; is 


unbounded in this interval. 




1 

2n-l 


15. Prove: A series is uniformly convergent over the interval I if 

for any set of positive integers ki, k 2 , ■ ' • , and any set of points Xi, a; 2 , * • • 
of 7. the quantities \fn^i{XrI) 'rfn+ 2 ){xn) -f • • * +/,j^A„(a;„)| always form 
a null sequence. 


20. Properties of Uniformly Convergent Series. We first 

prove 

'THEOPtEii 20.1. .4 necessary and sufficient condition for the 

iirnjorm convergence of the series in an interval I is that for 

any vositive numher e, there shall exist a positive integer N such that, 
far n ^ .Y, for every positive integer k, and for all values of x in I, 

\fn-l(x) +fn^^{x) + +fn^Jc{x)\ < €. 

Xtcessiiy. Let e be any positive number. If i:fn(z) is uni¬ 
formly convergent there exists an N such that for all n ^ N, 
[rAxy < e/2 quite independent of x on J. Then for every 
n ^ A/, for every /: = 1, 2, ' • • , and for all values of x on /, 

- Sn{z)\ i |,S„+i.(a:) - .S(a:)| + |S(a:) - 


= €. 
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Sufficiency. By Theorem 8.1, 2/,,(a;) converges to a function 
S{x) . Select a positive number e. By hypothesis, there exists an 
integer N such that for every w ^ iV and for every positive integer 

k, “ &(a;)| < e/2, with both N and k independent of 

X on I. Hence 

Sn{x) ~ 2 ^ SN+k(x) < Sy{x) -f- 
Since lim Sn+hix) = S{x), we know 

k —> -r- oo 

' 2 ^ = 'S.v(a-) + |- 

Since |S,.(a:) - S(a;)| g - S^ix)\ + |S.v(a;) - ,S(a:)|. it fol¬ 

lows that for n ^ N, |8„(a;) - ;S(a-)i < (e/2) + (e/2) = 'e, and 
furthermore, this is true for all values of x on 7. 

'Theorem 20.2. If the k series 2/„i(a-), IU(x), ■ ■ ■ . 
'2fnk(x) are all uniformly convergent in the same interval I, the 
series in which 

fn(x) ~ Cifnl{x) + C 2 fn 2 (x) + * * * + Ckfnk(x), 

with Cl, C 2 , * * * j Ck coustduts, is also unifovnily cojivergent in I. 

This shows that uniformly convergent series may be multiplied 
by constant factors and then added term by term. We leave 
the proof of this and the following theorem as exercises. 

^Theorem 20.3. If 'Efnix) is uniformly convergent in 7, so is 
the series 'Eh(x)fn(z), where h{x) is any function defined and 
hounded in the interval I, i.e., a uniformly convergent series ^fnC:) 
may he multiplied term hy term hy a hounded function. 

The determination as to whether or not a series converges 
uniformly is frequently a difficult problem. However, the 
following important test is quite easy to apply. 

^Theorem 20.4 (Weierstrass Test). If each of the functions 
fn{x) is defined and hounded in I, i.e,, if 

\fn(x)\ ^ Mn 

throughout I, and if the positive series converges, the series 
'^fn(x) converges uniformly in I. 

If {xn] be an arbitrary sequence on I, then 

|/w+l(a^?z) +/n+2(^«.) + • • • fn+kjp(^-n)\ 

^ Mn+l + Mn-fS -)-••• 4- Mn+h^. 



514 


HIGHER MATHEMATICS 


[Chap. IV 


By Theorem 8.1 the right-hand side 0 as n ; hence, so 

does the left-hand member. By Ex. XXII, 15, is uni¬ 

formly convergent in I. 

While, in general, properties possessed by fn(x) are not neces¬ 
sarily possessed by the sum S{x) of ^fn{x)j it will now be shown 
that if S/nCx) converges uniformly, many properties of fn{x) are 
retained by &{x). 

^Theorem 20.5. If ^fn{x) converges uniformly in an interval 
J, and if its terms fnix) are each continuous at a point Xo of I^ the 
function Six) represented hy the series is also continuous at this 
point. 

Select an € > 0. Then there exists a 5 = 5(e) >0 such that 
for every x for which \x — iro| <! 5, \Six) S(a:o)| <! € in 7. 
Write 

Six) — SiXo) = Snix) SniXo) Tnix) r„(Xo). 

Since I>fnix) converges uniformly, there exists an N so that for 
every x in I, \rxix)\ < e/3. Hence 

|/S(a:) — Sixo)\ ^ \SNix) — /Si\^(a;o)| + fe. 

Now for N, Sxix) is the sum of a fixed number of functions each 
of which is continuous at Xoj hence Sxix) is continuous at xo (see 
Theorem 4.3 of Chap. I). As a consequence, we can select a 8 
sufficiently small that |8.v(^) jS*v(iCo)| < e/3 for every x in I for 
which ix — xq\ < 8. Hence, for these we conclude that 
\Six) -S(xo)\ <e. 

Remark. While uniform convergence is a sufficient condition 
for the continuity of the sum of a series of continuous functions, 
it is not a necessary condition, since nonuniformly convergent 
series are knovm whose sum is continuous in the interval of 
noniiniform convergence. (See Example 1, Sec. 19.) 

^Theorem 20.6. If each fnix) is continuous in the closed 
interval a ^ x and if the series T^fnix) converges uniformly 
in a < X < h, then it converges for x — a and x = bj and the series 
is uniformly convergent in the closed interval a x ^ b. 

Since the series is uniformly convergent in (a, b) open, then 

|S„(:d) - &(x)| <1 for n>N^Ni, (1) 

where is sufficiently large that the inequality holds for all x 
in (a, b) open. 
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Suppose n and N are fixed. Since each term in the series is 
continuous in (a, h) closed, then there exist positive numbers 
5 1 and 52 such that 

1-S,(a:) - /S„(a)| < ^ for 0 ^ |a: - a| g 5i, 

— &(«)! <1 for 0 g |a; — a| ^ 52. 

Let 5 be a positive number not greater than 5i or and let x be 

such that 0 ^ |:r — a| ^ 5. Then 

\Sn(a) - iSAr(a)| ^ |;S„(a) - ,S„(a:)| + 

+ |jSw(a:) — >SAr(a)| < e (2) 

for n > iV ^ iVi. Similarly, 

\Sn(b) — (Sff(Z))| < € for n > N Ni. (3) 

We conclude from (2) and (3) that the series converges for a: = a 
and for x = h. From (1), (2), and (3), we conclude that 2/„(a;) 
converges uniformly in (a, b) closed. 

00 

‘’Theorem 20.7. Let S(x) = ^fn{x) be uniformly convergent in 

n =0 

Xq K X K Xi,- und suppose that lim fn(x) = an exists when x 
approaches Xo from the interior of the interval. Then the series 

C!0 

converges and limit S{x) exists as x—>Xo as specified. 

n~0 

Furthermore, 

oo 

Iim/S(a:) = y) / lim/„(x)\, 

that is, 

“ 00 ”1 as 

lim ^fn{x) = 

Thus, in the case of uniform convergence, we may proceed to 
the limit term by term. 

Let e > 0. Select an iVi (see Theorem 20.1) such that for 
every n > Ni, for every fc ^ 1 and for every x m. xo < x < xi. 
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\fn+i{x) + • • * +fn+k{x)\ < €. Fix u and k, and then let 
X xq. By Theorem 3.2 of Chap. I, la^+i + • * * + (in+k\ ^ e 
for every n > Ni and for every fc ^ 1, so that converges. 

Let the partial sums of Xan be An and let the sum of be 
A, We shall show that S(x) A as a; —» xq. Write 

S(^X^ = 5n(^) “h ‘^ni,X^. 

Let Ni be so large that for every 7i > Ni, both \rn{x)\ < e/3 and 
|.4 — An\ < e/3. Then if m be fixed and 7n > Ni, 

|/S(ic) — *4| = l[Sm(ir) Am] (-4 Am) A' '^mix')\ 

^ + g 

Since Smix) —5^ 4^ as rr —> Xq, we can find a 5 so that for every x in 
Xq < X < Xi such that 0 < — a;o| < <5, •“ Am\ < e/3. 

Hence, for these same a;’s, |S(a:) — A\ < e. 

Theorem 20.8. If ^fn(x) = Six) is uniformly coTivergerit in 
the interval I, and all the functions fnix) are continuous throughout 
the closed snbinterval I'la ^ x ^ bj then the sum Six) is co7itinuous 
in r and the integral of Six) over F may be found by terin by term 
iniegration; that is, 

£ Six) dx = £ [2/n(^)] dx = dx], 

i.e., the series on the right converges and has for its sum the indicated 
integral of S{x). 

Let e > 0. Select an N sufficiently large that for every x in 
(a, h), and for every n > N, |r„(a:)| < t/(b — a). Since 

Six) = Snix) 4- Tnix), 

l/J Six) dx — s„(a;) dx\ = |/J r-„(a;) dx\ < e. From Theorem 

27A of Chap. II, lT'S(a;) dx - '^£fkix) dx < e. But this 

' k = 0 

implies the convergence of Sf^Mx) dx to Six) dx. ^ 

Uniform convergence is not a necessary condition for term by 
term integration. This fact is illustrated in Ex. XXIII, 5, 6. 
In neither case is the convergence uniform. In the first case 
term by term integration leads to an incorrect result. In the 
second case term by term integration leads to a correct result. 
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Theoeem 20.9. Let S(x) = be a series each of whose 

71 = 0 

terms has derivatives in the interval I: a < x < b. If the series 
00 

obtained from it by differentiating term by term 

n = 0 

converges uniformly in /, then so does the original series^ provided 
the given series converges at least at one point c in I. If S{x) has 
a derivative^ then 

00 

n =0 

(a) We shall show that 'Zfnix) is uniformly convergent in the 
whole interval I and consequently represents a definite function 
S{x) in that interval. 

By the Theorem of the mean, 

X -/»(«)] = (^-c) X m)' 

j =n-rl i=n-rl 

where x < ^ < c. Select an e > 0. By hypothesis, there exists 
an N so that for every n > N, every fc ^ 1, and every x in I, 

n+k 

X 

|j =n + l 

Hence for these conditions, 

n-\-k 

X 

This shows that — /,(c)], and hence ^ff{x), is uniformly 

j = 0 

convergent throughout I. 

(b) We shall next show that S^{xq) = X/n(a:o) = <pixo). 

n = 0 

Suppose xo is a particular point of I. Let 
= /y(^o + h) — fjjxo) 



O'= 0,1, 2, 


) 
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where (zo + A) is restricted to belong to 1 . By the Theorem of 
the mean, 

n-fAr n+A; 

X gm = X + 0h)> (0 <6 <!)■ 

Following an argument similar to that given in (a) we find that 
Vgn(A) converges uniformly for all the values of h permitted 

n~0 

00 

above. The series represents the function 

n = 0 

S(Xo + A) — Sixo) 
h 

From Theorem 20.7, letting A 0 term by term, we conclude 


that ;S 


l\xo) exists and S'(xo) = dn(h)'] = ^/'( 


EXERCISES XXin 

1. Since 1 -f- 27 -h + * * • is convergent for 0 ^ 7 < 1, show that 

1 +• 2a; 4" . 

is uniformly convergent in — 7 < a; < 7. Is it in —7 ^ a; ^ 7? 

2. Prove that r cos a -r cos 2ol + a;^ cos 3a -j- * * * is uniformly 
convergent in any interval interior to — 1 < a; < 1, where a is any real 
number. 

3. If fn(x) are all continuous throughout I and if l^Uix) = S(x) con¬ 
verges uniformly in I, then S(x) is continuous throughout I. 

4. From the logarithmic series 

a; — ia;2 + — (i) 

form the series 

a; 4” f— hx^ -h fa*" + — ix^ + (ii) 

by taldng two consecutive positive terms and then one negative term. 

(a) Prove that this series is convergent for — 1 < a; ^ 1, and that its 
sum is 3 log 2 when a; = 1. 

(b) Show that the logarithmic series is absolutely convergent for |a;| <1. 
Will the sum of the logarithmic series be altered by taking the terms in 
another order? (No.) 

( g ) Show that the sum of the series (ii) is log (1 + x) when \x\ < 1. 

(d) Is the sum of (i) continuous at a; = 1? (No.) Does the interval of 

uniform convergence of (i) extend t-o and include a; = 1? (No.) 
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5 . Show that the series for which Sn{x) = converges, but not 

uniformly, for every x. Prove that the sum is S(x) = 0. Is term by term 
integration possible? [No, for JJ S(x) dx = 0, while 

n 

ik{x) '^n(x) dx ^ 1 ^] 

* = 0 

6 . It was shown in Example 1 of Sec. 19 that the series for which 
Snix) - nxI {I -f nV) converges nonuniformly over (0, 1), and that its 
sum is S{x) — 0. Show that term by term integration gives 

s/.' Jkix) dx •“ >Sn(*c) dx ^ 0 — S(x') dx, 

k=o 

7 . Prove that Theorem 20.8 holds when the continuity assumptions 
placed upon fn(x) are replaced by the assumption that f^ix) all be integrable. 

8 . Let Xanix — Xo)”- have the radius of convergence r > 0. If 0 < p < r, 

prove that the series 'Znan{x — converges uniformly whenever 

|a; — rcol ^ P- Is term by term differentiation permissible in the open 
interval \x — a;ol < r; in the closed interval \x — xq\ ^ r? Is term by term 
integration permissible? Discuss. 

9 . Show that if San converges absolutely, San cos nx and Son sin nx 
converge uniformly for every x. (Hint: Ian cos nx\ ^ an.) Are these series 

continuous anywhere? Ans, Everywhere. Why? 

00 

10. Show that S(x) = nx)ln^ has a derivative and that 

n = l 


E'{x) 



cos nx 
n 


n = l 


11 . Prove: If the 'power series Six) = converges for either of the 

ends of its interval of convergence^ the interval of uniform convergence extends 
up to and includes that point, and the continuity of the sum Six) of the series 
extends up to and includes that point. 

12. Show that 


4- + + 

^ (1 + x 2 ) ^ (1 + 0 : 2)2 ^ 

is convergent everywhere, but is not uniformly convergent in any interval 
containing the origin. 

13. Examine for continuity: 

«*=! 

Ans, Finite and continuous. 
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14. From Taii“^ x 


= rr 


For what values of x is this series uniformly convergent? 
dx 

■ show that 
Tan“^ X ^ X — \x^ ix^ — 

What is the interval of convergence? _ 

15. Develop a series for Sin"^ x, [Hint: Sin"^ ^ = /o dxl-y /1 — 

' Sin~i X 

;o 


16. Evaluate 
your method. 

17. Evaluate 


dx. (Hint: Use series for Sin~^ x.) Justify 


Tan“i x 

Jo ® ' i2n + l)‘ 

fi — 0 

19. Evaluate Tan“^ x dx for |:c| < 1. 

20. Evaluate /J log (1 x) dx for |a:| < 1. 

21. Evaluate dajfor 0 < a:'< 1. Ans. 

22. Find the derivative of == -- Justify your result. 


23. It is known that 

TT cosh ax — 2 sinh ax| 


1 a cos x a cos 2x 
\Ja ~ P + 22 +o2 


Find r sinh ax. (Hint: Differentiate.) Justify your method rigorously. 

24. Determine the interval of convergence of sin a; -H sin 2a; + • • ■ ; 
also the interval of uniform convergence. Can you differentiate term by 
term for all values of a:? 

a:«-i 

— dx, n > 0. 

I A-x 

03 00 

26. Consider the series Si = '^ -—x ^ 0, and -, 

^(n+x)^ ’ .^{n+xy 

n=l 

^ 9' term by term integration over a finite interval is per¬ 

missible in each case. Prove that the second series can be integrated term 
by term over the interval (0, «), but not the first. 
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27. Prove Theorem 20.2. 

28- Prove Theorem 20.3. 

29. Construct examples of a series nonuniformly convergent in an mter\\al 
I but whose sum is continuous in I, 

PART F. FOURIER SERIES. ORTHOGONAL FUNCTIONS 

21. Introduction. One of the most interesting and important 
applications of the theory of series of variable functions is 
provided by the theory of trigonometric series and, more par¬ 
ticularly, by the theory of Fourier series. 

By a trigonometric series we shall mean any series of the form 
00 

n = l 

where and bn are constants. 

We say that 27r is the f 2 mdavie?ital ‘period of cos x and sin x\ the 
fundamental period of cos 2:c and sin 2x is tt, not 27 r; • • • ; and 
the fundamental period of cos nx and sin ;^r is 27r/;?.. 

Since cos n{x + 27r) = cos nx and sin n{x + 2^) = sin nx for 
all integer values of n, we see that cos nx and sin nx have the 
period 27r. Evidently, any sum of a convergent series of cosines 
and sines of integral multiples of x will have a period 27r. By 
altering the coefficients in such a sum, or series, we may build up 
many functions of x with period 27r, 

If a trigonometric series T converges in some interval of the 
form J ^ f + 27r, then, in view of the periodicity of the 
trigonometric functions involved, the series T converges for 
every real x, and the series T represents a function of period 2t 
defined for all values of x. 

Trigonometric series are capable of representing many of the 
so-called “arbitrary functions” and as a consequence constitute 
a far more powerful tool in higher analysis than power series. 

The power of the method of Fourier series is very great indeed, 
but its importance is not confined to pure mathematics; in fact, 
perhaps the most important applications of the subject occur in 
physics. It is significant that Fourier series were first obtained 
and studied in theoretical physics. 

More explicitly, Fourier series were first encountered inciden¬ 
tally to a serious theoretical study of periodic motions in acoustics, 
optics, the theory of heat, and later in electrodynamics. 
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The first thorough study of trigonometric series was made by 
Fourier in his “Theorie de la chaleur ” (1811). Although Fourier 
did not discover any of the principal results of the theory, his 
paper has been of greatest importance and has led to a vast field 
of investigation which even today seems to be only in its youth. 

22. Euler’s Formula. We shall begin by asking certain 
questions, the complete answers to which have been the concern 
of investigators for many years. (I) What functions are repre¬ 
sentable by trigonometric series? (II) How can we obtain 
the representation of a given representable function? 

To begin with, we shall suppose that f{x) is a certain function 
of the independent variable x, represented by a trigonometric 
series which is convergent everywhere, namely, by a series of the 
form 


/(x) = 500 + ^ {an COS nx -|- K sin nx). 

n = 1 

Since the sine and cosine are periodic, is evidently of 
period 2t, Hence, it is sufficient to consider any interval of 
length 2t. For convenience we shall choose (for the balance of 
the section on Fourier series) as this interval the particular 
interval 0 ^ ^ 27r (where we may omit one of the end points 

if desirable). 

Evidently, f{x) is represented by a series of continuous func¬ 
tions. From our studies in Sec. 20/ we know that f{x) may or 
may not be continuous; although, if the series converges uni¬ 
formly in [0, 2x], J{x) will be continuous. 

We shall now prove the following theorem due to Euler. 

Theoeem 22.1. If the series 

iao + ^ {an cos nx + bn sin nx) (1) 

n — 1 

converges uniformly to the sum f{x) in the interval 0 ^ a; ^ 27r, 
then for ?^ = 0, 1, 2, • * * , 

<Xn = - I f(x) cos nx dx, = - f{x) sin nx dx, (E) 

Relations (E) are known as Euler^s formulas. 
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Proof. Since 


cos px ■ cos qx = |[cos {p + q)x + cos {p - q)x] 
for any two positive integers p and q, it follows that 


® for p ^ g, 

cos pz cos qxdx = for p = q > 0, (2) 

25r for p == gr = 0. 

Similarly, 

J ’2ir 

g COS px sm qx dx = 0; (3) 

sin pz sin qx dx = P ^ Q> p =z q = 0, ... 

Jo V for p = g > 0. ^ 

We shall now multiply the series (1) for f(z) by cos nx. Since 
(1) is assumed to be uniformly convergent in [0, 2-k], so is the 
series for f{z) cos nx uniformly convergent (see Sec. 20). In 
view of Theorem 20.8, we may integrate term by term from 
a: = 0 to a: = 2ir. We then obtain 


^ 2 , (iflo cos nx dx, for n = 0, 

r /(X) cos nxdx = < (5) 

an I cos nx cos nx dx, forn > 0, 

the remaining terms each being equal to zero. (The student 
should write out each step indicated here in detail). Hence, by 
(2), we find 

1 

an — - \ f{x) cos nx dx, n = 0, 1, 2, • ■ • . (6) 

^jo 

In a similar manner, we obtain, upon multiplying equation 
(1) by sin nx and integrating term by term, the relations 

1 

bn = - f{x) sin 7ix dx, n = 1, 2, 3, • • * . (7) 

^jo 

This completes the proof of Theorem 22.1. It should be noted 
that, subject to the restrictions of Theorem 22.1, we have shown 
the uniqueness of the Fourier series generated from/(a;). 

It is now clear that the representation of the constant term by 
ao/2, rather than ao, is a means of making the general formula for 
an applicable without change when n = 0. 
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The yery restrictive assumptions in Theorem 22.1 diminish 
its value. Moreover, we still have no intimation as to whether 
or not a given function can be represented by a trigonometric 
series; or if the function is so representable, what the values of 
the coefficients of the series are in the general case. 

We should note however, that Euler^s formulas (E) certainly 
have definite values if the arbitrary function f{x) is integrable 
Riemann over the interval 0 ^ a; ^ 2 x. We shall call the 
numbers ao/2, ai, a2, • • • ; hi, ^2, • • • defined by Euler’s 
formula [when/(a:) is integrable Riemann] the Fourier coefficients 
of the function fix), and we shall call the corresponding series 

90 

™ 4 * 2 

n=l 

the Fourier series generated by f(x), or the Fourier series of fix); 
symbolically we shall express this by 

fix) £ |ao + ^ iun cos nx + hn sin nx), (G) 

n = 1 

We should emphasize that (G) does not imply that the series 
converges or not; nor does it imply that if the series converges, it 
converges to a sum equal to fix); —relation (G) implies only that 
certain constants ao/2, Ui, a 2 , • • • ; hi, 62 , • • • have been 
deduced by means of (E) from a function fix) assumed to be 
integrable Riemann, and that the series so generated has been 
written down. 

In general, the series (G) may not converge anywhere; and 
even if it does converge everywhere on 0 g a; g 27 r, the sum of 
the series is not necessarily equal to fix). 

It is usually impossible to say at sight which of the various 
cases mentioned occur in a particular example. This very diffi¬ 
cult restriction makes it impossible for the theory to be entirely 
simple. For these reasons, mathematicians have found the sub¬ 
ject to be very attractive for investigation. 

Mathematically, the most outstanding problems that have 
arisen in connection with the theory of Fourier series may be 
listed under the following types: 
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(I) If f{x) is integrable Riemann, is the Fourier series generated 
by fix) convergent for some or all values of a; in 0 g a: ^ 27 r? 

(II) If the Fourier series generated from f(x) converges, does 
it converge to a sum equal to fix) ? 

(III) If the Fourier series generated from/(a;) converges every¬ 
where on ? ^ a: ^ rj, is the convergence uniform on this interval? 

(IV) If a function is capable of expansion in a trigonometric 
series, is it possible for the function to possess several such 
expansions? 

No complete answers to these questions have ever been given. 
The subject is a very vast one. Hence we shall confine ourselves 
to a beginning of the study of certain partial answers to questions 
I, II, and HI. 

23. Dirichlet’s Integral. We shall now consider the first of 
the problems listed in Sec. 22, namely, the question of the 
convergence of a Fourier series. 

so 

If the Fourier series fao + (a„ cos no: -|- bn sin nx) generated 

n = l 

by a given integrable function/(a:) according to Euler’s formula.s 
(E) is to converge at the point x = xn, its partial sums 


Snixf) = |ao + 2) (“p + hp sin pxf) 


( 1 ) 


P = 1 


must tend to a limit as n . It is frequently possible to 

determine whether or not this is the case by expressing s„(:ro) in 
the form of a definite integral. By (E), we see that 


ap cos pxo + bp sin pxo 


= -f 

L^Jo 

TTJO 


Hence 


27r 


f{t) COS pt dt 


cos pXif + 


1 ■ 
.^Jo 


f(t) sin pt dt 


sin pxo 


f(t) cos p(t “ xq) dt. {p = 1, 2, 


1 r 1 

nixo) = - I f{t) K + COS {t - Xo) + COS 2(t - Xq) 


+ 


+ cos n(i — Xo) 


dt (2) 
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Thus, it appears that a necessary and sufficient condition that 
s»(a;o) converge at a point a:o as n —> + co is that the integral in 
(2) should tend to a (finite) limit as n —> + . 

We shall now prove the following important result: 

Theorem 23.1. A necessary and sufficient condition that the 
Fourier series generated by a function f(x), integrable (hounded) and 
'periodic of period 2 tc, converge at a point Xoj is that the Dirichlet 
integral 


2 + 2t) +/(a;o - 2t) _ sin (2n + 1)< 

Tjo sin t 


(3) 


should tend to a finite limit as n —> + oo. This limit {if it exists) 
is the sum of the Fourier series at the point Xq, 

Proof. We shall need certain identities from trigonometry. 


cos 


(a + 2 ) + COS (ci: + 2^) + * • * + cos {a + mz) 


sm 


a+{2m + 1)^ 




Sin • cos 


2sm5 


a + (m + 1 )^ 


. z 

sin^ 


(4) 


(5) 


I + COS (i — a;o) + * ■ * + cos n{t — Xo) 


= 1 + 


sin 




. /1 Xq\ 

j 


sin I (2n + 1) 
2 sin 

By (2) and (6), we see that 
{2n 


2 sin 
t — Xo 




( 6 ) 


Sn(Xo) 


2tJo ' ~^Jo 


dt. (7) 
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If f(x) is defined and integrable only on [0, 2t], we extend the 
definition of fix) as follows: 

/(^) = ~~ 2fcx ^ a; g 2(fc + l)x. 

ik = ±1, ±2, • • • ) 

Now/(a:) is defined for all real values x and it is of period 2 t. 

We shall'use the well known property of any periodic function 
<p(x) of period 2 x; namely, the fact that for every c and d, 

v(t) dt- <p{t) dt- y(<i + 0 dt, (8) 

X'- x'xr w 

Applying (9) and ( 8 ) to (7), we find that 


1 

s„(a:o) = j 


sm 


fixa + t) 


(2n + 1)- 


. t 

sin^ 


dt. 


Now (7) may be written in the form 


Sn(a:o) = I * di + ^ f ‘ dt. 


2xJo 


2 xjx 


( 10 ) 


( 11 ) 


In the second integral, set — i = t. The latter integral becomes 


2 - J -. ‘ 


sin 


fixo - t) 


(2n + 1)1 


T 

Rin — 




By (9), this becomes 



sin 


- t) 


(2n + 1)^ 


sin ■ 


dr. 


Hence, since the letter t indicating the variable of integration 
may be replaced by r and not change the value of the integral, 
we see from ( 11 ) that 


Sn(i 2 ^o) 


.if 

^Jo 


'^fj xa + t) +/(xo - t) 
2 


sm 


( 2 n + 1)7 


dr. ( 12 ) 


. T 

sin^ 



528 


HIGHER MATHEMATICS 


[Chap. IV 


Now replace t by 2t. We have 

+ 20 +fixo - 2t) _ sin (2ra + l)f 


s„(a:o) 


=^r 

ttJo 


sin t 


dt. (13) 


We have thus proved Theorem 23.1. 

The integral (13) is known as Dirichlet’s integral, * and is an 
expression for the partial sums Sn{xo) of the Fourier series gen¬ 
erated by/(a:). 

Let lim s„(a:o) = s{x^)- We consider question II of Sec. 22, 

n—^ =« 

and express s(a;o) in the form of a Dirichlet integral. 

By Eq. (6) with o-o = 0 and t/2 replaced by t, we have 

2 sin (2n + 1)^ 
tJo sin t 

Miiltipl:>dng (14) by 5 ( 0 : 0 ) and subtracting from (13), we find 


' dt = 1. 


(14) 


Snix^) - 5 ( 0 : 0 ) = 

+ 2 ^ f{xo — 2t) 


2 f' r/i£L 


- 5 ( 0 : 0 ) 


sin (2n + l)t 
sin t 


dt, (15) 


Whence, 

Theorem 23.2. A riecessary and sufficient condition that the 
Fourier series generated by a function f(x), integrable of period 
27r, should converge to the sum s{xo) at the point 0 : 0 , is that 


L^Jo ^ sin^ ' ^ 


where 


<p(t; x) 


= r /(^ + 2t) +fix - 21) _ 


s{x) 


] 


(16) 


(17) 


A partial answer to question III is given by the following 
obvious modification of Theorem 23.2. 


‘ More generally, any integral of the form 

P sin kt^ C 

I <p(t) • —7 dt I 

Jo sm t Jo 


, - dt 

sm t 

is known as a Dirichlet integral. 


,. sin kt , 
<p{t) --— dt 
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Theorem 23.3. If the -partial sums s„(x) converge to 5(2:) at 
every point of the intenal a ^ x S they -will converge uniformly 
to this limit iri the interval, if and only if, given £ !> 0, we can 
assign an N = N(e) so that 


' Ki; X) it < 


for every n > N and for every x in a S x ^ 

The reader should note that while questions I, II, HI of Sec. 
22 are only partially answered by Theorems 23.1, 23.2, and 23.3, 
these theorems have given us a new mode of attack for their 
solution. 

24. Further Theorems. We shall now prove a number of 
theorems in preparation for our main purpose of modifving the 
above theorems so as to construct immediate tests of*^ conver¬ 
gence for Fourier series. 

Theorem 24.1. If f{x) is integrahle (founded) over the interval 
00 

[0, 27r], the series (a.^ -j- 6-)^ formed by the sum of the squares 

n = l 

of its Fourier constants, converges. 

The integral 

^ ^ fo ~ 2) sill pt) dt, (1) 

L 33-0 

where 6o = 0 and ao is written instead of ao/2, is nonnegative, 
since its integrand is never negative. Also, by squaring, we find 

I - T" cos pt dt] 

33 = 0 
n 

- 

p = 0^ 

^ " rt 

+ f ^((^p cos pt + bp sin pt) dt 
Lp=c 

= f lf(0? dt - 2x0? - (a^ q- fta), 

33 = 1 
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Hence, for all values of n* 


1+2 (“I+= ir 

p*=i 

where ao now has its usual meaning. Thus the partial sums are 
bounded and the series (of positive terms) is convergent, for the 
last integral is independent of n. 

Moreover, we have proved 

Theobem 24.2. The Fourier coefficients an and hn of an inte- 
grable function form a null sequence, i.e., 

liTin an 0, lim bn = 0. 

71-^+ 00 n—*+ 00 

Theorem 24.3 {Riemann-Lehesgue Theorem). If ^(t) is inte- 
grable in a ^ t ^ b, then as n^ , 

== ^{t) cos nt dt -+ 0, 

and 

^{t) sin nt dt —> 0. 

Suppose that a and b both belong to the same interval /, 
2kir ^t^2{k+ l) 7 r, where k is some fixed integer. Let f{t) 
be a function defined as follows: 

fit) == 4>(^) for a S t <bj 

fit) = 0 for all other values of t in 7, (3) 

fit + 2 p 7 r) = fit) for all other values of t and for all 

integers p. 


Then 

An = /a ^(0 cos ntdt = f o'fit) cos nt dt = Tran, Bn = ^bny (4) 

where and bn denote the Fourier coeflS-cients of fit). By 
Theorem 24.2, 0 and 0 as n . 

If a and 6 do not satisfy the conditions imposed above, split 
the interval a t ^b into a finite number of subdivisions, each 
of which satisfies the conditions. Then An and Bn are expressible 

* Relation (2) is known as BesseVs inequality if < holds, ParsevaVs 
equation if = holds. 
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as the sum of a fixed finite number of terms each of which tends to 
0 as n —> + 00 , and hence 0 and -» 0. 

Theorem 24.3 is quite important, for it enables us to simplify 
the problem of the convergence of Dirichlet’s integral. 

Let S be any arbitrarily chosen number with 0 < 5 < 7r/2. 
Then the function 

<pit; xo) Uf(xo + 2t) +f(xo - 2^ )1 - s{xo) 
sini sin^ ^ 


is integrable in the interval 5 ^r/2. Hence,'for a fixed 3, 

it follows from Theorem 24.3 that as > + 00 ^ 

?/'(0 sin (2n + 1){ dt 0. (6) 


The Dirichlet integral (15) of Sec. 23 will therefore tend to 0 as 
n + oo, if and only if (for a fixed arbitrary 3 > 0), 


lim 



sin (2n + 
sin^ 


dt 


= 0 . 


(7) 


The integral (7) involves only the values of /(a*o ± 2t) in 
0 ^ ^ ^ 5; [i.e., of f{x) in xo — 26 g + 26]. 

Since 6 > 0 may be assumed arbitrarily small, we have the 
very peculiar result 

Theorem 24.4 [RiemanvJs (1854) Theorem]. The behavior 
about the point xo of the Fourier series generated by f{x) depends 
only on the values of f{x) in the neighborhood of Xq. This Jieighbor- 
hood may he assumed arbitrarily small. 

As an illustration of this theorem, we note the following conse¬ 
quence of it: Consider the set r of all possible functions f{x), 
integrable in [0, 27r], all of which coincide at a point Xq of the 
interval [0, 2'ir] and in some neighborhood of this point, however 
small, the length of the neighborhood possibly being dependent 
upon the particular function. Then the Fourier series of all 
these functions in F, irrespective of how much they may differ 
outside the neighborhood in question, must, at Xo itself, either 
all converge or all diverge; and in case they converge, all the 
members of T have the same sum s(xo)j which may or may not 
be equal to f(xo). 

We shall now restate the criterion obtained above and formu¬ 
late a theorem which we shall substitute for Theorem 23.1 in the 
discussion to follow. 
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Theoeem 24.5. A necessary and sufficient condition for the 
comergence of the Fourier series generated by f(x) to the sum s(xo) 
at xoj is that for any arbitrarily chosen positive number 0 < 6 < 7r/2, 
Dirichlefs integral (7) tends to 0 as n—^ + 


2 I 

lim - I <p(t; xq) 

■j—j.-}- oo rrfo 


sin i2n+ l)t 
sini 


= 0 . 


( 8 ) 


We can assert nothing as to the uniformity of convergence in 
this theorem, because we do not know whether the integral in 
(8) tends to 0 uniformly for every x of the specified interval.' 
This is true, actually, but we shall not enter into this question 
here. 

We shall leave it as an exercise for the student to show that 


lim I - I <p{t;xo) 

72—K I ^*/0 


1 

sin t 


sin (2n + 1)^ dt \ ^ 0, 


0 < 8 < 


(9) 


and then prove 

Theorem 24.6. A necessary and sufficient condition for the 
Fourier scries generated by a function f{x), periodic of period 2 tt, 
and inhgrable (bounded) over [0, 27r], to converge to s(xd) at the 
point a*G, is that for any arbitrarily chosen positive number 8, 
0 < 5 < 7 r/ 2 , the sequence of the values of the integral 

?r%«;x.) + *>' it 

TTJO t 

forms a nidi sequence as —» + co, 

25. Conditions for the Convergence of a Fourier Series. We 

are now in a position to tackle problems I and II directly, and 
for convenience we shall restate these problems in the following 
form: 

Let ^(l) be a given function integrable in Q t S 8. What 
additional conditions must be imposed upon <p(t) in order that the 
sequence of integrals 

P-1,2,... 

rrjo t 

should tend to a (finite) limit Lsisp + oo ; and if L exists, what 

is its value? 
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In view of Riemann’s theorem and the fact that 8 has a fixed 
arbitrarily small positive value, it follows that this question 
depends only on the behavior of <p(i) immediately to the right 
of 0. We are thus led to ask the question; What properties 
must (pit) possess immediately to the right of 0 in order that L 
may exist? 

In the attempt to answer this question many papers have been 
published giving sufficient conditions for the existence of L- 
We shall present two very general sets of sufficient conditions; 

Theorem 25.1 (Dirichlet’s Rule*). If (pit) is monotone in 
some interval 0 <. t <. Si, where Si ^ 8 and 8 is a fixed 'positive 
number arbitrarily small, then lim Jp exists and is equal to (pa, 

p—flO 

where (po denotes the right hand limiting value lim ip{t). 

Proof. From Chap. V, Sec. 23, Example 2, lim f dt = 

By Sec. 23, Equation (14), 


'•-J. 


sin (2n 

sin t 2 


for 


n = 0, 1, 2, 


Hence In 7r/2 as n — > + co . By Theorem 24.3, as n —> + x, 


This proves that 

r(2) = r _ 7(1) 

In — -^n 


But 




sin (2n + 1)^ 


t 


dt 


-i 


sin (2n + 1)^ 


t 


dt 


IT 

^2 


(2n + l)7r 


sin t 


dt 


Evidently, a constant X2 > 0 exists such that 
y rr ^ 0; hence f 
' dt\ < 2K, = K. 




sin t 

T 


df}, < K. 


for every a; ^ 0; hence for every a and h such that 0 ^ a ^ h, 
sin t 


t 


* Due to Dirichlet, Sur la convergence des series trigonometriqiies, 
Jour, reine angew. Math., Vol. 4, p. 157, 1829. The first exact condition for 
the convergence of a Fourier series was given in this very fundamental paper. 
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Let e > 0 be given. Select a positive number Sa < Si so that 
\<p{52) - <P 0 \ < Let/® By Theorem 

24.3 (j _ J(i)) 0 as p -» + 00. Hence we can select a pi 

sufficiently large that \Jp - /^»| < e/3 for every p > pi. Write 


Let J'®' denote the second of these quantities on the right-hand 
side and Jf the third. Then /«> = + /],'>. 'Evidently, 



t 


dt 



sin t 


dt = (pQ, 


Hence there exists a po > ?>i such that for every p > po^ 
|j^3) _ By Theorem 30.1, Chap. II, for an appropri¬ 

ate nonnegative number 53 ^ §2, 


. ? r [,(„ - . ?[,(« - „1 f sir! d,. 

^ TtJo 5 tJ53 t 

sin i 

The latter integral is equal to I -r- dt, and as shown above, 

t/pSs ^ 


is <K. Hence |/®| g consideration of the 

sum Jp = (/p - J^p^) + /i?' + /^®’ shows that for a given 
« > 0, there exists a po such that for every p > po, 


iJp - g \Jp - 4"l + - ?’oi S 3| = 6. 


This completes the proof of Theorem 25.1. 

Theorem 25.2 {Dim's Rule), If lim (p{t) — exists, and if 

the integral 


/: 


1^(0 — <Po\ 
t 


dt 


is numerically less than some fixed positive number for each positive 
value of a < 6, then lim Jp exists and is equal to (po. 

p—>+ 

Proof, The integral 


X‘ 


|y(<) — yol 


dt 
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is monotonically increasing but bounded as cr +0, and con¬ 
sequently tends to a definite limit L which we shall denote by 

^8 I /.\ _ I 

^ Let € > 0. We can select a positive number 
di < d 80 that 








Let == J^p'^ + denote the same integrals as used in the 
proof of Theorem 25.1. As before, we can select a pi so that for 
every Jp^\ < e/3, and a po > Pi so that 

14^^ “ < Po \ < e/3 
for every p > po. Now 

? f wo - I < r WlpsJ if. 

^Jo 2 I Jo t 

so for a properly selected 52, 1 < e/3. We thus conclude that 

for every p > po, \Jp — <pq\ < e. 

Theorem 25.3 (Lipschitz^s Rule). If two positive numbers 
A and N exist such that for every t in the interval 0 < ^ ^ o, 

1^(0 - ipf\ < 

then Jp (po as p —>+00. 

Since J ^ — dt < A^ ^ dt < = a fixed number 

for all cr < Sy it follows from Dini’s rule that Jp —» <po as 

2? ^ + 00. 

Theorem 25.4. If ^'(0) exists, then lim <p{t) = <pq = 

»-j-0 

exists and Jp--^ <pq as p^+^- 

If — ^( 21 exists, then the ratio is bounded 

i(_>4-0 t t 

in some interval 0 < t < di. But this is an example of a 
Lipschitz condition with W = 1. 

As a consequence of Theorems 25.1 to 25.4, we have 
Theorem 25.5. If <p(t) is expressible as the sum of a finite 
number of functions, each of which satisfies the conditions of one 
of the four Theorems 25.1, , 25.4, then lim (p(J) = <pq exists 
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and the integrals Jp for the function <p{t) tend to <po as p + co, 

We shall now adapt Theorems 25.1 to 25.4 to the theory of the 
Fourier series of an integrable function f{x), which we shall 
assume to be defined in 0 g a: < 27r and extended by means of 
the equation 

f{x ± 2kT) = f{x) (/c = 1, 2, * • • ) 
to all other real values of x. 

By Theorem 24.5, in order that the Fourier series generated 
by f{x) shall converge to a sum s(a;o) at x = it is necessary 
that the integrals Jn in (7) of Sec. 24 form a null sequence. 

Thus, it is clear that the properties of f{x) to the right of a:o 
must stand in such a relation to the properties of f{x) to the left 
of that the function (p{t) shall possess necessary and sufficient 
conditions for the existence of the limit of the Dirichlet integrals 
Jr. for 

What these conditions are is not known. However, we have 
available in the theorem given above a number of conditions 
syfficient for the convergence of the Fourier series of a function 
f(x) at some fixed point .ro. 

In the following paragraph, we summarize certain criteria for 
the convergence of the Fourier series of f(x) at the point Xo which 
follow immediately from the relations presented above. 

Theorem 25.6. Criteria for Convergence, Let fix) he defined 
and integrable {hounded) in the mterval 0 ^ x < 2Tr with its 
definition extended to include all real values of x by means of 
the relation fix) =/(.r + 2/c7r), fe = ±1, ±2, • • • . Let Xo denote 
any fixed real arbitrary ?iumher. Suppose that 

lim i[/(xo + 2 t) +fixo — 2t)] 

f-^-rO 

exists and is denoted by s(xq)j and that consequently 

ipit) = (s(t; Xq) = ilfixo + 2t) +/(:ro - 2^] - s(a:o) 
has a right hand limit and lim (£>{{) — 0. Then: 

1. Dirichlefs Ride, If (pit) is monotone in some interval 

0 < ^ < 5i, 

then the Fourier series generated from fix) converges with the sum 

siXo) at Xq. 
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2. DinFs Rule, Let d be any fixed {though arbitrary) positive 
number. If the integral 

f‘ ^ 

remains less than some fixed positive number for all a such that 
0 < (7 < d, then the Fourier series of f{x) converges to s{xq) at Xq. 

3. LipschitFs Rule. Let d be any fixed {though arbitrary) 
positive number. If two positive numbers A and N exist such that, 
for every tfor which D <t < h, \<p{t) - ^o| < At^% then the Fourier 
series of f{x) converges to s{xq) at Xq. 

4. If the function (p{t) corresponding to f{x) possesses a right 
hand derivative at 0, then the Fourier series of f{x) converges to 
s{xq) at {xq). 

In the application of Theorem 25.6 to particular problems the 
following theorems will be found to be helpful. 

Theorem 25.7. If f{x) is continuous except for a finite number 
of finite jumps in a period, if it has a finite jump for x = xo, 
and if the right hand limit is f{xo + 0) and the left hand limit is 
f{xQ — 0), and if f{x) has a derivative from the right and a derivative 
from the left at this point, its Fourier series converges for x — x^ 

to the mlue^S^l±Fl±lAuz3. 

Theorem 25.8 {Weierstrass’ Theorem). If f{x) is any con¬ 
tinuous function of period 2 t, and if e is any positive number 
arbitrarily small, it is possible to construct a trigonometric series 
Tn { x ) having a finite number of terms so that for all values of x 

\fix) - T„ix)\ < e. 

Theorem 25.9. If f{x) is a continuous function of period 27r 
whose Fourier coefficients are all zero, then f{x) vanishes identically. 

Theorem 25.10. If f{x) has a continuous second derivative 
except for a finite number of corners'^ in a period, and if Up, bp 
are the coefficients in its Fourier series, there is a number C, inde¬ 
pendent of h, such that 

ifflpi ^ p’ \h\ ^ 

* A corner is a point where f(x} has right and left hand first derivatives 
which are unequal in value. 
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Theoeem 25.11. If >p{x) is any function continuous in [0. 2r] 
except for a finite number of finite jumps, 

lim <p(x) sin (n + i)x dx = 0. 

n —>■-}- «>*/0 

Theoeem 25.12 (Jordan’s Test). Iff(x) is of hounded variation 
in a neighborhood of xo, then the Fourier series generated from f(x) 

converges to the sum ^[f(xo + 0) "i" fi^o ~ 

Proof. Since f(x) is of bounded variation over an interval 
about Xo, the condition assures convergence over that interval. 
The function 

,p(h) s f(z + h) -\-f(x - h) - fix + 0) - fix - 0) 

is of bounded variation (see Sec. 8, Chap. IX) in any interval 
to the right of A = 0, and as A 0, vih) 0, for fix) being of 
bounded variation, fix + 0) and fix - 0) exist. We can thus 
write 

<p{h) = <piih) — (p2{h), 

where <pi and <p 2 are both positive increasing functions of h. 
But <pi and <p 2 both tend to the same limit L as A 0. By 
subtracting L from each of the quantities <pi and <p 2 i we can 
construct the limit of the two new functions to be zero in both 
cases. 

Let 5 > 0 be selected small enough so that <p{}i) is of bounded 
variation in [0, 5]. Then 

JJ si^(\+ . | ) ^ ^(/,)dA = 

where 

J^‘25J!L+My.(i) dh - <ft. 

Let e > 0. Select a positive number y. small enough that 
(Piiii) < e. By Theorem 30.1 of Chap. II, 

J-^ sm(n^+ |) A^^(^) ^ ja smin+ (0 < | < m) 

r(n+H)iA sin t j, 

= I 

J(n+K)£ ^ 
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Since for all n, n, the last integral is bounded, 

<A., 

where A is some positive constant. With /x fixed we find from 
Theorem 24.3 for n large enough, 

sin (n + i)h ... 

- (Pi{h) dh^ <6, n > Uq. 

This shows Ji —> 0. Likewise, we can show J 2 0. 

An immediate consequence of Theorem 25.11 is 

Theorem 25.13 (Dirichlefs Conditions). If fix) is continuous 
except for a finite number of finite discontinuities in ^ ^ x ^2% 
and if fix) has only a finite number of maxima and minima in the 
interval, then the Fourier series generated from fix) converges to 
^[fix + 0) + fix 0)] for all values of x. 

It is not very difficult to extend Theorem 25.11 to prove 

Theorem 25.14. The Fourier series generated from fix) con¬ 
verges uniformly to fix) in an interval interior to an interval through¬ 
out which fix) is continuous and is of bounded variation. 

26. Application of the Convergence Criteria. From the general 
character of the theorems given in Sec. 25, it is clear that very 
general classes of functions may be represented by Fourier 
series. 

As stated before, the function fix) to be expanded should be 
^ven in the interval 0 g a; < 27r and must have the period 2 nr\ 
that is, fix + 2fc7r) = fix). The Fourier series then generated 
from fix) is of the form 

00 

|ao + ian cos nx + bn sin nx). 

n = l 

Suppose f{x) is an even function, that is, a function having 
the property that f(x) = fi-x). Then since fix) is of period 2n-, 
i.e., fix) = fi—x) — fifht — x), the Fourier coefficients 6„ all 
vanish, for 

lebn = r fix) sin nx dx 

= fi^) sin nxdx + fix) sin nx dx = 0. (1) 
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Thus, if /(x) is an even function* the Fourier series generated from 
f{x) reduces to a pure cosine series. 

Suppose f{x) is an odd function, that is, a function with the 
property iha^t f{x) = —/(—a;). Then since/(:r) is of period 2t, 
fi — x) = f(2T — x) = —fix), and hence the Fourier coefficients 
On all vanish, for 

ran = f(^) ( 2 ) 

Thus, if fix) is an odd function, the Fourier series generated 
from fix) reduces to a pure sine series. 

We now conclude that there are three ways in which a given 
Fix), defined and integrable over the interval a ^ x ^ b, may 
be prepared for the generation of a Fourier series: 

I. Case (b — a) 27r. In this method a portion, say 

o: ^ a: < a + 2 t, 

is cut out of the interval (a, b), and the origin is then transferred 
to the point a. In this way we obtain a function fix) defined 
in 0 ^ j < 27r, fix) being defined elsewhere by the condition 
fix ± 2/:7r) = fix). When (5 — u) > 2t, a portion of Fix) is 
omitted altogether. This omission can be avoided by changing 
the unit of measure on the a;-axis so that the interval of definition 
of F(x) has the length 27r. This change can readily be made by 
replacing x by 2w/(6 — a). 

Case ib — a) < 27r. In this case define fix) to be some con¬ 
stant F{h), in 6 ^ X < a + 2-^ and then proceed as before. An 
alternate method is to make the interval of definition of Fix) 
exactly the length 27r by changing the unit of measurement on 
the :r-axi5. 

II. This method is similar to that in I, except that we define 
the function fix) to be Fix) in 0 ^ x ^ t, fix) = fi2ir - x) in 
TT g :r ^ 2t, and define/(a*) elsewhere hy fix ± 2kTr) = fix). 

III. In this method we define fix) as in II for 0 ^ a: < tt, set 
/(tt) = 0, fix) = —/(27r — x) for TT <, X ^ 2t, and define fix) 
elsewhere hj fix ± 2kT) = fix). 

shall denote fiix),f 2 ix),fzix), respectively, the functions 
obtained by methods I, II, III, respectively, from a given func- 

The graph of an even function is symmetric with respect to the ^-axis; 
that of an odd function is symmetric to the origin. 
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tion F{x), A function of type/ 2 (a;) will always generate a pure 
cosine series and a function of type fz{x) will always generate a 
pure sine series. 

We shall further modify our functions /i, / 2 j /s, by defining 

/(O) = m^) = lim M/W +/(2 t - rr)], (3) 

re —>+0 

whenever this limit exists. This additional definition is neces¬ 
sitated by the fact that our rules for convergence enable us to 
detect the convergence of a Fourier series at points Xq for which 
iim i[f(xo + 2i) + f{x() — 2t)] exists. In case the limit in (3) 

does not exist we can not discover (with our present knowledge 
of the subject) whether the Fourier series converges or not; con¬ 
sequently, in this case, we need not concern ourselves with the 
value of /(2/c7r). 

’ Example 1. Given F{x) s 3. Expand F{x) in a sine series. 

We shall use method III. Define 


S O for a; =0 and x 

3 for 0 < a; < TT, faCx ± 2^*7^) ~ fs(x). 

—S for TT < X < 27r, 


Evidently, /s fulfills DirichleFs conditions at every point including the 
“jump points.'^ Consequently, the Fourier series obtained from A must 
converge everywhere and actually represents /s. 

By Euler’s formula we find 



-n-Jo 


fs (x) sin nx dx 


TtJo 


sin nx dx 


sin nx dx, 

^JO 


bn = 0 for n an even integer, &„ = 12/nir for n an odd integer. 
Hence, the Fourier series for/s(s) is 


/3(X) = - 
TT 


sin 3a; , sin 5a; , 
sin X 4--h — - -r 


sin (2n + l)a; 

I-— q- 

^ 2n + 1 


Figure 144 indicates the function/a(a;) and the partial sums of the Fourier 
series, Si, Sz, Ss. 

Example 2. Expand F{x) - x by method III. We define 


! x for 0 ^ a; < ar, 

0 at 0 and at t, 

— (27r — x) for IT < X ^ 27r. 
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3' 

\.y 


L A 


O '- irV '■ y2)r 

* 

-3 — 




Fig. 144. 




(See Fig. 145.) Prom Filler’s formula we readily obtain 


which converges to fi{x) over the interval 0 £ a: S 2x. 

Example 3.* Expand F{x) = a: by method I. Here we define 



0 < a; < 2x, 

for a; = 0 and x = 27r, 


fi{x ± 2hTr) = /i(a:). 


*Por a large coUection of such examples, see H. Burkhardt, Trigo- 
nometnsche Eeihen und Integrale bis etwa 1850, Enzyh. math. TVtss., Vol. 
IIA, pp. 902-920. , 
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From Euler^s formula we readily obtain 


-2 


. sin 2x 
sm X H---f- 


sin nrc , 

- }- . . . , 

n 


which converges to /i (x) over the interval 0 ^ a; ^ 27 r. 


EXERCISES XXIV 


1. Verify (2), (3), and (4) in Sec. 22. 

2. Carry out in detail the steps leading to the proof of relations (5), (6), 
and (7) in Sec. 22. 

3. Subject to the assumptions stated in Theorem 22.1, prove that the 
convergence of series (1) is uniform for every x, 

4. Prove relation (2) in Sec. 23. 

5. Verify formula (4) of Sec. 23. (Huntt: Multiply each term of the 
left member by sin {z/2) and then represent each product as the difference 
between two sines.) Also verify (5) and (6) of Sec. 23. 

6. Prove the statements given in (8) and (9) of Sec. 23. 

7. Prove Theorem 24.3 without the use of Theorem 24.2. 

8. Prove relation (9) in Sec. 24. 

9. Prove Theorem 24.6. 

10. Prove that another condition for the validity of Theorem 24.6 is: 
If for every e > Q, we can assign a 8 < 7r/2, and an N >0, so that for every 
n > N, 


!-r 

FJO 


<p{i; xq) 


sin (2n -f l)i 
t 


dt < €. 


11. Find a Fourier series expression for the function F{x) given in 
Example 1, using methods I and II, 

12. Repeat Ex. 11 for F{x) — 1c, a. constant, using methods I, II, and IIL 

13. From the results of Ex. 12, find a series for 7r/4, t/S, 

14. Prove Theorems 25.7 to 25.13. 

15. Expand Fix) ~ x by method II (see Fig. 146). 



16, In each of the following exercises find a Fourier series and plot 
Fix), So, Si, S 2 , ■ • ' : 
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(a) F{x) - x^ioY 0 < X < 27 r. 


4 X? 4 

Ans. cos nx - 

3 

4x for 0 < a; < TT 

Stt for TT < X < 27r. 

Ans. F(x) = 8[sin re - § sin 2a; + sin 2x 
(c for 0 < a; < Tr/2, 

(c) Fix) == ^Ofor 7r/2 < a; < 3-/2, 

( — C for 37r/2 < x < 2:r. 


^ 47r , 

— Sin nx. 

* n 


"»«»)-it- 


2c 

Ans. F(x) = — 


2 1 1 . 
sin a; + - sin 2a; + - sin 3a; + - sin 5a; -f- 


2'”” " ■ 3 5 

What is the value of this series at the discontinuity of Fix)? 
X from 0 to x/2, 

X from 7r/2 to tt. 

4 


fd) Fix) = j 

^ns. Six) = 


sin x sin 3a; ^ sin bx sin 7x 
— —^2 • ^2 7 ^ ^ 


(ej Same as (d) but with cosine series, 
(fj Fix) = a;Mor 0 ^ x ^ r. 


2r/7r2 4\ 

/(^) 


(g) Fix) — sin X. 

Ans. fix) = 
i'h) Fix) = X sin x. 
Ans. fix) =1 — 

(ij Fix) = 


sin a; — — sin 2a; + 


-sin 4a; + 

4 




sin 3a; 
sin bx + • 


2 cos 2.r 2 cos 4a; 2 cos 6a; 


1 • 3 


3 • 5 


cos X 


2 sinh TT 


Ans. fix) = ^ -r 


2 1-3 

for —TT < X < TT. 
1 1 


2 cos 2a; 2 cos 3a; 


L i + p 
+ 


cos X 
1 


1 + 12 
cos 2a; 


2-4 


sin X 


5 ■ 7 

2 cos 4a; 
3-5 


■ sin 2a; 




. 1 -h 22 ■ 1 + 22 ' 

Prove that /(—■ir + 0) -{-/(ir — 0). — tt ctnh tt, and hence that the sum 
of the series is (7r/2) ctnh tt for a; = x^r. 

(j) Fix) = X A- X- ioT —Tr<X<Tr, 


Ans. an ~ — cos mr, 


hn == (-l)-l- 

n 


Also obtain an expansion of F(x) = x + for 0 < x < 27r. 
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Using this result, find 


i+i + t + 

22 ^ 32 ^ 


(k) Fix) = J -/<f =0’ 

( irXjA:^ 0 <i X <C. TT. 

Evaluate this Fourier series for x = +-r. Show that 


TT^ 1 1 

8 + 


(1) F(x) = sm2 X for —ttKxKtt. 

7. Show that the Euler coefficients valid for the range t = 0 to i == 2Z are 


llTct 

„ cl>{t) cos — dt, 
I Jo I 


1 


r 


■ 7 1 

^ Jo 


, - . nin-t 

c>{t) sin ~Y~ 


where 0(0 = f{7rt/l). 

18. Using En. 17, „pn„,l f (.) - j f« “ « 


Ans. fix) ~ 


21 


27rX 1 QttX 1 IOtts; 
eos—+ -COS— +-COS— + 


27. Theorem (of Fejer) 27.1.* If f(x) is intcgrahle in 

0 ^ X ^ 27 r 

mid periodic of period 27r, and if at Xo in the interval the limits 
f{xo + 0) and f{xo — 0) exist, then the Fourier series generated from 
f{x) is summable (C, 1) at xo to M/(^o + 0) + f(xo — 0)]. 

Proof. From (13) of Sec. 23 the partial sum SrXxo) of the 


Fourier series -^ao + ^(a^ cos nxo + bn sin nxfj at xo may be 
written 


n = 1 


2 sin (2n + l)t 

S„ = Snixo) = - -dfixo + 2t) + f{zo - 2t)] -- dt. 

TTjO a bin I 

{n = 0, 1, • • • .) (1) 

The arithmetical mean crn-i formed from the first n partial sums is 

* This remarkable theorem was discovered by L. Fejer, Untersuchungen 
uber die Fourierschen Reihen, Math. Ann., Vol. 58, p. 51, 1903. 
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So + §1 + • • • + Sft-i 

o ”*—1 — 


, 2^(2.-i)i 

= sJo + ^)+/fa - 2« r~‘ d, (2) 

T» + wo 1 at y^kir, f - sin^nf 

But ^ sm {2r — l)i = < sin i > since • . -> 0 as 

(O Ut^kr,) 

t -o hir. Hence (2) is equal to 


- ir” 5 ^*"+“)+( 3 ) 


This integral is called Fejer’s integral. Comparison of (3) with 
Dirichlet’s integral (13) of Sec. 23 shows that (3) is much the 

easier to handle, since jg positive in (3) while in Dirich- 

sm t f 

let’s integral the corresponding factor ^ oscillates over posi- 

sm z 

tive and negative values. Now 



(4) 


(Why?) From (4) and (3) we have 

- S = A r /(xo + 2t) +/(xo - 2t) 
nxjo L 2 


sinii^ ]^ 
sin t 


dt. 


(5) 


Hence, a necessary and suAhcient condition that the Fourier series 
be summable (C, 1) to the sum s is that the integral (5) should 
approach zero as w —*■ + to . 

We show now that if <p(t) is integrable in (0, x/2) and if 
- 0, then a, » - + », A J*" .(,) . 

Since 0, for every e > 0 there exists a 5 < x/2, such 

that |^s(i)| <! e/2 when 0 ■< i ^ 5. Hence 





€ 

2 


(6) 
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Since \>p{t) \ is bounded for 0 < « < 7r/2, there exists an M > 0 
such that l^(i)l < Then it is easy to show that 


. 1 , 

nTrJs \BiJit / riT sin^ d 


(7) 


when M and 8 are fixed. Select an N sufficiently large so that the 
right member of (7) is less than e/2 for all n > N, Combining 

this with (6) and replacing <p(t) by 


we have |<7„_i — s| < e for all n > N, Hence <jn-i S. This 
proves Fejer’s theorem. 

An immediate corollary to this theorem is 
Theokem 27.2. If fix) is continuous in 0 ^ ^ 27r, if 

/(O) = /(2t), then for every x the Fourier series generated from fix) 
is summable iC, 1) to fix). 

The truth of this theorem follows immediately from the 
observation that the hypotheses of Theorem 27.1 are met every¬ 
where, that it is understood that fix) = fix — 2kTr), and that 
fi^) ~ M/(^ + 0) +/(^ “ 0)] for all values of x. 

An important consequence of Theorem 27.1 is 
Theorem 27.3. Under the assumptions of Theorem 27.1, the 
Fourier series of fix) is uniformly summable iC, 1) in any interval 
included in an interval where fix) is continuous. 

Proof. Since fix) is periodic and everywhere continuous, it is 
uniformly continuous for all x's (Theorem 8.7, Chap. IX), so 
that for any fixed e > 0 there exists a 5 > 0 such that for every 
X, \fix ± 2t) — fix)\ < e/2 when |^| < 8. Hence 


k(0| = W, x)\ = 

+ 20 - fix)] + [fix - 20 - /(x)]| < I (8) 


for all values of x. Furthermore fix) is bounded since fix) is 
periodic and continuous everywhere, so that there exists a 
K > 0 such that \fix)\ < K for all values of x. 

Hence \<pit, x)\ < 2K for all values of x and t. A repetition 
of the argument given in the proof of Theorem 27.1 shows that 


mr 



<1 2X 
n sin^ 8 


(9) 
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We thus conclude that there exists a definite number N such 
that the right member of (9) is less than e/2 for every 71 ^ JSf, 
Hence \crn-i — s\ < e for n ^ N, Thus for every given e there 
exists a definite number N independent of x such that for n > N, 
|(Tr.-i(a:) — f{x)\ < e. 

Theorem 27.4 (Weio'sij'ass^s Theorem for Polynomial Approxi¬ 
mation). If f{x) is continuous for a ^ x ^ b, and if e is any 
positive 7iumbe7\ it is possible to construct a polynomial Pm{x) so that 
for all a ^ X ^ 6, |/(:r) - PU^)\ < e. 

We shall merely outline the proof of this theorem. Transform 
the variable x so that (u, b) lies within (0, 27r). By Theorem 27,3 
we know that there exists a “trigonometric polynomiar^ dnix) 
such that \f(x) — <rn(x) | < e/2 for all x’s on the interval. Replace 
each sin kx and cos kx in an(x) by their corresponding power series. 
By using a sufficiently large number of terms in these power 
series we can obtain a polynomial Pm(x) such that 

\<Xn{x) — Pm(x)\ < e/2 

for every a: on the interval. Theorem 27.4 then follows. 

EXERCISES XXV 

1 . Show that i -f cos a; -{- cos 2 a: -f • • • + cos no; + • • • is summable 
(C, 1 ) to the “sum” 0 , if a: 2 A:t. 

2 . Show that sin a: -f sin 2a: + • • • is convergent to the “sum” 0 , for 
X = if X 9 ^ hir, the series is divergent but summable (C, 1 ) to the “sum” 

§ ctn (a:/ 2 ). 

3. Show that cos x + cos 3a: + cos 5a: ♦ is summable (C, 1 ) to 

the “sum” 0 , if a; 5 =^ kw. 

4. Show that sin a; + sin 3a: + sin 5a: + • • • is summable (C, 1 ) to the 

“sum ” —— if a; 7 ^ kw^ 

2 smx 


28. Fourier Integral Formula. A Fourier series of the 


— 2 ®o + cos ^ H" hn sin 


represents at points of convergence a function of period 2tX. 
Subject to the proper restrictions, the coefficients are obtainable 
from the relations 
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”• = (?) 

-f® (?) 

The entire theory of Fourier series may be applied to series of 
type (1). 

Substituting (2) in (1), we have 




dt. (3) 


n~l 


Let 


Wn = 


and 


If 


-f-TrX 


-xX 


f(t) cos w{x — t) dt. (4) 


<piw) = -J 

Then the right-hand member of (3) may (under suitable conch- 

00 

tions) be approximated by means of ^ — u'n)<p(uvj. L(‘t 

1 

X —> -f 00. Thus ( 3 ) becomes 

^ /(O cos vc{x — t) dt dw, 


(5) 


provided, of course, such a limit exists. This is known as 
Fourier’s integral jormula. The right member of (5) represents 
a function on (—<= 0 , +^) in much the same manner that a 
Fourier series represents a function over a finite period. 

In this development we have overlooked many difficulties. 
Thus, we have ignored the fact that (p{w) is a function of X and 
that the approximating series is infinite. A rigorous proof of 
(5) is quite difficult and will not be undertaken here. (See 
Bochner, Fourier Series and Integrals.'') 

It can be shown that under suitable conditions 


eo CO 

f{x) - j j f{t) cos w{x — t) dt dw 

^Jo J -« 

= |[/(^ + 0) +/(^ 0)]j 


— 00 


< r < -f 00. ( 6 ) 
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If f{x) is an even function, (6) becomes the Fourier Cosine 
Integral: 

f{x) = “ I I /(O cos wt cos wx dt dw 

^Jo Jo 

= + 0) + f(x - 0)], (7) 

and if f{x) is an odd function, (6) becomes the Fourier sine 
integral: 

2 ^-jr « ^ 4 - « 

f(x) = - I I f(t) sin wt sin wx dt dw 

^Jo Jo 

= ^[f(^ + 0)+f(x-0)l (8) 


provided, of course, that these limits exist. 


EXERCISES XXVI 

1 . Let f(t) = 1 for 0 < i < 1, f(t) - 0 for i > 1, f(t) =/(-t). Show 
from (7) that 


’ sin w cos wt ( 

for 

0 < i < 1, 

- dw = < M 

for 

t = 1, 

^ . i 0 

for 

i > 1. 


X 


2 . Let f(t) - for t > 0, f(i) 

'+« . , 

w sin wt TT . 

= -e (b)from (8), show that 


(a) from (7) show that 

4- CO 

■cos wt , T 
—-—dw = 

+ I 2jS 


S 


29. Harmonic Analysis. Let the interval 0 g a- ^ 2x be 
divided into n equal subintervals by the points xo = 0, xi, 
Xi, • ■ • , Xn-i, Xn = 2r. Let f(x) be periodic of period 27 r. We 
wish to construct a trigonometric polynomial 


such that 


Sm(x) — |oo + (at cos kx + bh sin kx) 

4 = 1 


( 1 ) 


S,n(Xi) =f(xi). (i = 0, 1, 2, ■ ■ ■ , n - 1.) (2) 

Since Sm contains (2m + 1) undetermined coefficients, and since 
we are imposing n conditions by (2), we shall require n to be odd 
and we shall determine m from the relation 2m + 1 = n. By 
(2) for the ease t = 0 (xo = 0), 
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fao + =/(0)- (3) 

k = l 

Likewise, 

m 

+ 2/ “ /(2^l)j (4) 

* = 1 

X fc^n-1 + hk sin kXn^l) = S(Xn-l)* (5) 

fc = l 

If we add Eqs. (3) to (5) and collect together terms having like 
values of fc, we find that 

n-l 

ao = ( 6 ) 

1 = 0 

n — l 

since, for fixed A > 0, ^a* cos kxi = ^hk sin kxi = 0. In 

t = 0 »= 0 

close analogy with the Euler formulas of Sec. 22, it is easily 
shown that 

n-l 

Ok = (cos kxi)f{xi), 

i = 0 
n—l 

hk = h = 1,2, ” ^ (7) 

i-O 

If the period I of f{x) is not 27r, then it can be made equal to 
2t by a suitable change of scale along the a;--axis. Formulas 
(6) and (7) then hold in the new scale; if desired, we can return 
to the original scale by writing x = {2Tr/l)x^ in (6) and (7). 

Another set of formulas, based on an even number n of inter¬ 
vals, is obtained by omitting the term hm sin mk from Sm in (1), 
where now 2m = n. It turns out that formulas (6) and (7) 
hold for fc = 0, 1, 2, * • • , {n/2) — 1, and in addition, 

n—l 
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For a description of other and moi’e systematic methods 
of analysis, see' Whittaker and Robinson, “Calculus of 
Observations.” 


EXERCISES XXVII 

Represent the following functions over the interval 0 i a: S 27r by 
trigonometric sums: 


1. f{x) = 3a;. Take n - o. 
o ^ S -1 when 0 ^ a; < TT, 

i2ir -X when tt ^ x ^ 27r, 


2. f(x) = x‘^. Take n 
Take n — 1. 


30. Further Results. We shall not have space to pursue this 
subject further than to make a few general remarks. We do 
not know at the present time what are the necessary and sufficient 
conditions that a function be representable by its Fomier’s 
series. 


It is known that not all continuous functions are representable 
by their Fourier series. Continuous functions exist whose 
Fourier series are divergent. Furthermore, it is known that 
Fourier series may sometimes represent functions which are 
nowhere differentiable. The theory of summability has aided 
materially in studying the question as to whether a Fourier series 
of a function represents that function. 

It can be shown that any Fourier series S, whether convergent 
or not, may be integrated term by term between any limits; 
i.e., the sum of the integrals of the separate terms is the integral 
of the function f{x) which generates the .given Fourier series.'" 

In 1898, J. W. Gibbs discovered a very curious phenomenon 

4- 00 

in connection with the series ^ Gibbs noticed that in 

the neighborhood of the discontinuity at a: = 0, the curves 
y = Ux) “overshoot the mark.” Let be the abscissa of the 
greatest maximum of on 0 < a; < x and let be the cor- 
lesponding ordinate. As 0, does not approach ■k/2, 
but instead approaches a value h = (t/ 2) (1.089 • • • )• Thus 
curt es y Sn(x^) approximate as a limit the configuration 
co^stmg of the graph of the funetion /(r) = (, _ ^)/2 in 
< X < Jtj and a strip of the ^^-axis from ^ = —h to u = +A 
where h exceeds the “Jump” of the function by about 9 per cent! 
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This strange behavior is known as the Gibbs phenomenon and ha.s 
been extensively studied in general Fourier series (see Fig. 147). 





31. Systems of Orthogonal Functions. The inner product over 
a ^ X S b of two real-valued functions f{x) and g{x) is defined 
to be 

(f, g) = JifO) g(-^) (1) 

If (/; Q) = functions / and g are said to be orthogonal 

The norm of / is defined as 

Nif) = if, f) = £ f dx. (2) 


If A^(/) — 1, f is said to be normalized. If, for any function /, 

we let =f/VN(f), then N(<p) = {f/\/N{f), = b 

A system of normalized functions (pi(x), (P 2 {x), • • • for which 


^n) 


0 when m ^ /?, 

1 when rn = /?, 


(3) 


are said to form a normalized orthogonal, or orthonormal system. 
For example, over 0 ^ x ^ 2r, 

1 cos X sin X cos 2x sin 2x 

"V^’ ~V^’ ' " ^ 

form a normalized orthogonal system. 

The first n functions (?^ = 2, 3, 4, • • * ) of an orthogonal 
system <pi^ ^ 2 , • * * , * * * , are always linearly independent. 


See Courant-Hilbert, ^‘Mathematische Physik,” I, pp. 40-47. 
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For suppose (pi, • • ■ , <Pn were linearly dependent. Then there 
would exist constants ci, • • • , c„ such that 

Clpl 4" C2¥>2 + • ■ ■ + Cn.<Pn = 0. (5) 

Multiplying (5) by p, and integrating we find that 

n ^ 

<Pk^v 

A = 1 

Hence Cy = 0 , = 1 , * • • , ti. 

We shall now show how, from given real continuous linearly 
independent functions ai{x)j a 2 (x), • * • , an(x)y • • • we can 
construct linear combinations (pi{x), <p 2 {x), • • ‘ ^ (pn{x), • • . 
of them which are orthonormaL Let <pi = ai/'\/N{ai), so that 
= (^ 1 , ^i) = 1 . Select C\i such that ^2 ~ <^2 ~ Cn^i is 
orthogonal to ^i;i.e., so that (^ 1 , = (^ 1 , 0 : 2 ) — ^ 1 ) = 0 . 

Then cn = (^ 1 , 0 : 2 ). To normalize <P 2 , let ^2 = <^2/V^(<^D 
It is evident that (^ 1 , = 0 . Next let ^3 = as — C 2 i<pi — C 22 s^? 2 , 

where the c’s are such that 

= (^l> <^ 3 ) — C 21 = 0, (<^ 2 , = (<^ 2 , OLz) — C 22 = 0. 

Thus C 21 = {ph <^ 3 ), O 22 = (<P 2 , ciz). Let <pz == (py N{p'^. 
Then <pz is orthonormal to pi and ^ 2 . In general, let 


“ ^^i PkjPk, OLn-^^, 
fc = l 

The set pi, ^ 2 , * * • so constructed forms an ortiionormal 
system. 

Let pi, ^ 2 , • • • be an orthonormal system, and let J{x) be 
any real function of the real variable x on a ^ x Sh, Let 
<^k ^ Cf, ^jfc). It can be shown from the fact that 


that 



dx ^ 0 


^ N{f), 


(6) 
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provided Ci, • • • , c„ are independent. This inequality is 
called Bessel’s inequality. 

Let fix) be a given real function of the real variable z. What 
values must the coefficients jk have in order that / be approxi¬ 
mated in the sense of “least squares” by means of the linpa.r 

n 

relation ^ where • • • , form a normalized orthogonal 

;4: = 1 


system; i.e., in order that M = 
mum? Now 


A'-,I 


jkfPk dx be a mini- 


n n 

M = da; + 2) (Ti - Ck)^ - ^c|- (7) 

*=1 k=l 

Hence in order that M be a minimum, 7 * = Ck for all values of 
& = 1 , • • • , n. 

If M = 0, then (7) with c* = if, <pk) gives 


X4 = Nif). ( 8 ) 

An orthonormal system v?!, ^ 2 , * • * is said to be complete if there 
exists no orthonormal system ai, 012 , * • • of which ^ 1 , <^ 2 , • • • 
is a proper subset. 

In order that <^ 2 , • • • form a complete orthogonal system, 
it is sufficient that completeness relation ( 8 ) hold for all con¬ 
tinuous functions /. 

Suppose that throughout a ^ x S hjf{x) can be represented 
by a convergent series of the form 

fix) = XckTkix), (9) 

*=1 

where ^ 2 , * • ’ form a complete orthogonal system. If, 
furthermore, ( 9 ) is uniformly convergent, then the series obtained 
from ( 9 ) by multiplying by can be integrated term by term. 
Since the (p’s are orthogonal, we have 

^n(x) dx = Cn r [(Pn(x)]^ dX, 


(10) 
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from which we have 


Cn 


(f, Tn) 

{(pnj <Pn) 


in - 1 , 2 , 


• * ) ( 11 ) 


If the are normalized, then 

Cn = (/, (pn). (n = 1, 2, • • • ) 


EXERCISES XXVIII 

1. Show that (4) is an orthonormal system of functions over the interval 

0 ^ a; ^ 27r. 

2. Show that the system of Legendre polynomials form an orthogonal 
system. Find the normalizing factors for the Legendre polynomials. 

3. Show that if the system <P 2 (x), * • • is orthogonal, then the sys¬ 
tem Piix), H(x), * * • with \pk = <pk{x)l'\/(cpk, cpk) is orthonormal. 

4. Two complex functions / and ^ of a real variable x are said to be 
orthogonal if (f, gr*) = (/*, g) = 0, where /* is the conjugate of /, • ■ • . 
If N(J) = fa !/|^ dx = 1, then f(x) is said to be normalized. Show that over 

—TT ^ a; ^ -f-Tj l/V^j • • • is a normalized 

orthogonal system. 

5. Show that (/, g) satisfies Schwarz’s inequality 


(fy 9? ^ (JJ)(9, g)- (12) 

Hint: (/, gY^ = (JJ)ig, g) - 4//x[/(a:)^(^) - S{^)g(x)Y dx 

6. Show that the equality in (12) holds if and only if / and g are propor¬ 
tional. 

7. Construct from 1, a:, • • ♦ , x‘‘^~'^ a set of orthogonal functions for 

the intesval —1 S +L Do not normalize. 

Ans. 1, x, x’^ — i, — fx, • • • . 

8. Show that/o(a;),/i(a;), * * • ,/«(x), where 


/«(a;) = —[(x - aY{x ~ hY], 

is a set of nonorthonormal orthogonal functions. Construct this set of 
functions from the set, 1, x, x-, . 

9. Prove Bessel’s inequality (6). 

10. Prove: If condition (8) is satisfied, any function orthogonal to every 
member of the system oi, ^ 2 , • • • vanishes identically. 

11. Show that if any member of a complete system S be removed, the 
remaining system will not be a complete system. 

12. Show that (/, g) has the following properties, where / and g are 
suitable complex junctions of the real variable a;“and where a is a complex 
number: 

(j, ag) = g). 

if, 9i ~r gn) = (f, gi) 4 - (/, ^ 2 ). 
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N{af) = |a|W(/). 

|0^^)1 <N{f)Ni9)‘ 

N{fi +h) S A7i -f NU 

[N{f + gW ^ {N(f)V + 2[NmNig)] + [A^(^)]^. 

N(J -9) ^ 0. 

N(J - g) == 0 if and only if / ^ g. 

N{f - h) ^ N(J -g) + N{g - h), 

13. Prove: 


If <pi^ <p' 2 , • * • , csr.j • * • is an orthonormal set of functions, then ^ 

k=i 

is absolutely convergent for every/and g. Here a* = (/, ^a-), 6/.- = CV, <;?/:). 
H- “ 

When / = g, ^ S [NifW- 
k = l 

14. Let <pi, <p 2 , • • • be a complete orthonormal set and suppose / and g 
are suitable functions. Show: 

(a) If (/, <Pn) = 0 for every n, then / = 0. 

+ «> 

(b) For every/and (7, (/, ff) = ^afcbk*,aK = (/,<^«),6,, = {Parse- 

k = i 

mis ideniity.) 

15. The functions (pi{x)^ <p 2 {x), • • • are said to be orthogcmal (over the 
interval a ^ x ^ b) I'elative to the weight}unction pix) if 


pix)ip,n(x)ipn(x) dx = 0 


Verify that the following systems of functions are orthogonal with respect 
to the weight function indicated: 

(a) The Legendre polynomials over the interval —1 ^ ^ 1: p( 2 ;) = 1. 

(b) The Hermite polynomials over the interval — < a: < -f =c; 

p{x) — 

(c) The Laguerre polynomials over the interval 0 ^ x < pix) = e~=. 
(Hint: consider the differential equations satisfied by these functions.) If 

rb 2 ■ . 

Nicp) = I p(a;)[^(a:)]-dt;, show that iV'(<p„) =-—— in {a); N{<pa) = 2^nl 

ja 2«. + 1 

in (b); and N(cp,i} = (?^!)“in (c). 



CHAPTER V 

FUNCTIONS OF A COMPLEX VARIABLE 


1. Introduction. In this chapter we shall study the elements 
of the theory of analytic functions of a complex variable. This 
theory has been found to be of the utmost importance and value, 
not only to mathematicians, but also to engineers and physicists. 
The theory of the two-dimensional flow of heat, electricity, and 
fluids is studied through the medium of analytic functions; the 
theory of maps is intimately related to the subject; the solution 
of many of the ordinary differential equations which arise in 
electric-circuit theory is greatly aided by the use of complex 
numbers; in the rapidly growing field of aerodynamics the 
methods of the theory have found wide application. 

The early mathematical theory of analytic functions was 
largely developed under the influence of Cauchy (1789-1857), 
Riemann (1826-1866), Weierstrass (1815-1897), and their 
students. 


PART A. COMPLEX NUMBERS 

2. Complex Numbers. Let {x, y) be an ordered pair of real 
numbers. We shall represent the number pair (rr, y) by the 
S 3 nnbol* x + yi^ and w^e shall speak of x + yi as a complex 
number. In the notation x + yi, the symbols i, yi, and + have 
(as yet) no meaning whatever, and x -f yi should be regarded 
as a single symbol. The number x is called the real part, and 
y the imaginary part, of the complex number x + yi]iiz = a; -f yi, 
then the real and imaginary parts of z are sometimes denoted by 
(RCz) and ^(z), respectively. A complex number 0 + yi in which 

* A number pair {x, y) may be represented in other ways, such as by a 
vector or a point. Because complex numbers and vectors are added in 
essentially the same way, complex numbers and vectors have many prop¬ 
erties and applications in common. In fact, the only thing that distinguishes 
a complex number from a vector is the law defining multiplication, so that, 
as long as multiplication is not involved, complex numbers and vectors may 
be used indiscriminantly. 
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the real part is zero is called a pure imaginary number; the 
number 0 + ^i is called the imaginary unit. (It should be 
remembered that an imaginary number is in no way considered 
as an ^'imagined” number. We would prefer not to use the 
word imaginary, but its use is so universal that we retain the 
term here.) We shall write x merely as x, and 0 + ?/z as yi. 
Thus, z = X + yii^ representable by x alone if and only if == 0; 
moreover, z = x + yi representable by 0 if and only if both 
a; == 0 and ^ = 0. 

If xi + yii and Z 2 = X 2 + y^i, where of course Xij yi, 
and yi are real numbers, then we define the mm of zi and zi to 
be the complex number 

Si + 22 = {xi + yii) + + y^i) = (a^i + x^^ + (t/i + y^i, (1) 

and the product of zi and zi to be the complex number 


ZiZi == {xi + yii){xi + yii) 

= {xixi - yiyi) + {xiyi + Xiyi)i. ( 2 ) 

It follows directly from (1) and (2) that 

Zi + Z 2 = Z 2 + Zi, ( 3 ) 

Zi + (22 + Zs) = (zi + 22) + Z3, ( 4 ) 

Z 1 Z 2 = 2221 , (5) 

21 ( 2223 ) = ( 2122 ) 23 , (6) 

21(22 + 23) = 2 i 22 + 2 i 23, ( 7 ) 


these relations being known, respectively, as the commutative and 
associative laws for addition, and the commutative, associative. 


and distributive laws for multiplication. 

If we set 2/1 == 0 in (2), we see that 

X1Z2 = (xi + 0i)(rr2 + 2/2O = XiXi + Xiyoi^ (8) 

In particular, if Xi = 1, it follows by (8) that Izi = 22 . We 
shall denote the number li merely by 

If we set Zi = y and 22 = i in (5), we see that yi == Hence 

x + yi - X + iy. (9) 

We define the S 3 rmbol x — yi to mean x + {--y)i. If 
z = X yi, we define —2 to be (-^x) + (—y)i = '-x — yi. 
If we set = —1 in (8), it follows that (-“1)22 = — 22 ; in 
particular, (“-1)^ == — f. 
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We define the difereiice zi — S 2 to be zi + ( — ^ 2 ). By ( 1 ), 

zi — — zi + (—^ 2 ) = G^i + yi'^) + (-"^2 y^i) 

= (x'l ““ *^'2) + (2/1 - ( 10 ) 

If 2 i = ^ 2 , i.e., if Xi = and yi = z/ 2 , then by (10), ; 2 i - ^3 = 0, 

Conversely, if ; 3 i — 2:2 = 0, then by ( 10 ), 

(xi — X 2 ) + (yi - y 2 )i = 0. 

But, as remarked above, this situation occurs only when 
■xi — :r 2 = 0 and 2/i 2/2 = 0, 


i.e., when Xi = xo and yi = 1 / 2 , so that Zi = Z 2 . Thus, two com¬ 
plex numbers are equal when and only when their difference is zero. 

If we set ri = ^2 = 0, = ?/2 = 1 in (2), and if we denote 

a by i-, then* 

^•2 = a = (0 + 1-0(0 + li) = -1 + oi = -1. (11) 

We define the conjugate z^ oi z — x + yi io he z'^ = x — yi. 
Evidently, 

zz^ = (x + y0(x — yi) = a;- + ?/- = z^z. (12) 

Likewise 

(^1 + 22)* = 2:1* + 2:2*, { zizC )^ = ^1*2:2* ( 13 ) 

It is seen by (2) that the product ZiZ^ of two complex numbers is 
zero if one (or both) of the factors Zi, Z 2 are zero. Conversely^ if 
the product Z\Z 2 = 0, then either Zi or z^ (or both) must be zero. 
The proof is quite simple: If 2122 = 0, then 


But 


Zi^(ZiZ2)Z2'^ = 0 . 


Zi'^(ziZ2)zoff = (zi^Zi)(z2Z2^) = (xl + yl)(xl + yl) == 0. 

* Equation (11) must not be interpreted as showing that i = ~1. As 

indicated above, i denotes an ordered pair of real numbers, namely, the 
number pair (0, 1), and Eq, (11) shows merely that the product of this 
number pair by itself is, according to (2), the number pair (-1, 0). The 
operation of taking a square root of a com plex number has not yet been 
defined, and it wiU be seen later that has meaning only when regarded 

as the result of an operation on the number pair (-1, 0) leading to the num¬ 
ber pair (0, 1). 
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Hence either xf + t/f = 0 or zl + yl = 0, or both. If 
zl yl = 0, then xi = yi = 0, so that Zi = 0. Likewise, if 
xl + yl = 0, then zz = 0. 

If we set Xi = 1/w, w 0, in (8), it follows that 

22 2/2. 

— =- 1 - 1 , 

u u u 

Thus we may divide a complex number by a real number (other 
than 0). If Zi — yii and 22 = 0:2 + yd, ^nd if there exists 
a complex number q such that 

Ziq = ^2, (14) 

then we say that and Zi have the quotient q = 22 / 21 . To deter¬ 
mine q we observe that, if (14) holds, then 

zi^ziq = {xl + yl)q = 21 * 22 . (15) 

If 2 i 7 ^ 0, so that xl + yl ^ 0 , then by the latter part of (15). 

^ ( 0:1 - yii){x2 + 2 / 2 O 

^ ^i + Vi 4 + y\ 

_ ^1^2 + yiy2 , xiy2 - X2yi ^. .. 

+ y! + 2/1 ’ 

It is seen that this value of q satisfies (14), for 



3. Geometric Representation of Complex Numbers. Let a 

right-hand cartesian coordinate system be set up in a plane (?. 
Associate with each complex number 
z = X + yi the corresponding point (x, y) 
in the plane (P. Then each complex number 
z = X + yi is represented by exactly one 
point {Xj y), and conversely, to each 
point {Xj y) there corresponds exactly one 
complex number s = x + yi. The x-axis is often called the 
real axis and the ^/-axis the imaginary axis. (Why?) The 
complex number 0 — 0 + Oz is represented by the origin of 
the coordinate system. 

Let (r, e) denote the polar coordinates of the point (x, y) 
constructed in the usual manner, with S chosen so that r is 
positive. Then 



Fig. 148. 
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cos ^ sin ^ ( 1 ) 

The number r is called the absolute value (or modulus, radius 
vector) of the complex number z — x yi. The symbol \z\ 
is also used to denote the absolute value of z, so that 

z\ = r = 'zz-^ ( 2 ) 

The number 6 is called the amplitude (or arc, argument, angle) of z. 
While for a given complex number 2 : 5 ^ 0 , there is but one 
amplitude 6 such that 0 g ^ < 27r, there is also an amplitude 
between 27r and Air, an amplitude between Air and Qw, etc. The 
term amplitude may refer to the smallest positive number 6 in 
( 1 ), or it may refer to any number of the set 6 + 2 mr, where n 
is any integer. The amplitude of 2 is sometimes denoted by 
amp 2 . It is readily shown (see Exs. I, 4 , 5) that 

\^l\ — \^2\ ^ \zi + 22 I ^ + 1 ^ 2 !, (3) 

!2iZ2| = | 2 li -122 =1^ if Z 2 0, (4) 

It follows from ( 1 ) that any complex number can be represented 
in the form 


z X + yi ^ r(cos d + i sin d). 


For example, 


-5 _ —5 _j_ _ 5(cos TT + f sin tt), 


oz = 0 + 5i = 5( cos i sin 7 ^ )• 


i)' 


(5) 


However, 6 in (5) may have infinitely many different values. 
Hence each complex number z — x -A yi may be represented 
in the form (5) in infinitely many ways. In fact, because 
cos (0 + 2 k 7 r) = cos d and sin {d + 2 & 7 r) = sin d for any integer 
l\ we may write 


z = r(co 3 6 + i sin 6 ) 

= r[cos (d + 2 kT) + i sin {B + 2 fc 7 r)]. ( 6 ) 

Another method for representing geometrically a complex 
number Zi = xi -j- yii is by means of vectors. By a vector w^e 
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shall mean a directed line segment OA. If 0 is the origin (0, 0) 
and if A is the point {xi, yi), then the complex number 


Zi = a:i + yii 

is represented by the vector OA (see Fig. 149). Thus, to each 
number Zi there corresponds one vector OA from 0, and con¬ 
versely, to each vector OA from 0 there corresponds exactly one 
complex number Zi. 


Oj+xo,_yj+3-2) 



O 

Fio. 149. 



Using formula (1) of Sec. 2, we may give a geometric construc¬ 
tion for the sum Zi -h 22 of two complex numbers Zi = xi -|- yii 

and Z 2 = X 2 -\- yii. Let zi and 22 be represented by the vectors 
—> —> 

OA and OB as indicated in 'Fig. 149. If C is determined as 

the fourth vertex of the parallelogram OACB, then OC is the sum 

of OA and OB, and OC represents Zi + ^ 2 . This construction is 
called the 'parallelogram law of addition. 

In Fig. 150, OE represents — 2 : 2 . It is seen that OD is the sum 

of OA and OE, and OD represents the difference Zi — z^^. 

To construct the vector representing the product ZiZ^, let us 
write 

^ 12:2 = ri(cos di + i sin Bf) • r 2 (cos 62 + i sin Of) (7) 
= rir 2 [cos {Bi + Bf) + i sin {Bi + ^ 2 )]. 


It is seen by (7) that the modulus of Z\Z^ is equal to the product 
of the moduli of Zi and z%, and that the amplitude of ZiZ^ is the sum 
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0 / the amplitudes of zi and z^. Let the vectors OA and OB 

represent Zi and z^, and let OU represent the number 1. On OB 
construct a triangle OBF similar to triangle OUA, Angle BOF 

equals angle UOA, and angle UOF is 
the sum of angles UOA and UOB, 
Moreover 

OF q^_qA 
OB OU 1 ' 

so that OF — OA'OB. Thus OF 
represents Z\Z^ (see Fig. 151). 

By (16) of Sec. 2, the quotient z^Jzi may be written in the form 

_ 22 _ 21*22 ri(cos — i sin ^i)r 2 (cos 6% + i sin ^ 2 ) 

rf(cos di — i sin ^i)(cos di + i sin ^ 1 ) ^ ^ 

= — [cos (^2 ” ^ 1 ) + i sin (^2 — ^ 1 )]. 

Thus the modulus of z^jzx is the quotient of the moduli of z% and Zi, 
and the amplitude of z^jzx is the difference between the amplitudes 
of zo and 21 . A quotient may be constructed geometrically in 

much the same way as a product. Thus, in Fig, 151, OA repre¬ 
sents the quotient of the complex number OF divided by the com- 

—j- 

plex number OB. 

If in (8) we set 22 = 1, 21 = 2 , then (8) assumes the special 
form 

- = -[cos (0 — 0 + i sin (0 — 0)] 

2 T 

= - (cos 6 — i sin B) = ~ (9) 

Thus the modulus of I /2 is the reciprocal of the modulus of 2 , 
and the amplitude of I /2 is the negative of the amplitude of 2 . 

If n is a positive integer and if = r(cos ^ + i sin ^), then by 
(7) we have De Moivre’s theorem: 

= [r(cos ^ + i sin ^)]” = r'"(cos n\p -f i sin (10) 

We define an nth root of a number 2 = R{gos 6 + i sin S) to be a 
number w == r(cos xp + i sin xp) such that 
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W" = 3, (11) 

and we write w = 2 *^”. By (6) we may write 

2 = E[cos {e + 2 ^) 1 -) + i sin {B + 2 jfc 7 r)], (12) 

where k is zero or any other integer, and where we may suppose 
B to be the smallest nonnegative amplitude of z. Bv (10) and 
( 11 ), 

r’*(cos nip + i sin mp) = R[cos (B + 2kTr) + i sin {6 + 2A:t)]. 
Hence 

r = R^’', ip = ( 13 ) 

where denotes the positive real nth root of 22. It follows 
that 

y) = — 'yyz = 22^/"^cos 

By assigning to k the values 0, 1, 2, • • * , n — 1, we obtain n 
distinct complex numbers, each of which is an nth root of z. 
If we assign to k any other positive or 
negative integral value, the resulting am¬ 
plitude will differ by an integral multiple 
of 27r from an amplitude of one of the above 
roots, and we obtain merely another repre¬ 
sentation of this root. Thus there are 
exactly n distinct nth roots of any nonzero 
complex number. In fact, the points 
representing the nth roots of z all lie on 
a circle of radius and form a regular 
polygon of n sides, one vertex having the amplitude d/n. (See 
Fig. 152.) 

If p/q is any positive rational number, then by (10) and (14), 

cos ^(6 + 2fc7r) + i sin 2(^ -j- 2Jc^) 

(fc = 0, 1, • • • , g - 1) (15) 

This result also holds when p/g is a negative rational number, as 
may be seen by letting p/q = —m and noting that 


z 



Fig. 152 . 
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^ r^[cos 77 i {0 + 2 k7r) + i sin m(6 + 2fc7r)] 

= ?'~”'{cos [ — 7n{d + 2k7r)] + sin [ — m(d + 2A;7r)]}. 

Example 1. Find the 5th roots of 32. 

Since 32 = 32[cos (0 + 2kr) + i sin (0 + 2kir)\, it follows that 


32' 


0 ~}" 


+ i sin 


0 ~1“ S/ctt 


) 


(16) 


By assigning k the values 0,1, 2, 3, and 4 we find that the fifth roots of 32 are 


2, 


( 2“ 2t\ _/ 47r . 47r\ 

2l COS — -r i sm — h 21 cos — + ^ sm — 

{ 6” . . 6t\ J Stt . SttN 

(cos ™ -r 1 sin t" 2 l cos ^ 

In See. 8 we shall define the symbol by the formula 

z = re'^ — r(cos 6 i sin d), (17) 


and we shall show that re'® is subject to the v/ell-known laws of 
e.xponents. In particular, 

(rie‘®i)0'2C'®=) = rir2e'<®i+®!’. 

This re.sult brings out the fact that we are merely restating a law 
of exponents when we saj’’ that “in multiplying complex numbers 
we add amplitudes” [cf. comment following (7)]. Likewise, 
the significance of ditision and the taking of powers or roots is 
made clear from the relations 










EXERCISES I 

1 . Prove relations (3j to (7) and (13) of Sec. 2. State these relations in 
words. 

2. Show that (Pi(z) = (z -{- z*)/2 and that ^{z) = {z ~ z'^)l2i. 

3. Show that Ui — zl] is equal to the distance between the points 
representing Zi and z^. 

4. Prove relations (4) of Sec. 3. [Hint: Use (2).] Show that 


and that 


lZlZ2 - • * Zn| = iZli ■ \Z2\ 


i^’*! = izr. 


5. Prove relation (3) of Sec. 3. 


(n a positive integer) 
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7. (a) If == 2 + 3^* and 2-2 = 5- 7i, find zi + sa, zi - ;S 2 , ^ 1 : 22 , and 
21 / 22 . Verify your results by graphical constructions. 

(b) Repeat part (a) with 21 = — 1 + 2i and 02 = —2 — i. 

8. Find the modulus and amplitude of: 

1 + i\^S, —7, — 24 — 23^. Represent these results graphically. 

9. Find by numerical and graphical methods: (3 — ( —1 

(1 — (1 + 

10. Find by numerical andjgraphmal methods the n nth roots in each of the 

foll owing cases: \/l, 'V/^128, -8, '>^'^2-b 3i, 

-^4 - 7L 

11. Plot the numbers zi = zo = Se^Tri/s^ 2 : 1 ^ 2 , si Si/sl 

Si -|- 22) 2i — 22. 

12. If Wi, W 2 , and 1 are the three cube roots of 1, show that ii'i = w‘" 

w\ — U'i, 1 + + W 2 = 0. 

13. Let 2 be represented by the vector OP. Show that the operation of 
multiplying 2 by i may be interpreted as rotating OP counterclockwise 


through the angle 7r/2 without changing the length of OP. Interpret the 
operation of multiplying 2 by: —1; a positive real number a; a negative 
real number a; —i;bi {h real, positive or negative); 2 + f; a + hf; re^^. 

14. An airplane is flying in a horizontal plane and is headed due north. 
Its airspeed is 175 miles an hour and it is being carried to the east of north 
by a wind blowing in the direction of northeast at 50 miles an hour. Find 
an expression of the form z = x -h iy for the resultant velocity of the air¬ 
plane. Express the resultant speed and direction in 
terms of 2 , and find these quantities numerically. 

15. Let P denote a point on the circumference of a 
wheel 3 ft. in radius. The wheel rotates about its 
center at the rate of 120 r.p.m. Find an expression 
of the form 2 = a -{-bi for the position of the point 
P at any time if at Z =0 seconds, P lies on the a:-axis. Also, find a similar 
expression for the velocity of P at any time. 

16. If in problem 15, Q and R are points on the line OP 30 and 40 in., 
respectively, from 0, find expressions for the position and velocity of Q 



Fig. 153. 


and R at any time. 

17. Suppose that the w^heel in problem 15 is a car wheel and that it rolls 



Fig. 154. 


along a tangent straight track at a uniform rate of 75 m.p.h. 
Find expressions for the position and velocity of Q, P, and R. 

18. On the inner side of the wheel in Exs. 15 and 17 is 
mounted a circular gear with its center at the center of the 
wheel and an effective radius of 30 in. A smaller gear of 
effective radius 8 in. is mounted with center on a vertical 
line through 0 and is enmeshed with the larger gear. Find 
an expression for the position and velocity of a point iS on 


the circumference of the smaller gear under the assumption of problem lo; 


also under the assumption of problem 17. 
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PART B. FUNCTIONS OF A COMPLEX VARIABLE 

4. Functions. The definitions of a complex variable and of a 
function of a complex variable are quite similar to the definitions 
given in Chap. I, Sec. 2 for a real variable and for a function of a 
real variable. 

A complex variable is a symbol having complex numbers for 
values. 

If a complex variable w has one or more complex values for 
each value of the complex variable 2 ; in some subset D of the set 
of all complex numbers, then this variable w is called a complex 
function of z defined over D. If to each value of z in D, there 
corresponds exactly one value of the variable w, then w is called 
a single-valued complex function of z defined over D. 

A polynomial (rational integral'^ function) in the complex varia¬ 
ble ^ is a function of z of the form 

anS” + (1) 

where Cn, Un-i, * • • , ao are complex constants and n is a positive 
integer or zero; if Un 0, the polynomial is said to be of degree n. 

By a ratio7ial (fractional) function of z is meant the quotient of 
two polynomials in z ha\dng no common factor, i.e., a function w 
of the form 

_ + + Up 

^ bmZ”" + + + 2>0 

where m and n may be any two nonnegative integers. 

While a polynomial is defined for all values of z, the region of 
definition of the rational function (2) cannot include points where 
the denominator vanishes. 

All algebraic complex functions which are not rational are called 
irrational functions. 

Let go( 2 ), ^ 1 ( 2 ), - • • , g«(z) be polynomials in z. The equation 

go(z)y)”- + gi(z)w”’-^'^ + g2(z)w^-^ + + gn(z) = 0 ( 3 ) 

is said to be reducible if it is possible to express the left member 
of (3) as the product of two polynomials P and Q with complex 
coefficients, where neither P nor Q is merely a constant.' Equa- 

* An integral function is sometimes called entire, since such a function is 
defined everywhere over the entire 2:-plane. 



Sec, 4] 


FUNCTIONS OF A COMPLEX VARIABLE 


569 


tion (3) is said to be irreducible if it is not reducible. We say that 
ty is a complex algebraic Junction of z when w and z are related 
by an irreducible equation of the form (3). 

Evidently, all rational functions w are algebraic functions. 
All nonalgebraic functions are called transcendental For exam¬ 
ple, it is known that the logarithmic and trigonometric functions 
are transcendental. 

If to is a complex function oi z — x + iy, say w = then 
w can be expressed in the form w = u(x, y) + iv(x, y), where u 
and V are real functions of x and y. That this is true is evident, 
for if + iVj where ly is a function oi z = x + iy, then w, 

and hence u and must be determined for each pair of values 
of x and y in the domain of definition of w. For example, if 
w == 1/(2! — 1) and z = X iy^ then 

1 1 
qn = ___ 

(x + iy) - 1 (a: - 1) + iy 

(x - 1)^ + y^-^\{x - 1)^ + y^- 

Conversely, every expression of the form w = uix, y) + iv(x, y) 
represents a function of z x + iy, for the determination 
of z implies the determination of x and y, the determination 
of the functions u and and hence the determination of w. Thus 
(^2 __ ^ 2 ) _j_ i(2xy) = (a; + iy)- and x — iy are functions of 
^ X + iy. (W"e shall show in a later section that x — iy is 
not a rational function of z == x + iy.) 

Suppose w = f{z) = u + ivj where z = x + iy. If one at¬ 
tempts to graph w as a function of z, a figure in four dimensions 
is suggested by the presence of the four variables x, y, u, v. 
However, it is customary to represent the values of z = x + iy 
by points in a s-plane with coordinates x and y, and to represent 
corresponding values ofw^ f(z) = u + iv by points in a uj-plane 
with coordinates u and v. Thus, in Fig. 155, the point (1, 2) 
in the 2 ;-plane and the point (—3, 4) in the ^^;-plane represent a 
pair of corresponding values of z ^ x + iy and w = z-. Again, 
if z varies so as to trace out some path in the 2 !-plane, then w 
varies in a corresponding manner to trace out a path in the 
ti?--plane. Since \z — 20 1 represents the distance from z to zn 
(see Ex. I, 3), the condition |2 - 2 !o| < 5 implies that 2 lies in a 
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circle with center z and radius 5; the condition \w ?^o| < e 
admits of a similar interpretation in the t(;-plane. 




5. Limits and Continuity. The concepts of limit and corn 
tinuity carry over directly from real variables to complex 
variables. 

Definition 5.1. If }{z) is a complex single-valued function of 
the complex varioble z, if Wq and Zo are complex numbers, and if for 
each preassigned positive number e there exists a positive number 5 
such that \f{z) — Wq\ < efor all values of zfor which 0 < |2: — 2:o| < 8, 
then ivo is denoted by lim f{z), and- is referred to as the limit of 

3-^ZO 

fiz) as Zo. 

We leave it to the student in Ex. II, 2, to interpret this defini¬ 
tion geometrically vdth the aid of Fig. 155. As in the case 
of real variables, this definition implies that f(z) is defined over 
some circle about so as center (except for Zo itself). This, defini¬ 
tion may be extended in the manner indicated in Ex. IV, 27, of 
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Chap. I, and we shall make free use of this extension wherever 
occasion arises. 

As an immediate consequence of Definition 5.1 we have 
Theorem 5.1. A necessary and sufficient condition that 
'W = /(^) = y) + iv(x, y) have the limit Wq ^ Uq + iva as 
z = X + iy approaches the limit Zq = xo + iyo is that 

lim u — Uo and lim v = vq. 

x—^xo,y—^yQ x—*XQ,y--*yQ 

Definition 5.2. If f(z) is a complex single-valued function of 

s, and if {1) fiz^) exists, (2) lim f(z) exists, and (3) lim f (z) = /(^o), 

2—>20 2—>20 

then f is said to he continuous at z = Zq, If f{z) is contin uous at 
each point z of some subset D of the set of all complex nurnhers, then 
f{z) is said to he continuous over D. If f(z) is not continuous at 
z = Zq, then f{z) is said to he discontinuous at z — zq, and Zq is 
called a point of discontinuity of f{z). 

As an immediate consequence of this definition we have 
Theorem 5.2.•'* A function f{z) is continuous at z — zq vjhen and 
only when (1) f{zo) exists, and (2) for each positive number e there 
exists a positive number 5 such that 

\f{z) -/(^o)l < € when - 2:o| < d. 

This theorem is sometimes taken as the definition of continuity 
of f{z) at s == 2 : 0 .% 

As an analogue of Theorem 5.1 we have 

Theorem 5.3. If z = x iy, n necessary and sufficieiii condi¬ 
tion thatf{z) = u{x, y) + iv{x, y) be continuous at z = Zq = xq + iyo 
is that u{x, y) and v{x, y) be continuous at the point {xo, yf), 

A neighborhood of a point Zq may be defined as in Sec. 15 of 
Chap. I. We leave to the reader the proof of 
Theorem 5.4. If f{z) is continuous at some point zo and if 
f(zo) 0, then there exists a neighborhood N of Zq over which 
f\z) 7 ^ 0 . 

Suppose f{z) is continuous at each point of some region D. 
Let 20 be a point of D. Then, e being any arbitrarily selected 
positive number, there exists a positive number 5, depending in 
general upon e and Zq, such that 


|/(^) -/(^ 0)1 <6 


when \z — 2:o| < 5. 


( 1 ) 
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For a fixed €, the value of d may decrease if some other point zi 
of D is used instead of Zo, and 3 may further decrease at another 
point Zo. In fact, it may be necessary to so restrict the value of 8 
that, as 20 ranges over D, 5 becomes arbitrarily small. However, 
if it is the case that, for any value of e, there always exists a fixed 
8 independent of Zq in D, and for which (1) holds, then we say that 
f{z) is uniformly continuous over D. 

Let J2 be a set of points in the 2 -plane. If there exists a posi¬ 
tive number d such that j^l < d for every point of R, then R is 
said to be hounded. A simple closed curve C in the 2 -plane is a 
continuous curve which divides the 2 -plane into exactly two parts, 
one of which is boundedj the bounded part, together with the 
bounding curve C, is called a closed region. (This concept may 
be described in many other ways, but we shall not go into the 
matter here.) 

The following theorem is an extension of Theorem 8.7 of Chap. 
IX, and may be proved in the same manner as this latter theorem. 

Theorem 5.5. If a function f(z) of a complex variable z is 
continuous over a hounded closed region D, then it is uniformly 
continuous over D. 

The following two theorems follow directly from Theorem 8.3 
of Chap. IX. 

Theorem 5.6. If f{z) is continuous throughout hounded 
closed region D, then there exists a positive number M such that for 
all values of z in D, \f(z) | < M. 

Theorem 5.7. If f(z) is continuous throughout a hounded closed 
region D, then \f{z)\ has a finite least upper hound U in D, and 
1 /( 2 )! actually attains the value U at some point zo of D. 


EXERCISES n 

1. Prove Theorems 5.1, 5.2, and 5.3. 

2. Translate Definition 5.1 into geometric language. 

3. Find the limit of f{z) s (x^ — Zxy^) -h iidx^y — y^) as z approaches 
5 - ZL 

4. Prove that fiz) = log (a:® -f* y^) + i arc tan ^ is- continuous for 
all finite values of 2 = x except 2 = 0 . 

5. Let Sn ^x + 2 /^ ““ == 0, ^ = 1, 2, 3, * • • , be a sequence 

of circles. Prove lim Sn exists and is the origin. 

n—)--f- « 
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6. Prove that every polynomial in 2 is uniformly continuous in any given 
bounded region. 

7. Let fiz) = ( 2 ^ -f l)/(2^ — 1). Prove that in the region bounded by 

3.2 _j_ 2/2 = I, 1 /( 2 )! has a finite least upper bound. Does \f(z)\ have a finite 
upper bound within the region bounded hj — I? Discuss. 

8. Give a geometric interpretation to the notion of uniform continuity. 

6. Analytic Functions. We shall define the derivative of a 
function f{z) of a complex variable z in much the same manner 
as we did for a function of a real variable. 

Definition 6.1. Let f(z) denote a complex, single-valued func¬ 
tion of z. The derivative of f{z) with respect to z is defined to be 
that function f(z) of z such that 

f{zo) = ( 1 ) 

Az-^0 Lz 

at all points z^ where the limit exists, and such that f{z) is defined 
for no other values of z. 

The laws for differentiating functions of real variables can 
easily be extended without modification to functions of a complex 
variable. That this may be expected follows from the fact that 
these laws depend, when the functions are suitably defined, 
upon the general theory of limits which, as we have seen above, 
hold equally well in the real and the complex number fields. 
For example, 

Dziwi + W 2 ) == DzWi + D^wt, DzW^ = nw^-^D.w, etc. 

(See Sec. 5 of Chap. I, relations 1 to 22.) 

The definition of the differentials dz == dx + i dy and dw, where 
w = f{z), are made in much the same manner as in the theory of 
real variables. The higher derivatives and differentials follow 
as in the theory of real variables. 

Definition 6.2. A single-valued complex function f{z) of the 
complex variable z is said to be analytic throughout a region D if 
f(z) has a derivative at every point of D, 

Different writers have used, with various modifications, the 
terms monogenic, holomorphic, and regular in the sense that we 
have used the term analytic. 

While there is a close analogy between the rules for differentia¬ 
tion in the real and complex fields, there is an important distinc¬ 
tion between the two cases in respect to the type of limit involved. 
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Since z = x + iy, the increment Az in z is Az — Ax + i Ay. 
In order that Az 0 both Ax and Ay must approach zero. We are 
thus faced with a double limit in the case of a complex variable. 
In order that the derivative of a function /(z) exist at a point Zo, 
the difierence quotient [/(zo + Az) - /(zo)]/Az must have the same 
limit no matter how Ax and Ay approach zero. There are many- 
simple functions which do not have a derivative at any point. 
For instance, f(z) ~ x — iy is such a function, since the limit 
of the quotient 

/(z + Az) - /(z) _ \( x + Ax) - ijy + Ay)] - [x - iy] 

Ax i Ay 

_ Az — i Ay 
~ Ax i Ay 

is dependent on the manner in which Ax and Ay approach zero. 
(For if we make Ay —^ 0 and then Ax ^ 0, then the limit of the 
diSerence quotient is +1, but if Az —> 0 first and then Ay —>• 0, 
the lunit is -1.) We are thus led to the conclusion that the 
condition that a complex function /(z) be analytic is far more 
restrictive than is apparent. However, it is due principally to 
this particular restriction that so many fruitful results appear. 
.■\uah*tic functions have many properties not possessed by com¬ 
plex functions in general. In the sections to follow many of these 
properties will be developed. 

We shall now develop necessary conditions in order that 
fiz) = u(x, y) + iv{x, y) be analytic, where z = z + iy. Sup¬ 
pose we first let Ay = 0 and then let Az 0. We find that 


dz 


(Af\ df du . dv 


( 2 ) 


Next, suppose we first let Az = 0 and then Ay ^ 0. We obtain 


lim + 

clz AziJS^-^o\Az/i z dy ildy dy_ 


dv _ 
dy ^dy- 


( 3 ) 


This leads us to the conclusion that if /(z) is analytic, then 
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From this, we have 

du dv du dv 

dx dy by dx ^ 

This proves 

Theorem 6.1. A necessary condition that f(z) = u + iv he 
analytic at zo = Xq + iy^) is that Eqs. (5) he satisfied at Zq. 

Equations (5) are known as the Cauchy-Riema7in differential 
equations or conditions. 

We shall now inquire as to sufficient conditions that f{z) be 
analytic. Since Eqs. (5) arose merely from the fact that the 
limit of Af/Az is the same for two particular ways in which As 
was made to approach zero, it does not necessarily follow that 
Eqs. (5) give sufficient conditions that/( 2 :) be analytic. We now 
prove 

Theorem 6.2. If the four first 'partial derivatives of u and v 
exist throughout a region D, and are continuous at all points of D, 
then the validity of the Cauchy-Riemann conditions is both a neces¬ 
sary and sufficient condition for f{z) = u + iv to he analytic 
throughout D. 

From the assumptions on the existence of the first partial 
derivatives and their continuity, we find with the aid of the 
theorem of the mean, 

Au = u(xo + Ax, yo + Ay) - u(xo, yf) 

= Ux{xq + di • Ax, 2/0 + Ay) Ax + Uy{xQ, 2/o + ^2 * Ay) Ay, 

(0 < 01 < 1 , 0 < 0-2 < 1 ) 

= [i(x(xq, yo) + 6i] A:r + [Uy{xo, yo) + ? 7 i] Ay, 


and 

yo) + €2] Ax + [Vy{xo, yo) + r?.] Ay, 
Then making use of Eq. (5), we find 

Au + i Av = Cux + ivx){Ax + i Ay) -f P, 

where 

p = [(ei + ief) Air + (t?! + '^V2) Ay], 

Hence 


f(zo + Az) — fjzp) ^ Au + i Av 
Az ~ Ax + i Ay 


— (Ux "b i'Ox) “b 


P 

Ax + i Ay 
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Now i-r- ^ |€i + |€2l + kil + M ^ >0. 

\Ax + iAy 

Hence f{z) is analytic at Zq. 

The necessity of the condition follows at once from the defini¬ 
tion of analyticity. 

Theorem 6.3. If f{z) is analytic throughout D, not only the 
first partial derivatives of u and hut also those of higher orders all 
exist throughout D. 

liVe must postpone the proof of this theorem to Sec. 15. 
Theorem 6.4. A necessary condition that u + iv he analytic- 
in a region D is that in D, u and v satisfy Laplace^s equation, i.e,, 


d-u , dfu 


0 , 


and 


dH , Q 

dx‘^ dy^ 


If u + iv is analytic, dujdx = dv/dy and du/dy = -dvfdx. 
By Theorem 6.3, we are assured of the existence of the higher 
partial derivatives of u and v. Differentiating, we see 

d (djf ^ 
dx^x) ■” dx\dyl dy\dyj dy\ dxfi 


so that 

dx^ dy‘^ dx dy dy dx 


A similar proof holds with regard to v. 

This theorem shows that, df we wish to construct an analytic 
function u + iv, we must select for u and v solutions of Laplace’s 
equation. 

If u is chosen so as to satisfy Laplace’s equation, then we may 
obtain v so that u + iv is analytic from the real line integral 


Vi 



du ^ , du 



Since the value of this integral is independent of the path con¬ 
necting {xq, 2/o) and {x, y), it follows from Theorem 18.13 of 
Chap. II that dvi/dx = —dufdy and dvi/dy = du/dx. Thus 
u + ivi satisfies the conditions for analyticity and v\ is a possible 
value for y. We shall leave it as an exercise to show that for a 
given u, il u + iv is to be analytic, every possible v must have 
the form vi + c, where is a constant. 

If is a solution of Laplace’s equation, having second partial 
derivatives, then u is called a harmonic function, and vi is called 
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its harmonic conjugate. This terminology appears in physical 
as well as mathematical literature. The Laplace differential 
equation is of great importance in theoretical physics and 
engineering. 


EXERCISES m 


1. Verify the rales for differentiation, given in Sec. 5 of Chap. I, directly 
from Definition 6.1. 

2. Define the differential of w, where w — f{z). 

3. If 2 = rc + yij where x = <t>{t),y = and where i is a real variable, 

show that dz = [<^'(0 + dt. 

4. Prove that w = — y^ 4- i(2xy) is analytic everj^here in any finite 

region of the s-plane; also for w — 2 ^; for 

w = (x^ “ 6x^y^ -f y^) -j- i(4x^y — 4xy^). 


5. Prove that iifiiz) and f^iz) are analytic in D, then so isfi(z) + 72 ( 2 ); 

fi{z) ‘ except at those points for which/oCs) = 0. 

6. Prove that if f{w) is analytic in some neighborhood Ni of Woj and if 
w = 0 ( 2 ) is analytic in some neighborhood Va of zo, then f[^{z)] is an 
analytic function of z in some neighborhood of zq. 

7. Prove that any rational function of z is analytic except at those points 
where the denominator vanishes. 

8. If f(z) ~ (Si (z) = X, show that / is not analytic. 

9. li f(z) = + ^ 2 ^ show that the Cauchy-Riemann equations 

are satisfied only at 2 = 0. Is / analytic? 

10. Is Zx — Ziy an analytic function of z = x -p iy^ 

11. Given u ~ x^ — y^. Find a function v so that u -|- iv is analytic. 


at., at. ^ r 
Ans. V — I — dx d'y ~ I 
Jsc(i,y<j dy dx ^xo 

12. Find v so that u -f- iv is analytic if: 


2y dx + 2a; dt/ = 2xy — 2a;oyo. 


(a) u == loge v x^ + 2/^- ^ yjx A- c. 

(b) u — x/(x^ -f t/2). Ans. w = I/ 2 . 

13. Find where the following functions of z are continuous: 


(a) 2 *, (b) 


2 + 2 * 

1 + i^r 


(c) 


2^ +2* 


14. Examine each of the functions given in Ex. 13 for differentiability. 

15. Given f{z) = Show that the Cauchy-Riemann equations 

are satisfied at 2 = 6, but that/( 2 ) has no derivative at 2 = 0. 

16. Given j{z) = z ^ 0, /(O) = 0. Show that as 

a;2 -H y^ 

~/( 0 ) 


a;2 + 2 /* 

2-^0 along any straight line, 

\m -m 


- -^0; 


that as 2 —>■ 0 along 


, that 


1. Is f{z) analytic at 2 =0? 
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17. Given /(z) = when z 7^ 0, /(O) = 0. Show that / is- analytic 

for all finite values of z except z = 0. [Hint: examine the behavior of f{z) 
as r +0 with z = 

18. Prove the assertion left as an exercise near the end of Sec. 6 . 

19. Show that the curves u = const, and v = const, are orthogonal when 
u and V are conjugate. Illustrate with the aid of Ex. 11. 

20. Prove: (a) The transformation 

+ o*' 

where a and ^ are an^^ two complex numbers satisfying the relation 
aa* — jS/ 3 * = 1 , transforms the circumference of the unit circle into itself 
and the interior of the circle into itself. 

(b) If — aa* = 1 , the transformation maps the interior of the circle 
into the exterior. 

maps the circles with 

centers at the origin and the straight lines through the origin of the z-plane 
into confocal ellipses and hyperbolas, respectively, in the t(;-plane. 

... . 2^1 — Z 3 Zi — Z 4 

22 . If zu 22 , S 3 , 2 'i be any four distinct points, then - -f--- 

Z2 — Zi 22 — 24 

is known as their cross ratio. Prove that the cross ratio is absolutely 
invariant (unaltered) by every transformation of the form 


21 . Prove: The transformation w 




1 

z +- 
z 


{az + 

(72 -r 6 ) 


{ad — ^y) 7 ^ 0 . 


23. The general linear transformation is 


w 


az -\-h 
C2 “h d 


when a, 6 , c, d are constants and ad — he 9 ^ 0 . 

(a) Prove that all circles and straight lines in the z-plane are transformed 
by this relation into straight lines and circles in the ly-plane. 

(b) The points for which z — w are called fixed or invariant points. Prove 
that there are two invariant points associated with the transformation given 
above. Are they always distinct? 

(c) Prove that the family of circles through the two fixed points and the 
family of circles orthogonal to them transform into themselves. 

24. Solve the equation 


22 + 42 + 7 - 0. 

25. The impedance Z of a certain electric-circuit element containing 
resistance R and reactance X is frequently expressed in the form 

Z = R -b Xi, 
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when the impressed e.m.f. is sinusoidal and of a definite frequency. R is 
always positive. If two such elements of impedance zi and so, respectively, 
are connected in series the impedance Z equivalent to the two impedances in 
series is Z = zi 22 ; but if the elements are con¬ 
nected in parallel, the impedance Z equivalent to the 
two impedances in parallel is given by the relation 



1 1 1 

_ _ { - 

Z Zi Z2 

Let three circuit elements subject to a 60-cycle e.m.f. 
have impedances zi = 11 -f 820f, 22 — 25 - 1 - 302 , 

Zz — 7 — 35002, respectively: 

(a) Find impedance equivalent to zi and 22 in series. 

(b) Find impedance equivalent to zi and 22 in 
parallel. 

(c) Find impedance equivalent to 21 , 22 , and 23 in 
series. 

(d) Find impedance equivalent to 21 , 22 , and 23 in parallel. 

(e) Find impedance equivalent to 21 in series with 22 and 23 in parallel. 
Note : In electrical engineering many writers use j in place of 2 , in order 

to reserve the use of 2 for current. 

26. In the computation in connection with transmission line problems 


r EHHh 
© I 

L i 

Series Connection 


Parallel Connection 
Fig. 156. 


it is frequently necessary to find the values of's/ZY and 's/ZJY, where Z 
is the series impedance of the line and Y the admittance of the line to ground. 
Suppose that for a 25 cycle line, Z = 0.275 0.562 and 


Y = (1.78)10-8 -f- (4.57)10-82. 

Find 's/ZY and 's/zJy. 

27. In both electrical and mechanical work the complex number 

is of great utility.* If A, w and d are constants and t is time, this complex 
number is often called a rotating vector. Prove: 

(a) That this vector is of constant length and rotates uniformly with 
frequency / = oi/2T. 

(b) The product of any two rotating vectors is a rotating vector with 
frequency equal to the sum of the frequencies of the two vectors. 

(c) State and prove a theorem similar to (b) for the quotient of two 
rotating vectors. 

(d) The sum or difference of two rotating vectors of the same frequency 
is a rotating vector of that frequency. 

(e) Is (d) true with the word same removed? 

28. (a) Find the frequency of each of the rotating vectors: 

2-1 = 22 = 15giCl57f-45°)^ ^3 = 3eiCl570^ 

(b) Express each of the following in the form of a rotating vector; (1) 
-h Z2, (2) zi — Z2, (3) ziZ2j (4) 21 / 22 , (5) S 223 , (6) S 2 /S 3 . 

* Some writers use A \cot d in place of 
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29. Find the rotating vectors having the following properties: 

(a) Real component is 5 cos (Z77t — 30°). 

(b) Imaginary component is 12 sin (63i + 45°). 

(c) Real component is 7 sin (1571 — 37°). 

(d) Imaginary component is 3 cos (157i -f 21°). 

7. Certain Elementary Functions. In this section we shall 
extend the definitions of certain elementary real functions 
e^, sin a:, • • - to the field of analytic functions of a complex 
variable. 

The Exponential Function e\ In extending the definition of 
for complex values of z, where e — 2.718 * • * is the natural 
base of logarithms, we wish: (i) e"" to be the real function when 
2 is a real number x] furthermore, we wish to preserve as far as 
possible the familiar properties enjoyed by namely, that (ii) 
for every z ^ x + iy^ e^ = u + iv be single-valued and analytic; 
(iii) that de^/'dz = e^. 

The last requirement implies by (2) of Sec. 6 that 


d{u + iv) 
dx 


u + iVj 


or 


du 


ax 


u, 



A solution of the first of these differential equations is evi¬ 
dently of the form u = e^(p{y). By (ii), du/dy = —dv/dXj and 
dv/dx = V, so that 

du d<p{y) 

dy dy 

Substituting these values of u and v in the equation 

du _ dv 
dx dy 


and dividing by we have 


dMy) 

dy^ 


+ <p{y) — 0 . 


From the theory of differential equations we know that tp{y) 
must be of the form 


(p{y) = Cl cos 2 / + C 2 sin y, 
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u = e^<(i{y) = e*(ci cos 2 / + Ca sin y), 
d<fi(v) , 

V = ~ = e^(ci sin y — c^. cos y). 

By property (i), if z = x, = u + iv must be equal to e®, so 
that when ?/ = 0, 

d-o - 

so that Cl = 1 and C 2 = 0. We have now shown that 


u — cos 2/, V — sin 7 /, 

and 

— c'"[cos y i sin y], (1) 

We shall take formula (1) as the definition of e\ 

From (1), we see that c^i +^2 = e^i • where Zy Xi + iyi 
and Z 2 = X 2 + iy 2 j for 

e^i • 6^2 = [e^'iCcos yi + i sin 2 /i)][ 6 ® 2 (cos 2/2 + i sin 2 / 2 )] 

= e^:+^ 2 [cos ( 2/1 + 2 / 2 ) + i sin ( 2/1 + 2 / 2 )] == 

By setting a: = 0 in (1), we have 

e'^y = cos 2 / + ^ sin 2 /. (2) 


It is easy to show that the function is periodic, with period 
2 ^ 1 ] i.e., that is also of the period 2mri 

where n is any integer, but has no other periods. To show 
this, suppose p = pi + ^'^2 is a period of e^. Then = c®. 
Dividing by e^, we have = 1. Hence 

QP^+Poi = ePi(cos p 2 + i sin P 2 ) = 1, 

so that P 2 = 2n7r, pi = 0, and p = pi + ^ 2 ^ == 2mrL 
Replacing y hj {—y) in (2), we find 

e'-^y = cos 2 / — i sin y. (3) 


From (2) and (3), we see that 

e^y + e-^y 


Qiy ^ Q-iy 

2i 


cos y = 


o 


Sin y = 


(4) 
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The Trigonometric Functions. We shall use formulas (4), which 
hold for y real, to define the trigonometric functions cos z and 
sin z: 


"h e 

cos z = 


sin z = 



(5) 


It is easy to show that 

cos z = cosh y cos x — i sinh y sin 
sin z — cosh y sin x + i sinh y cos x. 


( 6 ) 


Since is single-valued and continuous for all z, it follows from 
Definition 5.2 and definitions (5) that cos z and sin z are single¬ 
valued and continuous everywhere. 

Let cos 2 = t/. + iv. From (6), 

u = cosh y cos x, v — —sinh y sin x. 

Evidently, u and v have continuous first partial derivatives 
'which satisfy the Cauchy-Riemann equations 


du . , dv du , . dv 

dy ^ dx' dx ^ By 

so we see that cos z is analytic everywhere. 

From (5) a large number of trigonometric identities may be 
derived. For example, 

cos- z + sin^ 2 = 1 , 

sin {zi 22 ) = sin 21 cos + cos Zi sin 22 . ^ 


It is easy to show that cos 2 and sin 2 have the period 2nT, 
w^here ?i is any integer, but have no other periods. 

We define the other trigonometric functions of 2 as follows: 


tan 2 


ctn 2 = 


cos 2 


sin 2 

cos 2 sin 2 

The Logarithmic Function. 


sec 2 = 


CSC 2 


( 8 ) 


COS 2 sm 2 

We define the logarithm of 
z = X + iy to be that function w ^ log z w^hich satisfies the 
exponential equation = 2 . Let w u + iv, and let 2 = 
where p and 6 may be found from z = x iy. Then 


= 


= 2 




(9) 


Hence = p 


(p > 0) and V == 6. Thus 
= log 2 = log p + iO. 


( 10 ) 
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Let 01 , 0 ^ 01 < 27r, be the principal amplitude of z. Then z 
has the amplitudes 0 = 0i + 2mr, where n is any integer. Since 
= pe'^[^i+2n7r] _ have 

-w; = log 2 = log p + i{ei + 2n7r). (11) 

Thus, the logarithmic function is infinitely many-valued and is 
defined for all values of z except 2 ; = 0. We call log p + ^01 the 
principal value of log z. 

If in (11) we restrict n to a particular value, w is then a particu¬ 
lar branch of the logarithmic function which is single-valued 
and continuous in the interior of every region not containing 
z — 0 nor the positive :r-axis (since 0i ranges from 0 to 27 r). 
We shall now show that such a branch is analytic. Now 

dz de'^ 
d^ ~ d^ " 

so that 

div 1 
dz dz/div z 

Thus, w = log z has a derivative at every point for which a branch 
of this function has been defined. 

The logarithms of the positive real numbers are special cases of 
those of the complex numbers, namely, those cases in which the 
amplitude 0i = 0. The logarithms of the negative real numbers 
may now be given an interpretation. If 21 is a negative real 
number — jB, then the corresponding amplitude 0i = x, so that 

log ( —i2) = log p + mx. 

Thus, log ( — 1) = log 1 -b irnr = iuT] log ( — 4) = log 4 + inw) 
* • • which are all representable as definite sets of points in the 
complex plane. 

The function log z obeys the usual laws for real variables: 

log ( 2 ;i 2 : 2 ) = log zi + log 22 , (12) 

log z^’ = a log Zj (13) 

vrhere a is any complex number. The proof of (12) is quite 
short: 

log 2:1 + log Z 2 ~ (log Pi + mi0i) + (log P 2 + W 202 ) 

= (log Pi + log P 2 ) + i(nidi + ?i 202 ) 

= log P 1 P 2 + ^*(^101 + ^202) = log {ZtZ^), 
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since for each choice of ni and 712 there is a value of log ( 2 : 12 : 2 ). 
We shall define 2 ;% where a is any complex number, as 

2 :^ = (14) 

Since log z is infinitely many-valued, so is unless a is a rational 
real number. 

We shall define a*, where a and z are complex numbers, as 

= e- log a, 

which in general is infinitely many-valued. We shall agree in 
any particular case as to the particular value we mean. 

We define w = sin"^ to be a solution of 

Qiw _ Q—iw 

2 ; = sin -w? = (15) 

Solving (15) for we have 

= { 2 : ± Vl (16) 

From this we find, upon taking logarithms, that 

w = ’-i log {iz ± -v/T — 25^) = sin“^ 2 :, (17) 

w — i log {—iz ± V" 1 — ^2) = sin“^ z. 

Similar definitions may be given for cos”^ tan“^ 2 ;, etc. 

EXERCISES IV 

1 . Prove that — e® • e^y. 

2 . Prove that ~ ^z+znri — where n is any integer. 

3. Show from definitions ( 1 ) and ( 5 ) that 

(a) cos z = cosh y cos x — i sinh y sin x. 

(b) sin 2 : = cosh ?/ sin 2 : -}- i sinh y cos x. 

[Recall that cosh 2 / = (c« + e“^')/ 2 , sinh y = {ey - e^y) /2], 

4. Prove that sin z is analytic everywhere. 

5. Prove that the functions defined by (5) coincide with the real trig¬ 
onometric functions cos x and sin x, when z = x. 

6 . Prove relations (7). 

7. Prove cos [z -f (x/ 2 )] = — sin z. 

8 . Prove cos (z -f 2 nx) == cos z; sin (z -}- 2 n 7 r) = sin z. 

9. Prove that cos z and sin z have no other periods than 27 m, where n 
is any integer. 

10 . From the definitions of the hyperbolic functions cosh z = (e* -|- / 2 , 

sinh 2 == (e* ~ e”*)/ 2 , tanh z = (sinh z)/(cosh z), etc., 

Prove: cosh z = cos zz, sinh z = i sin fz, 

cosh* z - sinh* z = 1 , sech* z + tanh* z = 1 , ctnh* z - csch* z = 1 . 
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11 . Prove that the hyperbolic functions cosh z and sinh z defined in 
Ex. ( 10 ) are analytic. Are tanh 2, ctnh 2, csch 2, sech 2 everyvrhere analytic? 

12 . The hyperbolic functions are periodic. Find all their periods. 

13 . Show that cosh (21 + 22) = cosh 21 cosh 22 -}- sinh zi sinh 22. 

14. Given ty = log 2 = log p -f iSi^ where p = \/rc2 + 2 / 2 , and 


61 = tan“^ - 

X 


is a particular amplitude of 2. Show that w is analytic almost everywhere. 

15 . Show that ( 13 ) is true provided that for each value of 2“ log 2“ is 
suitably chosen. 

16 . DefiLne cos“^ 2, tan“i 2. 

17 . (a) Prove that 2 = a; + is the equation of a line parallel to the 
a;-axis. 

(b) What is the corresponding equation of a line parallel to the y-axis? 

(c) Prove that z = x A- i(mx + 5 ) is the equation of a line of slope m. 

(d) Prove that 2 — 20 = is the equation of a circle with center at 20 
and radius a. 

(e) Of what locus is 2 = a; + the equation? 

18 . A point 2 = moves in the 2-plane with r and d functions of the 
time t 

(a) Prove that the velocity of the point at any instant is given by 

2 ~ -f ire^^ • 6 , 

where 2 indicates the derivative of 2 with respect to time t, 

(b) Prove that the acceleration is given by 

2 = _j_ 2 ire^^ • d -{- ire^^ • B — 

(c) Find the x and y components of velocity. 

(d) Find the direction of velocity. 

(e) Find the x and y components of acceleration. 

(f) Find the direction of acceleration. 

(g) Find the radial component of velocity. 

(h) Find the radial component of acceleration, 

(i) Find the component of velocity orthogonal to the radius vector. 

(j) Find the component of acceleration orthogonal to the radius vector. 

19 . The position of a particle in a plane is given by 

z = 


Find by the method of Ex. 18 the velocity and acceleration of the particle 
at time t = tt/S sec. 

20 . Prove that if 2 F(w) is analytic everywhere in a neighborhood of wo, 

, dz 1 

its derivative at that point is given *^7 ^ ^ dwjd z 
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21. Show that w — defines two families of curves cp = ~ 

and = 2xy = xPi, which are orthogonal. (Here (pi and xj/i are constants.) 
Plot these curves. 

22 . Given s = c cos w = c cos (<p + ixp)j where c is a constant. Show that 
the curves xp ~ constant and <p — constant are orthogonal conics with 
common foci at (±c, 0). 

Hint: cos = cos <p cosh ip — i sin (p sinh xp. 

The conics are 

■ 4 - 1 . == 1 . 
cosh- xp c- sinh^ p ’ cos^ (p sin^ ^ 

23. Find at least one value of each of the following and express it in the 
form X + iy- 

(ai (b) (c) (2 - (d) (\/3 -]r iy-^\ (e) i\ 

PART C. COMPLEX INTEGRAL CALCULUS 

8. Indefinite Integral. By an integral of a single-valued 
continuous function jiz) of a complex variable, we shall mean a 
function F{z) such that DJ^{z) =f(z). We shall denote an 
arbitrary integral of f(z) by f f{z) dz, and we call //(s) dz the 
indefinite integral offi(z). 

The various formulas for calculating the indefinite integral 
of a function of a real variable x given in Sec. 4, Chap. II can 
be shown to hold with x replaced by the complex variable z. 
Thus, jz^dz ^ + 1) + C, n -1; etc. 

The reader should note that the above definition is essentially 
that given for the indefinite integral of a real function of a real 
variable. However, while every real single-valued continuous 
function of a real variable has an indefinite integral, it is not true 
that every single-valued continuous function of a complex 
variable has an indefinite integral. In fact, the nonanalytic 
function x — iy of the complex variable z = x + iy is such a 
function; for w^hile x — iy is single-valued and continuous, there 
exists no (analytic) function w = u iv whose derivative is 
equal to a* — iy. To show^ this, suppose dwjdz = x — iy. Then 
dw/dz = dti/dx + i{dv/dx) — x — iy and 

bu dv 

^ = -y- 

If IV is analytic, then by the Cauchy-Riemann conditions, 
dv/dx — —du/dy, so that du/dx = x, and du/dy = y. Forming 
the Laplacian, we have b^u/bx- + b^u/by^^ = 2. Since u does 
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not satisfy Laplace’s equation, u cannot be the real part of an 
analytic function that is, a function having a derivative. 
We then conclude that there exists no function w having x — iy 
for a derivative. 

9. Definite Integral. Consider a continuous arc C connecting 
points *4 and S of a curve defined 


by the equations rr = a(t),y = ^{t), 


where on C, a and (3 are real differ- 

^7 A 

entiable f u n c t i 0 n s 0 f the real / 


variable t. / 

/ 

Suppose that as t varies from the j 


value (a to is, the point {x, y) moves \ 0 

/ 

along C '^smoothly” from A to B. \ 

R / 

Suppose/(^) = u(x, y) + iv{x, y) 


is any complex function of z, con- 1 

1 

tinuous everywhere on C. Select 

Fig. 157. 

any n distinct consecutive points 2 : 0 , 21 , • * • 

, on C, Zq corre- 


spending to A and 5 :^ to B. Kext, consider the sum 


S'n = • (Zk - 2 a - i ), ( 1 ) 

k = l 

where '^k is any point on C between Zk^i and Zk. We call 

n 

lim the complex line integral of f(z) along 

iPi 

the curve C (provided, of course, this limit exists), where 3 is 
the largest of the numbers \zk — Zh-i\ for any particular set of 
points Zq, Si, • • • , Znj and we shall denote this limit by the 
symbol Scf{z) dz. 

To evaluate 80 /( 2 ) dz, let us write 

Tfc = + ivk, Uk = w(&, ^fc), Vk = vi^k, 'nk)y 

n 

Sn = (uh + in){xk + iyk — Xk-i — iyk-i)- 

k = l 

By the theorem of the mean, 

Xk — Xk-i = oc(tk) — ce(4-i) = (x'(dh){tk — tk-i), 

yk — Vk-i = j3(4) — ^(4-i) = P'i'kk)itk — 4-i), 


( 2 ) 
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where U-i ^ ^ h, fe-i 4, so that (2) may be written 


Sn — ^ (uk + ivk)Wi6k) + iP'(4'k)](tk 4-0. (3) 

i=.l 

Since o', Ut, vt, are real and continuous on C, they are all 
uniformly* continuous on C. Hence, if e be an arbitrary posi¬ 
tive number, there exists a positive number 8, such that if 
14 - tk-i\ < 5, then |wta'(fe) - u(xk, y0«'(4)| < e for fc = 1, 
• • • , n. Consequently, as e —> 0 and 5 —> 0, we see that 

n ” 

V Mice'(00 (4 - 4-0 and '^u{xk, yk)a'(tk)(tk - 4-0 
*=1 

both tend to the limit 

£u[a{t),Kt)Wit)dt. 

By a repetition of this argument for the other products in (3), 

■ we find that S„ in (3) approaches the limit 


£(u + iv)la'(f)+0(t)]dt. (4) 

Since ce'(t) dt = dx, ^'{t) dt = dy, we may write' (4) in the form 

fi^) dz = (u -b iv)(dx + idy) 

= j’’’" (udx ~ V dy) + (v dx + u dy)j (5) 

where dz = dx + i dy, Za = value of 2 : at -4, and Zb — value of 
z at B. 

While/( 2 ) was not assumed to be analytic, it is evident that our 
argument and definition is valid for any function f{z) analytic 
everywhere in any region R including the curve C. 

Many of the formulas for real definite integrals hold for 
complex integrals. Thus, we may show that: 


Lfi(z) + Mz)] dz = j^/i(z) dz + f^Mz) dz, 
f^kf{z)dz = hf^f(z) dz, k 2 i constant, 


£y(z) dz +£V(2) dz = £y(z) dz, 


* See Chap. IX, Theorem 8.7 
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where Zb lies on the path C connecting za and Ze, 

dz = 0 , 

J^fiz) dz = dz, 

where C denotes the arc C described in the opposite sense. 

We shall now prove an important inequality. Consider the 
curve C defined by re = ^(0, y = ^{t), where the derivatives 
a'{t) and are real continuous functions of the real variable 
for an appropriate domain of t. By Ex. X, 7, Chap. II, we know 
that the length L of the curve C connecting two points Zi and 
is (if it exists) 

Theorem 9.1. Letjiz) he any complex function {not necessarily 
analytic) of the complex variable z, continuous along C, If along C, 
\f{z)\ is less than or equal to some positive constant ikf, and L is 
the length of the curve connecting Zi and Z2, then 

£ f(z) dz ^ ML. 

c ^ 

Suppose X(0 is any continuous complex function of a real 
variable t. Since ^X(4)(4 “ 4-i) ^ 2^|X(4)1 (^a 

; = 1 k==l 

we find that 

\{t) dt\ g £ ix(<)i dt. 

Consequently, 

H ^ iv)[a'(t) + i/3'(i)] dt\ 

^ dt = ML. 

EXERCISES V 

1. Show that Sekds = Kb - a), where C is any curve connecting z = a 
and z = b. Do this by constructing the sum (3) and then letting n —> + « . 
Note that the result is independent of the path C. 

2. Show that fezdz = i(6® - o®) for all paths connecting z ~ a and 
z — h. 
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3 . Show that fa (dz/z) = 2iri, where C is a circle of radius p with center 
at the origin. (Hint: Let rr = p cos 0 , 2/ = p sin 0, 2: = a; + iy.) 

4. Repeat Ex. 3 for /c 2 ” dz, when n is any integer. 

5 . Let C be a simple closed curve bounding a region D. If 2 ; is interior 
to D show that 


dw 


■ 27 ri, and 


C (iv — 2 ) 

^Hint: Let (w — 2 ) == pe"^. 
What is the value of 


dw 

■ 


0, m = ±1, ±2, 


r_^ 

Jc (w - ; 

Then f-^= 

Je w ~ z Jc P Jc / 


j dw 


hen C encircles z k times? 


2kTri. 


10. Contours. Let x = a(t) and y = ^{t) define a continuous 
arc of a curve over some interval I of t, where a'{t) and p'(t) are 
real continuous functions of the real variable t, 

A continuous curve consisting of only a finite number of arcs 
of the type named will be called a contour. If the end point of the 
last arc is the same as the starting point of the first arc, then the 
contour will be said to be closed. 

Suppose C is a closed contour.- Furthermore, suppose: 
(1) There exists an interval [a, b] such that, if a < ;r < b, then the 
line X ^ X meets C in exactly two points, yi(x) and y 2 {x), with 
yi < yo; a X < a ov X > bj the line z^= x meets C nowhere, (2) 
There exists an interval [c, d] such that if c < y < d, then 
y — y meets C in exactly two points, Xi(y) and X 2 {y), where 
xi < X 2 ; ii y < c OT y > d, y = y meets C now^here. (Such a 
curve bounds an axial region of the type described in Theorem 
17.2 of Chap. II.) A point {x, y) such that y\{x) < x < y 2 {x) 
and Xi(y) < y < x^iy) is said to be interior to C. A point 
not on C and not interior to C is said to be outside or exterior to C. 
A curve meeting all the conditions mentioned above is said to be 
a sunple closed contour or a simple closed curve. * 

The student will no doubt feel that all of this phraseology is 
unnecessary. An accurate study of the matters at hand is 
really quite difficult and is beyond the scope of this book. How¬ 
ever, while the correct statement of many theorems requires the 

^ For a rigorous definition and treatment, see R. L. Moore, ‘‘Foundations 
of Point Set Theory,’' Colloquium Lectures of the American Mathematical 
Society; also see A. Hurwitz and R. Courant, “Funktionentheorie.” 
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greatest care at times, the reader will no doubt find his geo¬ 
metrical intuition an excellent guide and help. 

Many of the theorems to follow and stated for simple closed 
contours are readily extended to a more general class of curves. 
We shall give several examples; (a) If C and C are two simple 
closed curves with one or more common arcs, but C and C 
lying outside each other, we can then form a new closed contour 
C" by deleting the common boundary Z; (b) if all of C' is interior 
to C, we can form a new closed curve C" the interior of which 



(at ( 6 ) (c) 

Fig. 158. 


consists of points outside C' but interior to C; (c) the region 
indicated in Fig, 158 (c). 

11. Cauchy’s Integral Theorem. A theorem upon which the 
entire theory of analytic functions can be built is the following 
one, due to Cauchy. 

Theorem 11.1 (Cauchy^s Theorem). If f{z) is single-valued and 
analytic within and on a simple closed curve C, then }'c f (z) dz = 0. 

Consider the integral in (5) of Sec. 9 over the simple closed 
curve C\ 

L * - X (udx — V dy) + ij^ {v dx + u dy). (1) 

Since f{z) is analytic, bujdy — —dvidx and dv/dy = du/dx. 
It follows directly from Theorem 18.1 of Chap. II that the two 
integrals in the right member of (1) are each zero, so that 

Jcf(z) dz = 0. 

12. Certain Extensions of Cauchy’s Theorem. It is quite 
evident that we can extend Cauchy’s theorem to any closed 
contour of the types mentioned in Sec. 10. 

There are many different forms in which this theorem may be 
stated. Suppose that 2:0 and Zi are two points connected by two 
different curves C and C', such that C and C' reversed together 
make up a simple closed curve or a closed contour of one of the 
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types defined in Sec. 10. Suppose /(s) is a function analytic in 
the entire region enclosed by C and C, including the curves 
^ themselves. Then Cauchy’s theorem 
states that 



J^/(2) dz = j^,/(3) dz. 


( 1 ) 


Fig. 159. 


Suppose C and C' are simple closed 
curves, the latter of which lies entirely 
inside C. If/(s) is analytic and single-valued everywhere in the 
enclosed region between C and C', then 


f f(z) dz = C,f(z) dz. 


( 2 ) 


The reason for this becomes quite evident when one draws a 
simple curve I connecting C and C'; for then the curve C described 
counterclockwise, the curve C' clockwise, and the curve I, 
described in both directions, as indicated in the figure, form a 
closed curve F; and 

£ f(z) dz = £f(z) dz - £,f(z) dz 

+ £f(z)dz-£f(z)dz. (3) 

Since the left hand integral of (3) around T is zero, 

(2) results. Similar results may be obtained for the case where 
there are a finite number of contours; C, C , • * • y inside C, 
and Uf{z) is analytic in the region within, then 



Fig. 160. 


£f{z) dz £jiz)dz + £j(z) dz + (4) 

It could be shown that certain of the assumptions stated in 
Cauchy's theorem are not necessary. For example: fiz) need not 
be analytic on C, it being only necessary that / be analytic, 
inside C and continuous up to and on C. Without going into 
the detail of the rigorous proof of this fact, we remark that, if 
f(z) is continuous, 

£fiz)dz==^J^J(z)dz, (5) 


where C' is a simple closed curve lying inside C, and tending to C. 
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The right-hand side of (5) is zero for all of the curves C' inside C, 
so that the left-hand side of (5) is zero. 

13. Relation between Definite and Indefinite Integrals. The 
following theorem due to Goursat is an immediate consequence 
of Cauchy^s theorem. 

Theorem 13.1. If f{z) is analytic throughout a region D 
hounded by a simple closed curve, then ^l\f{z) dz is independent 
of the path connecting Zi and where the path of integration must 
lie entirely inside of D. 

Theorem 13.2. If f(z) is analytic in a region D hounded by a 
simple closed curve, then fl^fiw) dw = F(z) is also analytic in D 
{if the path joining Zq to z lies entirely in D), and the derivative 
of F with respect to z is f{z). 

Consider 


F{z + Lz) — F{z) = dw, 

where the integral is taken along the straight line connecting z 
and 2 ! + Az. Then 


F{z -t- A^) - F{z) _ , , 


1 


'•2 + A 2 

[/(^) - /(^)] dw. 


Let e > 0. Since/( 2 :) is continuous in D, there exists a 5 > 0 such 
that for every \w z\ < 8, \f{w) — f{z)\ < e. Hence if \Az\ < 8, 


\F{z + Az) - F{z) 
Az 


-m 


< €, 


SO that F{z) is analytic and dF/dz = f{z). It is proved in the 
following theorem that the function F{z) 4- C represents the 
indefinite integral of f{z). 

Theorem 13.3. Let F{z) and G{z) he analytic functions such that 
throughout a region D, F'{z}=f{z) and G'{z) = f{z). Then 
F — Gis a constant, and f\f{z) dz = FQ)) — F{a) = G(f)) — G{a). 
Since F'{z) = G'{z), {d/dz) [F{z) — G{z)] = 0. Write 

F{z) — G{z) = u + iv. 

Then du/dx — du/dy = dv/dx = dv/dy = 0. (Why?) Hence 
u and V are both constants, so that F{z) — G{z) is a constant. 
Therefore, in D, 

■ £ fiz) dz = F{1>) - F(a) = Gil) - Gia). 
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SERIES WHOSE TERMS ARE COMPLEX NUMBERS 

14. Complex Numbers and Sequences. A large part of the 
definitions and theorems referring to sequences and'series of real 
numbers given in Chap. IV hold when the arbitrary real numbers 
are replaced by complex numbers. In fact, subject to a few 
minor alterations, this situation extends equally well to the proofs. 
Throughout Chap. IV w'e have prefixed the symbol c to the 
theorems and defi.nitions which remain valid word for word when 
arbitrary real numbers are replaced by complex numbers and the 
numerical values of real numbers are replaced by the absolute 
values of the corresponding complex numbers. Theorems and 
definitions referring to real numbers in which the symbols <C 
and > play an essential part either do not hold for complex 
numbers, or require considerable modification. 

For a resume of the definitions and theorems valid for complex 
numbers the reader is advised to reread the preceding sections of 
Chap. IV in which the prefix c appears, with the terms “ arbitrary 
real numbers” replaced by ''arbitrary complex numbers.” 

One of the most important theorems which is easily extended 
to complex numbers is the Cauchy-Toeplitz theorem. 

The problem of reducing the convergence or divergence of 
complex sequences to the corresponding problem in real sequences 
is easily solved by splitting up the terms into real and imaginary 
parts. The following theorems are all easily proved: 

Theorem 14.1. A necessary and sufficient condition that the 
sequence \zn} = + iy-n] converge toX. A" iY is that the real parts 

Xn converge to X and the imaginary parts yn converge to F. 

An immediate and important consequence of Theorem 14.1 is 

Theorem 14.2. A necessary and sufficient condition for the 
convergence of a complex sequence {zn} is that for every arbitrary 
positive number e, there exists a positive number no such that for 
every n > no and every ni > rio, — Zn\ < e. 

The theorem regarding series of complex terms corresponding 
to Theorem 14.1 is 

Theorem 14.3. A necessary and sufficient condition that the 
series IZn of complex terms converge is that the series of 

the real parts of and the series l!,^{zn) of the imaginary parts 
of 'Zzn each converge. If these two senes have the sums Sr and 
respectively, then the sum S of DZn is S = Sr + iSi. 
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The distinction between absolute and nonahsolute convergence of 
series of real terms remains the same for series of complex terms. 

Since for every complex number z = x + iy^ 

\x\ ^ l^i g l^l + \y\ and \y\ ^ | 2 :| ^ |a:| + jy;, 
we have 

Theorem 14.4. A necessary and sufficient condition that the 
complex series 'Zzn he absolutely convergent is that the series 
and both be absolutely convergent. 

In general, all results proved for absolutely convergent series of 
real terms may be used in the theory of absolutely convergent 
series of complex numbers. 

The theory of real power series developed in Part C of Chap. IV 
remains valid without essential change for complex power series— 
series of the form Sa „(2 — when the quantities On, 3 , and Zq 
are complex. However, the geometrical interpretation is some¬ 
what different: The power series 2an(2 — So)” converges—and 
absolutely—for every interior to the circle C of radius r about 
Zo, and diverges for all points outside C. This circle is known 
as the circle of convergence of the power series. 

The results obtained in Part D of Chap. IV in regard to series 
'Zfnix) of real variable terms remain essentially the same for 
series of complex terms, but in place of the common iyderval 
of definition we now assume a common region of definition. 

Theorem 14.5. A power seines represents an analytic function 
inside its circle of convergence. 

Suppose f{z) = '^a-nZ'^ is convergent for | 2 | < R. If p < E, 

n = 0 

then |anp”| ^ where K is some fixed positive number, for 

00 

is bounded. Let g{z) = Then 

n = l 


j {z + Ag) - f{z) 
^z 


- g(z) = 2 ®'* 


{z + AzY — ^ 
Az 




when \z\ -p \Az\ < p. Since 

{z -f A<i) Z - ^^n-l Q Az A- ' ‘ + Az'^^^ 

Az 1'2 

^ (kl + l^g|)" _ ni2r-i 

lAz] 
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we conclude that 

_ - |Azj \)~ 

ifpjA^J_ 

“ (p - |zl - |A2 |)(p - |z|)"' 

This expression —> 0 as As -0. Hence/'(z) = giz). 

A uniformly convergent series of analytic functions of a 
complex variable may be integrated term by term along any path 
lying in the region of uniform convergence. 

A series of analytic functions may be differentiated term by 
term at any point vdthin a region where the derived series is 
uniformly convergent. 

EXERCISES VI 

1. Show that converges with the sum 1/(1 — 2 ) in the interior of the 
unit circle, and diverges everywhere else. 

2. Show that Z{z^/n^) converges within and on the boundary of the unit 
circle. 

3. Show that Z{z^/n) is convergent within the unit circle C; conditionally 
convergent on the boundary, except where z — 1] divergent at s = 1; and 
divergent exterior to G, 

4. Where is 2(s-^™/4n) convergent? S( 2 "/n!)? 

15. Cauchy’s Integral Formula and Its Extensions. The 

following theorem is known as Cauchy’s integral formula. It 
expresses the value of f(z) at any point z interior to C in terms of 
the values of f{z) on C, that is, in terms of its boundary values. 
Thus, if f(z) represents a physical quantity whose value has been 
measured only along C, Cauchy’s formula enables one to compute 
f(z) within C from these values. 

Theorem 15.1. If f{z) is analytic inside and on a simple 
closed curve C and z is any point interior to C, then 

m = A f (1) 

2-inJc w — ^ ' 

\ 

The function ^ ^ is analyliic everywhere within C except at 

w = z. Hence, if r is any circle with center at z inside C, then 






|A2| 


n\z 
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f (M 

Jew - z Jrw - 


dw. 


Let p be the radius of the circle F. Since f(w) is continuous, we 
can select p small enough that with w on F, 

|/(w) -/(s)l < «• Now 

- piHWWfc 

Jr w — z 

By Ex. V, 5, the first term on the right is equal 
to 2Tif(z); by Theorem 9.1 the absolute value of 
the second term cannot exceed (6/p)27rp = 2x6. Hence 


f i(ELfc _ r 

Jrw-z Jrw-i 



Fig. 161 . 


Jew - z 


< 2x6. 


The left-hand member vanishes since it is independent of e. 
Hence 


/(2) 


1 r f(w 

2TiJcw — 


dw. 


An important extension of Theorem 15.1 is given by 
Theorem 15.2. If f(z) is analytic throughout an open region^ D 
hounded by a simple closed curve C, then its derivatives of all orders 
exist at each point of D and each derivative is analytic throughout D. 
In fact, 


fiz) 

/W(z) 


J_ 

2xz 

nl 

2xt 


X 

r_io 

Jc(w - 


f{w) 

ciw - z)- 

f(w) 


dWj 


^)n-T- 


dw. 


J 


Let z and z + h he two neighboring points inside D. By 
Theorem 15.1, 


f(z + h) 

fiz) 


= _L f /(^) 


2TriJcW 
1 f f(w) 
2TiJcw 


■ dw, 


dw, 


(10 


* An open region is a set S of points such that any point of 8 can be made 
the center of a circle which contains in its interior only points^ of S. 
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SO that 


j(2 + h) - m 


h 


= A r_ 

27rijc ““ 


/W 


z){w — z — h) 


dw. 


( 2 ) 


Assuming for the moment that as A —> 0, the right-hand side of 

(2) approaches 
approaches a limitj and 


(2) approaches ^left-hand side also 


f(z) = A r dw. 

^ ^ 2riJciyo — z)- 

By a repetition of this argument we obtain 
■' 2wiJciw-zY 


(3) 


•' 2rtjc'(it) — z) 


w+1 


dWj 


(4) 


■\Ve .shall now verify the assumption made immediately prior to 
equation (3). Consider the difference 


X 


/(«) 


fu- — 2 )(W — Z 


„ _ f 

= ,r_ m _ 

JC (w — zy{w — z — h) 


dw. 


(5) 


Let the miTiiTnu-m value of Iro — 2 | as w describes 0 be 5 and 
furthermore suppose j/(w) j ^ M on C. Then if L be the length 
of C. and if < S, 



fM 

z)-(w — z — h) 


dw 


ML 

5KS - |A|)‘ 


( 6 ) 


The right member of (6) is bounded as |/i| —> 0, so that (5) 
approaches zero as \h\ 0. 

Theorem 15.3 (Morera^s Theorem), Iff{z) is single-valued and 
continuous throughout a region D bounded by a simple closed curve 
C, and the integral vanishes when computed over any 

closed curve C 2 in D, then f(z) is analytic in D. 

The value of 


F(z) = dw 
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is independent of the path C 2 of integration. Since f{w) is 
continuous, the difference 


F(z + h)-- F{z) 
h 



- f(z)] dw 


tends to zero as A 0 when the path of integration is a straight 
line. Hence dF{z)/dz = f(z) and F{z) is analytic. Our theorem 
is now immediate, since the derivative of an analytic function is 
analytic (Theorem 15.2). 

Morera’s theorem is in a sense the converse of Cauchy’s 
theorem. 

As another extension of Cauchy’s integral formula, we have 

Theorem 15.4 {TayloFs Theorem). Let f{z) he single-valued 
and analytic throughout the interior of a region D, where D is 
hounded hy the simple closed curve C. Suppose z and a are both 
interior to D. Then 


f{z) = fia) +/'(a)(2 - a) +^-^(z - a)^ 

fin-1) ((j\ 

+ • • • + 

where 

Rn = (z — ayRn(z)j 

where 

is analytic throughout the interior of D. 
From Cauchy’s integral formula, • 


(7) 

( 8 ) 
(9) 
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Substituting (11) in (10), we find that 


, 1 f iW-<i„ + 
^ ^ 2« Jc w 


■ a 


+ 


+ 

+ 


(z -a) 
2'in 
(z- 


i Jc 


fiw) 


dw 


'o{w — a)- 

_ ^ C _ /(w) 

2m Jc (w — a)"(w — z) 


dw. (12) 


From Theorem.? 15.1 and 15.2, we can write (12) in the form (7). 

An Inequality for Pn(z). Let Ci and be two 
circles of radii Vi and ra, respectively, ra > ri, with 
centers at a, such that the region within and on 
Ci lies interior to the region D in Theorem 15.4. 
By (2) of Sec. 12, if z is within Ci, the integ¬ 
ral (3) is unchanged when C is replaced by Ci. 
If, furthermore, z is interior to Ci, then for all 
values of w on Ci, 

= n \w - z\> Ti- ri, |/(w)| ^ M, 
where M is the maximum value of |/(w)| on Ci. By Theorem 
9.1. 



IX 


/(z) dz| g ML, 
M 


M 


|Pn(2)| < 2xrl(ri — — ti)’ 

where z is within Ci, [z — a| < ri. Hence 


\R„\ = jz - a|"|P„(z)| < 


Mr” 


q-\ri 


M-, 


_ri_/riV \ 

i - rx)\ri) 


n) ~ ^“(ra 

Since ra > rx, it follows that for every z within Ci, P„ 
n —^ -f- 00 . 


■ 0 as 


Theorem 15.5 (Cauc%’s InegMflZff?/). If f{z) = ^Un(z —Zo)" 

71 =0 

converges for \z — Zo\ < r, if 0 < p < r, and if M is a number 
which ]f(z)\ never exceeds along the circumference \z — Zq\ = p, then 
|a„| ^ (M/p^), (n = 0, 1, 2, ‘ • ). 

By Taylor's theorem, an = ' (g> 

Theorem 9.1, \an\ S M/p^. 
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As a corollary to this theorem we have 

Theorem 15.6. Iffiz) is analytic within the circle \z — Zo \ < r, 
then \f{z)\ at an interior 'point of this circle never exceeds the maxi- 
mum M of \f{z)\ on the bou'ndary of this circle. In other words, 
1 /( 2 :) I cannot have a maximum at an interior point z. 

16. Taylor’s Series. In the preceding section we discussed 
Taylor's theorem: 

/(^) = /W + + —^1 ^ — a)- 

nn-i)(a) 

+ + 

and it is seen that, if C be a circle about a such that C and the 
region interior to it are within a region T throughout which/( 2 :) is 
analytic, and if is interior to C, then —> 0 as n —> + oc. We 
then wTite 

/(z) = I (a) + f (a) (z - a) +‘^r(z - a)'- 


The infinite series in (1) is called TayloNs series . This series 
converges and is equal to/( 2 :) at every point z within C, where C' 
is any circle throughout the interior of which f{z) is anal 5 rtic. 
If a = 0, the series is known as MaclaurMs series. 

It is frequently difficult to establish the validity of a Taylor’s 
series for a real function of a real variable x. The method of 
this section often is helpful in such cases: Let S(a:) be a real 
Taylor's series about x = a generated from the real function/(a:) . 
In the series S(rr), replace x by 2 :. The resulting series S( 2 ) will 
converge everywhere within C, where C is the largest circle about 
the real point a within which■/( 2 :) is analytic. C cuts out on the 
X-axis the interval of convergence I of the original series S(x); and 
within I the value of /(x) must be equal to the value of its Taylor’s 
series S(x). Thus, in this manner we could conclude that the 
binomial series 


. , , m{m — 1) 2 

1 + mz -i - 


_L . . . I - 1) > — (m - n + 1) ^^ , ^ ^ ^ 


-z^ + 
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for (1 + z)™ converges to the value of (1 + a;)” at every point of 
the interval -1 < < +1, since (1 + is analytic within a 

unit circle with center at = 0. Again the method shows us 
immediately that a Maclaurin’s series for does not converge 
to the value of since is not analytic at ^ = 0. 

Theorem 16.1. Let f(x) he a real Junction of the real variahle x 
representable by a real Taylor's series ^{x) within the interval of 
convergence (a - R) < x < (a + R). Then the power series §>{z)^ 
found from S(x) by replacing x by z is a power series in {z - a), 
co 7 ivergent throughout a circle C of radius R about a, and represents 
a function f(z) analytic within C and is equal to f(x) when z ^ x. 
This f unction f(z) of z is the only function analytic throughout C 
and which coincides with f{x) on an interval about a of the x-axis. 

Suppose there were two such functions fi(z) and f 2 iz), each 
representable by Taylor’s series and whose values coincide along 
{a — R) < X < (a + R). By an argument similar to that given 
in Theorem 13.2, Chap. IV, their coefficients would coincide, 
and/i(2) ^f2(z). 

A theorem analogous to the one proved in an earlier section-— 
that an analjdic function is completely determined within a closed 
curve by its values on the curve—is 

Theorem 16.2. Letfiz) be single-valued and analytic throughout 
T, Thenf{z) is completely determined at every point of T when we 
know either (1) the value of f and all its derivatives at an interior 
point of Tj or (2) its values at the points of an infinite set having a 
limiting point within T. 

A combination of Taylor’s series and Theorem 14.5 leads to 

Theorem 16.3. A necessary and sufficient condition that a 
function should be expi'essible in a power series is that it should 
be analytic m a 7'egion. 

17. Liouville’s Theorem. If f(z) is analytic for all finite 

00 

values of 2 ;, then the Taylor’s series f(z) == '^anZ'^ converges 

71 =0 

for all values of 2 :. If f{z) is bounded, that is, if |/(s)| g AT, 
then by Theorem 15.5, \an\ S M/r^ for all values of r and n. If 
71 > 0, -^0 as r —> + 00 . Hence = 0 for n > 0 and 

/(^) = <30, a constant. Hence we have 

Theorem 17.1 (Liouville's Theorem). There exists no hounded 
function other thaji a constant which is everywhere analytic and finite. 
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More generally, it is possible to prove 

Theorem 17.2. If f{z) is analytic for all finite values of z, 
and as \z\,\f(z)\ = Od^p-"), then f(z) is a polynomial of 
degree not greater than k. 

Theorem 17.3 (Fundamental Theorem of Algebra), If f(z) is a 
polynomial of degree greater than zero with complex coefficients^ then 
f(z) == 0 has at least one root. 

Suppose that /(^) 5 ^ 0 for all complex numbers z. Then 
(p(z) = l/f{z) is everywhere analytic and finite, for f(z) is a 
polynomial, f(z) 9 ^ 0, lim <p(z) = 0. Hence, there exists a circle 

2—»00 

C of radius r with center at the origin and a positive number M 
such that for every circle of radius R > r, |<ic>( 2 :)| < M for all 
values of z outside C. Also, on and within C, (p{z) is continuous 
so that \ip{z)\ has a maximum value M for all values of z within 
or on C. By Liouville’s theorem we conclude that (p(z) = l/f(z) 
is a constant. But this cannot be true since f{z) is of degree > 0. 
Hence f(z) must vanish for at least one value of z, 

18. Zeros of Analytic Functions. A value a of z such that 
f(a) = 0 is called a zero of f(z). An analytic function f(z') is 
said to have a zero of order m at 2 : = a if 

f(a) = r(a) = = = 0, ^ 0. 

Theorem 18.1. Letpi,p 2 , • • • , Pn, • • * be a set S of pomts 
with limit point p inside the region D. If f(z) is analytic in D, and 
if f{z) = 0 at each point of S, thenf(z) = 0 everywhere in D. 

For convenience we may suppose that p is the point z = 0. 

00 

Then/( 0 ) = '^anZ'^ is analytic in some region, 1^1 < E, enclosing 

72 = 0 

2 = 0. Suppose that one or more of the coefficients ao, ai, ■ ■ ■ 
in the series is not zero. Let a* 0 be the first such nonzero 
coefficient. Then/( 2 ) = 2 ^( 0 * + 0^+12 + ' ' ‘ )j l^l < -R- The 
series is convergent for z = p, 0 < p < fl. Hence ja^lp" g K, 
for Onp” is bounded. Then 
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Except at the point 2 = 0, the right-hand side here is positive 
for l^l sufficiently small. But by hypothesis f{z) has zeros 
arbitrarily close to, but not coincident with, 2 = 0. We have 
reached a contradiction, and we conclude that all the coefficients 
do, ai, • • * must vanish. Hence/( 2 ) = 0 everywhere inside the 

circle of convergence of the series. 

Theorem 18.2. If f{z) is analytic in a region D including 
z — a, and if /(z) does not vanish identically, there exists a circle 
\z — a\ = r (r > 0) inside which f{z) vanishes nowhere except 
possibly at z = a^ i.e,, the zeros of f{z) are isolated points. 

Theorem 18.2 follows directly from Theorem 18.1. 

EXERCISES VII 

1. Show that sin z has zeros of order one at s = 0, ±7 ±27r, , and 

no others. 

2. Find all the zeros of cos z. 

3. Prove: If/(z) is analytic in D and vanishes at all points along any arc 
of a continuous cur\’'e in T, then it must vanish identically. 

4. Prove: If/i( 2 ) and/ 2 (z) are anal 5 rtic in D, and have the same values at 
an infinite set S of points having a limit point p, then/i(z) ^ f^iz) through¬ 
out D. 

5. In Ex. 4 suppose ji{z) s 0 throughout D. Prove that either 
fi(z) OT vanishes throughout D. 


6. Show that if f(z) = ^an{z — a)" has a zero of order m at 2 = a, 

71=0 

then Gt = Gi = • * • = Gm-i - Oj am 9 ^ 0. 

19. Laurent’s Series. An important generalization of Taylor’s 
series is one which gives us a method for representing a function 
analytic everywhere outside a circle C by means of a series of 
positive or negative powers of (2 — a) convergent everywhere 
outside C. 

We shall have need of some terminology relating to the 
behavior of a function f (z) as 2 becomes infinite. 

Deeixition 19.1. A function f{z) is said to he analytic at the 
ideal point 2 = cc^ infinity^^) if f{z) is carried by the trans¬ 
formation w = 1/(2 — a) into a function <p{w) analytic at w — t). 

Suppose f{z) is analytic everywhere exterior to a circle C of 
center a including the point 2 = oc. Let <p{w) denote the value 
of f{z) when w = 1/(2 — a). Then ip{w) is analytic in w every¬ 
where interior to some circle Cx about = 0. By Sec. 16, ^ may 
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be expanded into a Taylor^s series valid throughout the interior 
of Cl, 

<p(w) — ao + aiw + a 2 W^ + • • • . (1) 

Since/( 2 ) = (piw), we can express/( 2 ) by the series 

/(.)=ao+ (2) 

which converges everywhere outside C including z = cc, The 
expansion (2) is known as a development of f{z) about s = oc. 

Example 1. The function 

log (1 + 

converges everywhere within a circle C of radius r 1 whose center is at 
2=0. Let 2: = l/w. Then 


log I 1 + ■ 


■w 2w^ 


converges everyw^here exterior to the circle C. 


We shall now prove 

Theorem 19.1 {LaurenVs Theorem). Let T he the region 


bounded by the concentric circles Ci and C 2 with 
center at a. Let f(z) be analytic and single-valued 
within and on the boundaries of T. Thenfiz) can 
he represented in the form' 

n — + w 

f{z) = ^ a „(3 - o)", (3) 



Fia. 163. 


where 

1 f fiw) dw 

~ J (w - a)"+i 


(4) 


for all values of n, the integral being taken around any simple closed 
contour which passes around the ring. 

Consider the integral 7 ^. | dw, where 2 : is a point of T, 

^ 2injc w — z ' 

taken around the boundary C and cut I as indicated in Fig. 163. 
By Cauchy^s integral theorem, 
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/(z) 


j_ r /(^) 

2^1 JC 2 w — z 


dw + 


J-f 

2^ijci 


f(w) 

w — z 


dw, 


(5) 


since the two integrals taken along I in opposite directions have 
the sum zero, jiz) being single-valued. As in the proof of Taylor’s 
theorem, 


2tiJci w — z 


\\here 


1 r fjw) ^ 


Since 

1 1 , ^ ^ a- (w - a)»-^ ^ 

~ ' (2 - a)= (z - a)” 


( 6 ) 

(7) 


a series uniformh^ convergent on Ci, the second integral in (5) 
is equal to 


1 f m 


2'7rijci ic — Z 


dw 


- — I — i r f(^io) dw 
z — a 2TnJci 




1 


>Tri}c 


a)^ 2TiJci 


(w — ay~'^f{w) dw + 


( 8 ) 



?i=i 



where 


l)n 



ay~'^f(w) dw. 


Combining the series in (6) and (8), we obtain (3). 

If f(/) is analjdic inside Ci, each in in (8) is 0 (by Cauchy’s 
theorem), and (3) is simply Taylor’s series. It should be noticed 
that the series in (6) converges, not only in T, but everywhere in 
C 2 . The series (8) converges everywhere outside Ci. 


EXERCISES VIII 

1 . Expand l/iz- — 82 -{- 2 ) by Laurent's series valid for a region outside 
the unit circle Ci with center at 2 =0 and inside the circle C 2 of radius 2 with 
center at 2 = 0 . 

.dns. • - . — ( 1 / 23 ) _ {1/2|2) _ (i/g) — I - (25/4) — (2V8) — • • • . 
Find an expansion valid inside Ci; outside C 2 . 
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, (z - l)(z - 2) . , 

2. Expand — --— in the neighborhood of s = oo. 


- 3)(^ - 4) 


1^/ _l\ 

3. Shew-that ^ = ^anZ'^ where 


~ TT \ ~ ^ sin B) dB. 

PART D. SINGULARITIES OF SINGLE-VALUED ANALYTIC 
FUNCTIONS 

20. Singularities. A point zo is said to be a singular point of a 
single-valued function f{z) if f{z) does not have a derivative at 
Zqj or if every neighborhood of Zq contains points other than zq 
at which/(^) has no derivative. 

If ^0 is such a point that there exists a neighborhood of Zo 
throughout which f(z) is analytic^ except at 2o, then zq is said to 
be an isolated singular point of the function/(a:). 

If f{z) is single-valued and analytic, we may expand f{z) in a 
Laurent series of powers of {z — a), and we may take the inner 
circle Ci (see Sec. 19) arbitrarily small. Thus 


00 00 

/(2) = ~ (0 < |2 - o| < -B)- (1) 

n=0 n~l 

We shall consider three cases: (1) the case when all the br, are 
zero; (2) the case when the series of negative powers of (z — a) 
contains only a finite number of terms; (3) the case where the 
series of negative terms does not terminate. 

If all the bn are zero, the first series in (1) is analytic and 
represents f{z) for \z — a\ < R, except possibly at z = a. The 
function f(z) = S, z 7 ^ a, with /(a) = 0 is an example of such a 
function. This case is of no particular interest. 

In case (2)jf{z) is said to have a pole at the point z = a. If 
is the last nonzero coefficient in (1), then 


fiz) = '^aniz - a)” + '2/'^niz - a)-, (2) 

n~0 n = l 

and the pole at 2 : = a is said to be of order m; if m = 1, the order 
is simple; if m == 2, the order is double; • • • . 
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If J{z) has a pole of order m a.t z = a, then (z — a)^f{z) is 
analytic and does not vanish at 2 = a. Hence 

" (z - a)"‘fiz) 

is analytic and does not vanish at z = a, so that the function 
^ = (z - a)>(z) ( 4 ) 

has a zero of order 771. 

If f(z) has a zero of order m, then l/f(z) has a pole of order m. 
The finite series 


- a)- (5) 

n = l 

is called the 'principal part of f(z) at z ~ a. 

Theoeem 20.1. If f{z) has a pole at z = a^ then \f{z)\-^+oo 
as z—^ a. 

Evidently, 


I '^bn(z - a)- 

;n = l 


iz - or 


z — a 


'^bniz - a)“ 

n = l 

W“1 

\bm\ — • 1 ^ ~ 


Since the terms enclosed in the braces approaches | 6 ,„| as 2 a, 
the entire expression on the right —» + co sls z a. 

Theoeem 20.2. Let A he a nonzero constant. If 


ns |z aj —» 0, s = a is a singular point for f{z) of at most a pole of 
order k; if f{z) is bounded, f(z) has no singular point except possibly 
that of the trivial type mentioned in case (1). 

In case (3), where the expansion of f{z) in powers of (z — a) 
leads to a nonterminating series of negative powers, the point 
z = ais called an essential singularity of f{z). Then 


-f 

/(z) = 2“”^® ~ “*■ 

71 = 1 


2 


bn 

(z - a)“' 


( 6 ) 
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where the second series in ( 6 ) does not terminate, but is con¬ 
vergent for all values of z except z = a. 

Theorem 20.3 (Weierstrass Theorem). If fiz) has an essential 
singularity at z — a, and if C is any complex number^ then for 
every positive number p and e, there exists a point z in the circle 
1 ^; - a| < p at which \f{z) - C| < e [z.e., f{z) tends to any given 
limit as a through a suitable sequence of values]. 

Suppose that p and M are any two positive numbers. If, 
for every point 2 : such that I 2 : - a| < p, |/(^)1 ^ M, then by 
Theorem 9.1 


\bn 



(w — a)^~'^f(w) dw\ 


^ MRl, 


where Ri is the radius of Ci. Since this is true for all positive 
numbers M and 12 1 , it follows, upon letting JSi 0 , that bn — 0 
for n ^ 1. But this indicates that/( 2 ) has no essential singu¬ 
larity, contrary to hypothesis. Thus, there exist values of z 
in the circle \z — a\ < p for which \fiz)\ > M. Let C be any 
finite complex number. We consider two cases: 

(I) f(z) — C has no zeros inside every circle \z — a\ = p. 

(II) f{z) — C has such zeros. 

Case (I). Select a p sufficiently small that, for \z — a\ < p, 


f(z) — C has no zero. Then g{z) = q is analytic for 

0 < \z — a\ < p. g(z) has an essential singularity at z a] 


for f{z) = 


1 


+ C would be analytic if g{z) had a pole, while , 


f(z) would be analytic or else have a pole if g{z) were analytic. 
From our earlier discussion we know that there exists a point 
z in \z — a\ < p such that \g{z)\ > 1/e, so that 1 /( 2 ) — C\ < e. 

Case (II). If/( 2 :) ~ C has zeros within every circle b — a\ - p 
the theorem follows immediately. 

Singularities at Infinity. We shall define the properties of 
f{z) in the neighborhood of 2 == 00 as those of cp{w) = f{l/w) 
in a neighborhood of w = 0. We say that/( 2 :) has a simple pole 
at infinity if <p{w) has the same property at == 0; etc. For 
example,/(s) = has a triple pole at 2 ; == 00 since/(I/^) = 1/w^ 
has a triple pole at = 0. Similar definitions may be given 
for other types of singularities at 2 ; = 00 . 
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Theorem 20.4. A function which is analytic everywherey 
including infinity, is a constant. 

By Laurent^s theorem, since/(s) is analytic for all finite values 


of z,f(z) = ^ 

n = 0 n =0 

f{l/w) is analytic at to = 0 and an = 0 for all n > 0. 

Theorem 20.5. A function f(z) which has no singularities 
other tha7i poles is a rational function. 

Suppose that the number of poles of f(z) were infinite. Then 
the set of poles would have a limit point (finite or infinite), and 
at such a point f{z) would have an essential singularity, con¬ 
trary to h\T)othesis. Hence the number of poles is finite. 

Suppose the poles of f(z) are of multiplicities a, (3, • • • , k 
at the finite points a, h, • • • , k, respectively. Then the func¬ 
tion g{z) ^ f{z)(z — a)“ ‘ (z — ky is analytic except at 
infinity, where it may have at most a pole. Then 


5(2) = 


n = 0 



This latter series must terminate, since the singularity (if there 
is one) of g0-/w) at the origin is a pole. This means that g{z) is 
a polynomial, so that f{z) is the quotient of two polynomials. 

We leave the proof of the following theorem to the reader. 

Theorem 20.6. A rational function has no singularities other 
than poles. 


EXERCISES IX 

1 . Show that ctn 2 and CSC 3 have simple poles at 2 - 0 , ±7r, ±27r, • • • . 

2 . Show that tan 2 and sec 2 have simple poles at 2 == ± 7r/2, ±. |x, • • • . 

3 . Show that esc (z-) has one double pole and an infinity of simple poles. 

4 . Locate the poles of each of the following functions: 


cos 2 -r cos a sin 2 — sin a 1 + 2^* 1 -f 2-^' 1 + 22^ -j- 

5 . Discuss the type of singularity present in: sin (I/2), I/2, (I/2) sin (I/2), 
cos (I/2). 

6 . Prove Theorem 20.2. 

7 . Prove Theorem 20.6. 

S. Show that each of the following functions have isolated essential 
singularities at 2 =0: sin (I/2), cos (1 /z). 
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9 . Show that actually takes every value except 0 an infinite number 
of times in a neighborhood of 2 = 0 . Show that 0 as 2 0 along the 

negative real axis. 

10 . Show that CSC (I/2) has a nonisolated essential singularity at 2 = 0 . 
Show that this singular point is the limit point of the poles 2 = l/mr. 

21. Analytic Functions Defined by Integrals. We shall now 
indicate how we may extend the discussion of Sec. 33 in Chap. II 
to complex integrals. 

Theohem 21.1. Let f{z, w) he an analytic function of z in a 
region D for each value of w on the boundary C of D. Suppose 
f{z, w) is a continuous function of the complex variables z and w 
when z ranges over D and w lies on C. Then in D 

P(.^) = fcf(^’ 

is an analytic function of z in D, and 



Theorem 21.2 Suppose C in Theorem 21.1 goes to infinity, 
such that on any bounded part of C, f(z, iv) is analytic in z, and 
continuous in z and w. Further suppose that on any hounded 
part of C, subject to the restrictions of Theorem 21 . 1 , fcf{z, id) dw 
is uniformly convergent. Then the conclusions of Theorem 21.1 
remain valid. 

EXERCISES X 

1 . Show that F{z) = /“ dw is analytic for the region 6 {{z) > 0 , 

2 . In what region does the integral J* represent an analytic 

function ? 

22 . Residues. In the neighborhood of an isolated singularity 
at s = a, a one-valued analytic function f(z) may be expanded 
in the form 

00 00 

/(2) = ^ a»(2 — a)” + ^ (1) 

n=0 n=l 

The coefficient 61 in this expansion is called the residue of f(z) at 
z = a. By Laurent^s expansion 


(2) 
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where C is any circle with center at 2 — n containing no other 
singularity of f{z). 

If 2 = a is a simple pole of/(2), 

61 = lim (2 — a)f(z). (3) 


Theorem 22.1. Let jiz) be single-valued and analytic every¬ 
where within and on a eirn/ple closed curve Oj except perhaps at a 
finite number of singularities Z\, 22 , • • • , Zn, in the interior of C. 
Let El, Ri, • ■ • , Rn denote the residues of f{z) at zi, ■ ■ ■ , 
respectively. Then 

dz = 2rri(Ri + E 2 + • • • + E„). 


Let Cl, Co, - • • , C„ be circles with centers at 21 , • ■ • , 2 „, 
having radii so small that Ci, • • • , C„ are all inside C and do 
not overlap. Then f(z) is analytic in the region between C and 
these circles, so by Cauchy’s theorem 

fc d 2 + • • ■ + f^m dz. 

Since /c./(2) dz = 2«E,-, the result follows. 


EXERCISES XI 

1 . Expand I /2 inside a circle with center at i. 

2 . Expand Hz- inside a circle with center at (~ 1 ). 

3 . Expand Ijz- in powers of (s + i), 

4 . Expand l/ (s — 1 ) about s = 0 for a region inside a unit circle with 
center at 2 = 0 . Expand 1/(2 — 1) about 2 = =0. In the latter case what 

2 + 1 

is the region of convergence? Repeat for- 

(2 + 3)(2 + 2 ) 

5 . Expand — , about 2=0; about 2 = — 1 . 

2-(2 -h 1;3 

6 . Find the residue of /(z) = at z = a. Ans. 

(2 — a) {x ~ 2) 

7 . Find the residue of /(z) = :--: at 2 — a. 


(2 - a)^{x - 2) 


Ans. 


(x “ a)^ 

8. Show that the zeros and poles of analytic functions are necessarily 
isolated. 

9. Show that the reciprocal of a function analytic at a cannot have an 
essential singularity at a. 
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m = — m ds 


is the arithmetic mean of the values of f(z) on C. 

11 . If the function u{x, y) is harmonic; i.e., satisfies 


d^u d^u 
dx^ dy^ ^ 

there exists an analytic function whose real part equals u{x, y). 

23. Contour Integration. The theory of residues is quite useful 
in evaluating a large number of real definite 
integrals. . In this method we usually take as 
a part of the contour the real axis, the remain¬ 
ing portion of the contour usually being made ' o 

to tend to We shall resort to examples to 
explain the method. 



Example 1 . Show that the real integral x^) 

Consider the integral 


X 


cl 


7r/2. 


( 1 ) 


taken around the contour C consisting of the real axis from —R to -{-R, and 
a semicircle on this line segment as diameter above it. Evidently 


1 + S' 



—)■ 

Z+t/ 


This integral has poles at 2 = i and z = —i. If we select R > 1, then the 
integrand has a pole at z = i inside C, and by ( 3 ) of Sec. 22, this residue is 
l/2i. By Theorem 22.1, the integral ( 1 ) is equal to tt. On the semicircle, 
|1 -f- 2^1 ^ — 1, so that the absolute value of the integral around the 

semicircle does not exceed irR/iR^ — 1 ). Hence, as iB -» the integral 
around the semicircle tends to 0, and 

1 +z^ 1 +a:^ 

Since 1/(1 -h is an even function, the given integral has the value Tr/2. 
Example 2. Consider the integral 
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over the contour C indicated in Fig. 165 , where 0 < p < R, p small and 
R large. Since e*‘/z is analytic and has no singularity inside C, its integral 
is zero, i.e., 


Sin X 


Xow 


C — dx+(-dz+( ^-^dx+ ('-dz =0. 

jp X Jr 2 J-R ^ Jy 

The sum of the first and third integrals is equal to 

Jp ^ Jp 


( 2 ) 




|j.:*nr 

0 


g-E sin e 


shxS _|_ 


J '^TT 

ir-l 


dd < 25 + Tre --^ 


By selecting 5 arbitrarily small but fixed, then by choosing R sufficiently 
large, the middle integral here can be made as 
small as we please. Hence the integral along r 
tends to zero as 22 —> «. 

Xow 



-R '-/> 0 p R 

Fig. 165. 

By Theorem 15 . 4 , 


C± + hZ^dz. 

Jy 2 Jy ^ Jy 


( 3 ) 


1 -f 2 -r- -r • 
— 1 21 


= i+y,+ 


Thus is bounded for all s with \z\ < po, where po is sufficiently small. 

j I 

The last integral in ( 3 ) approaches 0 as p —> 0 . (Why?) Since 

'♦O 

idd = —iir, 

we obtain from ( 2 ) by letting p —> 0 and R <xi, 


b'-r 

stting p — 5 - 0 a; 
r “ sin a; 

2 i I - dx — vjt ^ 0. 

Jo a; 


Hence 


i' 


sm X , TT 

-- dx = “ • 

X 2 


X 
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EXERCISES Xn 


. Show r “ ^ dz = 0, and r dx = -e-K 

J-cc H-a;2 Jo 1 2 

I dz 

ider I -» 

Jcl + 


Hint: Consider 
Sec. 23. 

*+ 00 


k > Oj around the semicircle of Example 1. 


TT 

2. Show I ^— dx — - 

Jo I -r X sm aT 


J ^a 1 

^— dz,0 < a < 1, along the contour C given above, 
cl + 2 

3. Evaluate by contour integration; 


(a) 

(c) 

(e) 


Xr 

C 

00 p 

I COS x^ dx — I 

Jo Jo 


dx 

+ 

cos X , 
2 -1 d^ 

9 + X- 

cos dx 


(b 

(d) 


-f- CO 


00 ^ 

' Jo 1 

I 


4- 

sin- X 

X“ 


dx. 


sin x^ dx. 


24. Analytic Continuation. Let fi{z) and f^iz) be analytic 
functions defined over the regions Di and D 2 , respectively. Sup¬ 
pose jDi and D 2 have a common part D, and suppose fi(z) = f 2 {z) 
over D. If we let f(z) be such that f(z) = fi{z) over Di and 
f(z) = f 2 {z) over £> 2 , then f(z) is analytic over the combined 
region Di + D 2 and f{z) is called an analytic continuation of 
either/i ( 2 :) or £2 ( 2 ). 


Suppose f(z) is represented by the series ^an(z — So)" con- 

n =0 

vergent in the region — Z(\ < R, and suppose Zi is a point in 
this region other than Zq. By Theorem 13.3 of Chap. I\ we 


may represent f(z) by the series ^^n(z — Zi)'^. If this series 

?i=0 

converges anywhere outside the region \z — Zq\ < R, then this 
series determines an analytic continuation of the function repre¬ 


sented by '^aniz — Zq)^. It may be shovm that ail possible 

n==b 

continuations of f(z) may be obtained by repeated applications 
of this method. 
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While the above determination of /(z) can be shown to be 
unique for the region D\ + Da, yet, in general, if the domain of 
definition of /i(z) is extended to an arbitrary point Zo not in Di 
by different successions of regions Da, Ds, • • • andDj, Dj, • • • , 
different values may be obtained for the extended function /i at 
Zo. 


EXERCISE Xni 

1 . Show that the function /(z) = z — §2^ + fz® — 
tinued analytically by the representation 


/(z) = log 2 - ^ 


(1 - 2)^ 
2-22 


(1 - zY 
3-2* 


can be con- 


PART E. CONFORMAL MAPPING. APPLICATIONS 
25. Conformal Mapping. As we have previously remarked, 
equations of the type w = /(z) may be regarded as transforma¬ 
tions which define a correspondence between points of the w and 
z-planes. As a point z moves along any curve C in the z-plane, 
the corresponding point (or points) w will trace a curve (or 
curves) T in the w-plane. We then say that the curve C in the 
z-plane is mapped upon T in the to-plane. Likewise, if z ranges 
over a region S in the z-plane, then w ranges over a region (or 
regions) 2 in the tc-plane and we say that ;S is mapped upon 2. 

We say that the mapping w = f{z) is Uunique if the function 
«’ = /(s) gives but one value of w in 2 for each value of z in S, 
and if there exists an inverse function z — F{w) defined through¬ 
out 2 such that z = F{w) gives but one value of z in for each w 
in 2. What are the necessary properties of /(z) to be fulfilled 
in order that the mapping w = /(z) be biunique? 

Let (x, y) be a point P in S, and let (u, v) be the corresponding 
point Q in 2. Suppose w = /(z) is analytic and single-valued 
in S, where z = x + iy and w = u + iv, 

u = u{x, y), V = v(x, y). (1) 

From Theorem 20.2 of Chap. I, we know that if J{u, v/x, y) 9 ^ Q 
o\ er Sj then equations (1) can be solved for x and y as functions 
of u and v, 

X = x{u, v), y = y(u, v), {2} 

the solution (2) is unique, and equations (2) define the inverse-- 
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function 2 = F{w) = x{u, v) + iy(u, v). But f{z) being analytic, 
dujdx = dv/dy and du(dy = —dv/dx, so that 






Hence a sufficient condition that w — f(z) define a hiunique cor¬ 
respondence between the points of S and S is that f'{z) 9 ^ 0 over S. 



Let Po be the point in S corresponding to the complex number 
00, and let Qo be the point of S corresponding to the complex num¬ 
ber Wo = /(^o). Through Po draw some curve C in S. Let T be 
the curve through Qo in S corresponding to C. Select some point 
P on 0 distinct from Po and call Q the corresponding point on F. 

Let As be the length of the arc PoP of C and let A<x be the length 

of the arc QoQ of F. Since f{z) is continuous over >S [for f{z) is 
analytic over S]^ Aor —^ 0 as As —» 0. Assume f{z) to be such 
that the scale is constant at Qo, i.e., lim (Act/ As) exists and is the 

As-^O 

same for all curves (having arc lengths) in S with initial point 
Po. The length of the chord PoP in S is js — 0ol = lA^jj, and the 
length of the chord in 2 is \w - Wq\ = lAw|, Assume 
f{z) to be such that 


Ac Aw 

lim— = lim — 

As->0 


liw= fiz) is analytic in S, we know that lim (Aw/As) = f(zo)j no 

As-*>0 

matter how Az —>■ 0 and As —> 0. Thus the scale function for 
/ at Zo is l/'Cso)!- 

Let Cl and C 2 be two curves in S through zo, intersecting at an 
angle a. Suppose C 1 and C2 are then mapped by the transforma- 
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tion w= f(z) into the curves Fi and r2 on the w-plane. If the 
angle between Fi and F2 is equal to a, the mapping is said to be 
isogonal. If the sense of rotation of a tangent is preserved, an 
isogonal transformation is called conformal. We shall now show 
that the transformation v) = f{z) is conformal when f(z) is analytic 
withfiz) 7 ^ 0 over S. Suppose /'(zo) 5 ^ 0. Write /'(zo), Aw, and 
Az in the polar forms /'(zo) = Aw = Az = pse'*!, 



Fis. 167. 

(p, pi, p2 > 0), where di and 62 are taken as the principal ampli¬ 
tudes of Aw and Az, respectively. Then 


and 


'(20) = 


Aw 

lim — = 


lim 




oe'^' 


p — lim 

Az-^O P2 


6 = lim (di — 62). 

Az-^O 


Let ip2 be the angle which the tangent to C at Po makes with the 
r-axis and <pi the angle which the tangent to F at Qo makes with 
the w-axis. Then as Az 0, 62—^ ^2 and di —> (pi. Hence 
p = — (p2. Here 6 is the angle through which the curve C 

is turned during the mapping process. Since f'(zo) is a non¬ 
vanishing constant, 0 is a constant for all curves through Zq, 
Thus, every curve through Zq is turned through the same angle 6. 
In particular C 1 and C2 make the same angle as Fi and r2. Thus 
the mapping is not only isogonal, but it is conformal. 

The scale function |/'(2o)l = lpe^’^1 = p = lim (pi/p2) is known 

Az—^O 

as the ratio of magnification. 

If the curves Ci and C2 are mapped onto the Tx^-plane by the 
conjugate ^ u — iv of w, the resulting configuration is sym¬ 
metric (with respect to the ?^-axis) to the configuration resulting 
from w == f{z), for the direction from Fi to F2 is merely reversed 
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in the mapping Mapping with is thus isogonal with 

reveTScd of angle. 

Example 1. Discuss the transformation w = z- and its inverse. 

Since v: = u -r iv = z- — {x -{- iy)- — — y- + then 

u = x^ — V = 2xy. 

The ratio of magnification at (xo, 2 / 0 ) is |/'(2o)i = \2z^\ = 2\A5 + y'l. 
Evidently, the greater the distance from {xo, yCi to (0, 0), the greater is the 
magnification. The representation will be conformal everywhere except 
when/'( 20 ) = 2zq — 0. 



If we let z = then w = z- = Since 4^ — 20, we see- 

that if s describes an arc subtending an angle 0 at (0, 0), then w describes 
an arc in the ^y-plane which subtends an angle 2^ at its origin. In fact, 
half the 2 :-plane maps into the whole of the u’-plane. E\ndenth% the positive 
a;-axis maps into the positive tt-axis, the positive 2 /-axis corresponds to the 
negative u-axis, and the first quadrant of the 2 -plane is mapped on the upper 
half of the ic-plane (see Fig. 155(a) and (6)). 

The straight lines = Ci in the 2 :-plane map into the family of parabolas 


^ 2/'’ or = 4 c2(c2 _ u), ((?i) 

V = 2oiy, 

on the ttJ-plane, and the family of lines y — C2 maps into the family of 
parabolas 


u ■■ — cl, 

V ■ 2c2X, 


or - 4tcliu ■+■ cl). 


(CP 2 ) 


The families ((Pi) and ((P 2 ) are orthogonal. 
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The straight lines u — ki, v = on the ^^7-plane map into the orthogonal 
families of hyperbolas 

a;2 __ 2/2 = ki, 2xy - k 2 

As a further illustration, the region indicated in Fig. 168 of the 2-plane 
maps into the indicated region in the 2 f;-plane. 


EXERCISES XIV 


Discuss each of the following transformations and their inverses. Illus¬ 
trate with sketches. State where the conformal property fails (if anywhere). 
Give the magnification. 


1. w = z^. 

3. w ~ 
b. w = e^. 

7. ly = cosh 2 . 

9. 10 = (1 —z)/il+z). 

11. w ~ z il/z). 

13. w = ^/z. 

15. w z 


2. w — 2 ". 

4. W = 2””. 
b. w — sin 2 . 

8. w = log 2 . 

^ ,2 — 1 
10. = log ■ 

2 + 1 

12. w; = 22 + ( 3 / 2 ). 
14. w = tan 2 . 


16. Reconsider Exs. Ill, 20 to 23, from the point of view of conformal 
mapping. 

17. Let A, B, C be three complex constants, (a) Then 


(A + A*)zz* + B 2 + B*z* + C + C* = 0 (i) 

is a real circle or a straight line if 

BB* > (A + A*)((7 + C*). (ii) 

(bj Prove conversely that every real circle and every real straight line can 
be represented by such an equation with the restriction given in (a). 

18. Consider the transformations 


to = 2 + X, 

w = iiZ^ 

1 

w — — 
z 


(iii) 

(iv) 
(V) 


(a) Show that (v) transforms those circles and lines of (i) for which 
C + C* = 0 into straight lines which pass through 2 = 0. (For this reason, 
straight lines which pass through z = co are called circles.) 

(b) Prove that the result of applying successively any finite number of 
transformations of the form 


az + d 


72 + 5 


(vi) 
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oi 8 — 0, (\di) 

is a transformation of form (vi). 

(c) Show that any (bilinear) transformation (vi) can be obtained by 
means of transformations (iii), (iv), (v), and hence (vi) transforms circles 
into circles. 

(d) Show that the inverse transformation of (vi) is 

— 8 w j8 

^ -- (a8 — ^y) 5*^ 0. (^dh) 


(e) Show that the result of first performing the transformation (’vd) 
and then the transformation 


oiiw -h / 3 i 

yiw + 5i 


(ai5i — i3i7i) 9 ^ 0 


(be) 


results in a third transformation of the same type, 


Az B 
Tz + a‘ 


with 


AA — Br = {a8 — ^'y)(ai8i — 7^ 0 . 

This shows that the set of all bilinear transformations forms a group. 

(f) If the point 2 = oo be added to the s-plane show that every bilinear 
transformation forms a one-to-one transformation of the closed 2 -plane 
into itself. 

(g) Show that if y 7 ^ 0 , w = ol/'y in (vii) corresponds to 2 = and 
w? = 00 in (vi) to 2 = —5/7. If 7 = 0, then 2 = oc corresponds to ic = cc. 

(h) By computing dwjdz^ show that the transformation is conformal except 
at 2 = 00 and 2 = — 5 / 7 . 

A function w — f{z) is said to transform the neighborhood of 20 conformally 
into a neighborhood of = 00 if t? = l//( 2 ) transforms the neighborhood of 
2 o conformally into a neighborhood of 77 = 0. w = f(z) is said to transform 
the neighborhood of 2 = 00 conformally into a neighborhood of Wo if 
u) = transforms the neighborhood of ^ = 0 conformally into a 

neighborhood of Wq. (Here Wo may be 00 .) 

(i) Prove; Every bilinear transformation gives a one-to-one conformal 
representation of the entire closed 2 -plane on the-entire closed u’-plane. 

The theory of the bilinear transformation has found wide application in 
certain branches of engineering, for example as in the theory of “circle 
diagrams^^ as used by some electrical engineers. 

19. Let us consider a fluid flowing over the 2 -plane. Let the components 
of velocity z ~ x iy be u{Xj y) and v{x. y). Recall that the velocity 
potential (p{x^ y) is defined by the relation 
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X a;o,2/o _ , . 

^ udx V dy^ 

where dv =udx +vdy is exact. Likewise the stream function <I{x, y) is 
given by 

J '*a;o,2/o , 

-vdx +u, 

where again dl^ = —v dx -}- u dy is exact. The function 
w = {{z) — <p iip 

is an analytic function of 2. (Why?) We shall call w the general potential 
function. The streamlines lie along ^ = const. 

Example 1 . Suppose w = {x iyY = {x'^ - y") + {"^xy)i. Since 
tp ^ iy,^ v’e see that (p x^ — y^, ^ == ^xy, and u = dp/dx = 2 x, 

V == d<p/dy = - 22 /. We can also find u and v from the fact that 


— = — iv = 2z " 2x 2yi. 

dz 


Example 2 . 

Solution. \p 


Given p — x^ — y^^ Find rp. 

dip , 

= I — vdx -\-udy - \ — — dx 

J0.0 J0.0 Sy 

nx,y 

I 2 y dx 2z dy — 2xy. 

Jq,o 


dip 

dx 


dy 



(a) Give a physical interpretation to 
tA- 

(b) Prove that the curves ip = const 
and \p = const, are orthogonal. 

(c) Show that dw/dz = u — iv. 

(d) Show that u = dip/dx = dp/dy, 
V — dip/dy = —d\p/dx. 

(e) Show that in polar coordinates 

dip = n dr cr dd, 
dip = nr do ~~ c dr, 

where n is the component of the velocity 
in the direction of the radius vector, and 
c is the component normal to the 


radius vector at the point (r, 6 ). 

(f) Given ip = 2 xy, j^d ip. (Fig. 169 .) 

(g) If 22? = (a + ib)z, find ip, p, u, v, dw/dz. 

(h) If 12? = log z — log r 4 - 'idj find <p, p, u, v, dw/dz. 

Ans. If = log r, ^ c == 0 ,=== (cos 6 ) Jr, v = (sin e)/r, dw/dz = IJz. 
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(i) Prove the velocity at any point is inversely proportional to the 
lengths of the intercepts on successive lines <p = const, cut off between 
adjacent lines — const. 

(j) Fluid flows with constant velocity U parallel to the cc-axis. Show 
that = Ux, 1/ — Uy, and that w = cp -V = Uz. 

(k) Show that, if fluid flows with constant velocity V parallel to the 
2 /-axis, then w = —iVz. 

(l) If the fluid flows with constant velocity at an angle of 30° with the 
a:-axis, find w. Find w when the components U and V are constant. [Arts. 

= {U — iV)z.] Find the streamhnes in this case, and plot. 

(m) Show that the velocity along a streamline at any point is directly 
proportional to the space rate of change of velocity potential at this point 
in the direction of the streamline, and hence is inversely proportional to 
the spacing of the curves <p = const, along the stream¬ 
line. 

(n) Show that, for the flow w = <p the diver¬ 

gence of the velocity of the fluid equals 

(dU/dx) -f* (dV/dy) = 0. 

20. Suppose a fluid flows over a plane surface. A 
point P from which the fluid flows out (in) in all direc¬ 
tions in a uniform manner is called a source (sink). The 
total flow per unit of time across a small closed curve about P is called 
the strength of the source. The strength is taken to be positive for a source, 
negative for a sink. Suppose n denotes the radial velocity of the fluid 
from source 0 at a distance r from 0, Then the strength m of the source 
is m = 27 rrn. If 0 is the origin, then the x and y components of the radial 
velocity are 



m cos d m X _ !!L ^ 

27rr 27r x^ A- 2 t r 27r x^ -r 

Since d<p — udx v dy^ we see <p ~ {ml2ir) log r — (w/47r) log {x^ -r 2/“). 
The stream function is 1/ — (m/27r) Tan“^ (y/^) ~ (m/27r)6, so that 
w = (p + = 0nl27r) log 2! = (m/27r) log (x -f iy). Show that this 

motion is irrotational. (Hint: Show circulation is zero.) (Fig. 170.) 
Prove that if the source is at (a, 6), 


^ ~ log [(a; — a)2 -f I — h)% 


-- Tan"^ 

27r 


iy “ 5 ) 

- 

{x — a) 


and 


w =^log [z — (a A- ih)]. 

2t 

21. Prove that, if two rectilinear-plane flow fields of potentials Wi and 
be superimposed, the resulting flow field is represented by w ~ wi A" ^ 2 . 
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22. Show that, if a source be assumed at the origin and a rectilinear flow 
along the a;-axis be superimposed, the potential of the resulting flow is 
w = —Uz A- ijn/2Tr) log 2 . Plot a few streamlines. (Fig. 171.) 

23. Repeat Ex. 22 with a sink instead of a source. 



Fig. 171. 



24. Repeat E-x. 22 for two sources of equal strength located at (a, 0) and 
(— G, 0). (Hint: Add wi and w^.) (Fig. 172.) 

Am. <p — log w = (m/27r) log (z a) (z — a). 

Find u and v. Write equation of streamlines and plot. (Note: AU 
streamlines pass through one source or the other.) 

Find a point of stagnationj that is, a point where the velocity is zero. 
Show that the*^-axis passing through the stagnation point separates the two 
parts of the joint field. This means that this streamline can be replaced 
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by a rigid smooth barrier without in the least interfering with the flow from 
either source. We may then suppress the flow from either source without 
in any way disturbing that from the other. We thus arrive at the field on 
one side of the y-axis as representing the flow for a source placed near an 
indefinite straight barrier. 

25. Repeat Ex, 22 for two sinks of equal strength. 

26. Repeat Ex. 22 for two sources of unequal strength. 

Ans. w = (mi/2x) log (2 + a) -f log (2 — a). 

Find 14 , and the point of stagnation. Find the streamline passing 
through the stagnation point. 



. m ^ z — a 

Ans. — log- 

27r 2 -f a 

Plot streamlines. Show that there is no point of stagnation (Fig. 173). 

28. Repeat Ex. 22 for source and sink of unequal strength. 

Ans. w = (mi/27r) log (2 + 0 ) - {m^l2Tr) log {z - a). 
Show that the streamlines are partly open and partly closed. Find the 
point of stagnation. 

29. Repeat Ex. 22 for rectilinear flow with source and sink of equal 


strength. 


m z — a 
Ans. w —Iz + ” log —;- 

Ztt 2 -r fl 


Plot streamlines. Find the point of stagnation. 

30. In a field known as vortex flow in a plane outside a circular barrier 
of radius r, 

n = velocity along radius = 0, 

r 

c = velocity perpendicular to radius = ; 


where T is the strength of the vortex core. Then 
d<p — cr dd -V 7^ dr, so that 


27rr 

r 
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and 


d\p — nr dd — c dr, 



r 

a 


For the ideal vortex sheet, a may be taken very small. 

r ?T r z 


Then 


Compare w for a vortex with w for a simple source. 

31, Let P at (a, 0) be a source of strength m and P' at (-a, 0) be a sink 
of strength Let P and P' approach the origin 0 along the real axis 



in such a way that 2ma — A; is a constant. Find the velocity potential. 
What is the stream function? What are the lines of flow? Lines of equal 
velocity potential? Plot. (Fig. 174.) This case is known as the plane 
doublet of strength k. Am. w = —Mjz, where M = am It. 

32. Find the general potential function for the following types of flow: 

(a) A superposition of a rectilinear flow with a doublet. 

(b) A superposition of a rectilinear flow, a doublet flow, and a vortex 
flow, the vortex center being at the doublet. 

Ans. w = --Uz — (M/z) — iK log z. 

Plot streamlines and And points of stagnation. 

33. Suppose sources of strengths ki, ko, - kr, occur at the points ai, 
0 : 2 , * * * j ccn, respectively, and sinks Si, Ss, • • • , Sm occur at the points 
iSi, ^ 2 , • • * , pm, respectively. Show that 


: log 


(z — cxi)^i(z 
(z - piMz - 


' 0 : 2 )'^2 


■ (z — an)^ 


where w (p 


34. Determine the value of n so that w — will determine an irrotational 
flow of a fluid between two walls making an angle 60° with each other. 
Find velocity potential and direction of flow at the point zq ~ 3; at 
21 = 3 (e®«°‘). 
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35. In a certain electrostatic field the lines of equipotential are* given by 
^ = Cl and the lines of force are given by ^ = c-., where ci and Co are arbitrary 
constants. Make a map to show these lines for the ease when u' ^ cp A 

(a) w = 2 ; (b) 10 = ^ j 

(d) w = (e) w = (f) ^ = 2 ?^; 

(g) w = z'^'K (h) 10 = (i) 2 = ir -b c’" 

36. Wires pierce the complex plane at P(l, 0) and P'(~l, 0). The wire 
through P carries a current of two units and the wire through P' a current 
one unit. The function w ~ ^ A determines the equipotential lines and 
the lines of force in the magnetic field about the two conductors. Show that 

(z - 1)2 , . 

u’ — log j, " • Find points of equilibrium. Map. 

[Z -j- ij 

37. (a) We defined lo = (p A with the assumption of irrotational flow. 
Under this assumption, show that 


d‘'^(p d^(p ^ d^\p 

dx^ dy^ ’ dx'^ 


(b) Suppose = x^ A for a certain flow. Find u and v. Show that 
a general potential function does not exist, (Why?) 

(c) Plot the streamlines in (b). 

(d) Calculate the circulation around a circle of radius a with center at 
the origin. {Ans. —47ra2.) Note that {b’^4//dx‘) -f (dV/d?/'-; = — 4 . 
2w = —4 is called the vorticity and w is the angular velocity of the vortex. 

38. Consider the mapping function w ~ I/ 2 , with to ^ ^p A 

(a) Express tp and ^ as functions of x and y. 

(b) Make two diagrams showing how^ the 2 -plane is mapped into the 
ii;-plane. Into what curves do ^ = const, map in the 2 -plane? The curves 
^ = const.? 

(c) Find all invariant points which are unchanged by the transformation. 

Ans. z = i, —1. 


(d) Find the singular points (i.e., points w'here dw/'dz = 0). 

(e) The unit circle z = is transformed into what curve in the ic-plane? 

(f) Quadrant I of the 2 -plane outside the unit circle is transformed into 
what region in the ii^-plane? 

(g) Quadrant I of the 2 -plane inside the unit circle is transformed into 
what region of the 'u;-plane? 


39. Consider the mapping function w 


A 


1 

_j— 

2 


(a) Find <p and when w ^ tp A i4' is a general potential function. 

(b) Into what curves in the 2 -plane do the curves (p = const, map? 
^ = const.? 

(c) Find the invariant points of the transformation. 

. 4 ^ 5 . 2 = 0, 1, —1. 

Ans. 2 = 1, —1. 


(d) Find the singular points. 
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(e) Show that the unit circle in the s-plane is transformed into the portion 
of the <^axis between (1, 0) and ( — 1, 0). 

(f) Show that the positive half of the real axis in the 2 :-plane is trans¬ 
formed into the real axis of ^ between 
1 and + CO. 

(g) Into what does the negative half 
of the real axis map? 

(h) Let z = Show that the lines 
e = const, go into hyperbolas with foci 
(±1, 0), (^Vcos2 d) - (\^Vsin2 Q) ^ 

(i) Show that the circles r ~ const, 
go into ellipses: 




4:<p^ 
(r + 


+ ■ 


W 


■ 1)2 


1 . 


40. Suppose that in the ttJ-plane, 
w = u iVj the lines v = constant are 
streamlines for a fluid flow. Describe 
and map the curves in the z-plane into 
which these streamlines map for each of 
the following cases: 


(a) w ~ 32!. 
(c) w =: z^. 
(e) w 




(b) w - z^. 
(d) w = 

(f) (w = z\ 


41. Describe how each of the follow¬ 
ing curves in the 2 :-plane is mapped into the t()-plane by means of the 
transformation w = z ( 2 / 2 ). Make-a map in each case. Plot == 0.5, 
1, 2, 3, in each case. 


(a) The circle z = 

(b) A circle of radius 1.2 with center at (0.1, 0). 

(c) A circle of radius 1.2 with center at (0, 0.1). 

(d) A circle of radius 1.2 with center at (0.1, 0.1). 

(e) The circle of radius 2,0 and center at (0.5, 1.0), and the circle of 
radius 1.3 and center at (0, 0.7). 

For the transformation used above, find the singular points; the stagnation 
points; and map the stream lines ^ = const. 

The methods of complex variables have been found quite useful in aero¬ 
dynamics. The preceding problem is taken from the JoukowsMj-aerofoil 
theory. where transformations of the form w ^ z + {a^z) are used. A 
typical figure is shown in Fig. 175. By varying the center and radius of the 
circle, various figures may be obtained resembling aerofoil shapes. 


PART F. ELLIPTIC INTEGRALS 

26. Introduction. We have seen in Chap. II that every 
integral of the type 
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JR{x, -^ax + b) dx or J* R{x, V ax^ + ba; + c) dx, 

where J? is a rational function of the arguments indicated, can 
be evaluated in terms of elementary functions. (See Chap. II, 
Secs. 7, 8.) 

We here wish to study certain integrals ha'vdng algebraic 
integrands which cannot be evaluated in terms of only “elemen¬ 
tary functions.” In particular, an important class of integrals 
which require new functions for their evaluation are integrals 
of the type 


j*R(x, -x/aox^ + aix^ + aox + as) dx, 

(1) 

and 

j*R(x, V aox^ + aix^ + (i 2 ^^ + cisx + dx. 

(2) 

It can be shown that the functions introduced to evaluate (2) 
can be used to evaluate (1). The evaluation of (2) can be reduced 
to the evaluation of the following types of integrals, known as 
Legendre’s normal forms: 

p dt 

“ Jo v(i - m m 

(3) 

1 - w 

(4) 

Y dt 

Jo («' - a)V(l - <^)(1 - 

(5) 


These integrals are called imomplete elliptic integrals of the 
first, second, and third kind, respectively. It is customary to 
take 0 < < 1 ill these integrals. More generally, any integral 

of the type (2), in which 

aoX* -1- -f asx -f 04 == 0 

has no multiple roots, is called an elliptic integral. The variables 
X and t may be either complex or real. 

Upon substituting f = sin ^ in the integrals (3), (4), and (5), 

we obtain, respectively, 




d'p 

-y/l — sin‘ 




= F(fc, <p), 


( 6 ) 
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r Vl - sin’- ^drp ^ E(k, <p), 

(7) 


J'^=® j, 

dtp 

(8) 


X=o (sin^- a) Vl - A:" sin='f' 



The integral 


# - = C' 

J..=0 \/lJo ^ 


dt 


Vci - «^)(i - 

= F^A, l) ^ m), (0 < A" < 1) (9) 

is called (he complete elliptic inUgral of the first kind. The integral 


dtp 


= 0 


Vl - ^ 


-r 




V(1 - i-)(l - 


= X'(fc') (10) 


is called the associated elliptic integral of the first kind, and 
p' = ,.,' i - ifi is the modulus complementary to the modulus fc. 

27. The Elliptic Functions sn u, cn u, dn u. Let the elliptic 
integral in (6) in Sec. 26 be denoted by z. Then the relation 

z = F{k,<p) (1) 


defines z as a function of k and v>. The number <p is known as the 
aiyipUi'^^de of the integral s, and k the inodulus of z. Suppose that 
k is fixed. Then (1) defines ^ as a function of z which we denote 

by 

= am z. (2) 

Si:r;e x = sin (s and z is equal to the integral u given in (3) 
in See. 26, 

x = sin (am u), 0) 


or mere briefly, 


x = sn u. 


(4) 


The expressions VT^- and Vl - fcV appearing in (3) in 
Sec. 26 define the functions cn u and dn u, 

± s/l — sn- u = + Vl — = cos (am u) = cn u, (5) 

+ x'T^^Wsr^i = ± Vl - = A cos (am u) = dn u. (6) 
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[The sign to be used may be determined from (5) or (6) in Sec. 3.] 
To complete the definitions of these functions we require 

sn 0 = 0, cn 0 = 1, dn 0 = 1. (7) 

The functions sn, cn, and dn are called the Jacohi elliptic 
functions. 

28. Derivatives of Elliptic Functions. Upon differentiating 
the integral u in equation (3) of Sec. 26, we find that 

^ __ _1_ 

~ V(1 - - fcV-)' 

dx 1 

Since -r- = — Tr~ and x = sn u, we have 
du dujdx ’ 

^ - = ^/(l — r“)(l — k-x-) = \/l — sn- w • \/l "■ 

du 

= cn dn u. 


( 1 ) 


From (5) and (6) of Sec. 27, we find that 

d sn u 

—- Q-n ij 

d cn u 


— sn u 


du 


and 


du y/i _ sn^ u 
d diiiu 


sn u dn te, 


du 


sn u cn u. 


( 2 ) 

(3) 

(4) 


By means of Maclaurin^s series we find that 

sn M = M - (1+ + (1 + 14fc^ + + • • • , (5) 

cn w = 1 - + (1 + 4fc2)|5 

- (1+ 44fc’- + + • • • , (6) 

dn u = 1 - + m + 

- r-(U + 44fc2 + + • • • • (7) 

These series may be shown to converge. 

From (5), (6), and (7) it is easy to see that sn is odd and that 
cn and dn are even functions, i.e., 

sn ( —tt) = — sn (?/.), cn ( — ?/•) == cn (w)j dn (—u) = dn (u). (8) 
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29* Addition Formulas. We shall indicate how it may be 
shown that 


, , . 8X1 u * cn V • dii V Bn V ' cn u ‘ dn u 

sn {U + V) = -^-TI;—-s-> 


cn {u + v) ^ 
dn (li + == 


1 

Gnu ' Gnv 


sn^ u * sn- v 
sn u • sn * dn u ■ dn z; 


1 — sn^ u • sn^ V 

dn u ' dn V — k^ sn u • Bn V ' cn u ' cn V 


1 — sn^ u • sn^ v 


( 1 ) 

( 2 ) 

(3) 


We shall suppose si — snu and S 2 =sn Vj where u and v vary so 
that 

u + V — b, (4) 

where 5 is a constant. Differentiating with respect to u, it can 
be shown that 

du + dv — 0, 

5iS2 — S 2 S 1 _ 2k-SiS2(hS2 + ^ 2 ^ 1 ) 

S1S2 — hsi 1 — k^slsl 


(5) 

( 6 ) 


where dots indicate differentiation with respect to u. Integrating 
(6), we obtain the solution 




1 - k^slsl 




(7) 


or 


cn u ‘ dn u • sn + on ♦ dn ’ sn — n 

1 — • sn^ u • sn^ V ~ * ( ) 

Let G denote the left-hand member of (8). We note that both 
(8) and (4) are solutions of (5). From the theory of differential 
equations, it can then be concluded that C is a function of 
6 = le + Vy so that 

G s C(u + v), (9) 

Setting t; = 0 in (9), we see that snu = c(u). Hence the addi¬ 
tion relation (1) follows. Relations (2) and (3) follow from (1). 
Similar relations can be shown to hold for sn {u — v)^ etc., using 
relations (8) of Sec. 28. 

30. The Periods of the Elliptic Functions. We consider K 
defined by Eq. (9) in Sec. 26. Then sn iT = 1, cn iiC = 0, 
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dn K = k' — -y/l — k^, the real positive root being used if 
k <1. Substituting v - K in formulas (1) to (3) of See. 29, 
we have 


sn (24 + iT) = ; 

dn u 

(1) 

cn {uA-K) - 

dn u 

(2) 

dn (24 + jK^) = , 

dn u 

(3) 


In (1) to (3) -ef'Bee. 29,-replace uhy u + K; we find that 

sn (u + 2K) = — sn u, 
cn {u + 2K) = — cn u, 
dn (tt + 2K) = dn w. 

Replacing w by (m + 2^) in (4) to (6), we have 

sn (u + AK) = sn a, 
cn (m + AK) = cn u, 
dn (it + AK) = dn u. 


(4) 

(5) 

( 6 ) 


(7) 

( 8 ) 
(9) 


Consider the sum 


K + iK 


^ =0 

r 




^/l — sin^ \p 

’A=’r/2 


\/l — sin^ ^ 


Let CSC iS = v^l — sin^ Then we find from (9) and (10) 
of Sec, 26, 

'•sin^ = l/fc 


K 


fJ^=V2 Vl - sin^ j3 
V* dx 

V(r-^)(i - fcv-) 


=tj: 


(11) 


Hence 
K + iK 


iK’ = 

Jyp=0 

f. 


+ 


'■>j/~Tc/2 

\/l — P sin^ ^ 

sin ^ = 1/fc ^yp 

a/I — fc* sin** ^ 


sin jS = 1/fc 




Vl - sin** ^ 

( 12 ) 
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From (5) and (6) of Sec. 27 and (12), we see that 



sn (K + iK') = 

(13) 


ik' 

(14) 


cn (K + iK') = 


dn (K H- iK') = 0. 

(15) 

Substituting (13) to (15) in (1) to (3) of Sec. 29 in succession, we 

obtain 

sn(. + Z + fA0 = /,7^. 

(16) 


iy 

miu + K + iK)^ fccnM 

(17) 


, / . rr , •T.r/N ik’sXiU 
dn (u + K + tK) = -^, 

(18) 

and 

sn {u + 2i!C + 2iK') = - sn m, 

(19) 


cn {u + 2K + 2iK') = cn u, 

(20) 


dn (m + 2A + 2iK') = — dn m. 

(21) 

By a similar method, we could prove 



sn (w + iK') = Y- ^ 

^ fc sn M 

(22) 


, , i dn u 

c^(^ + ^^)= ksnv! 

(23) 


dn (m + iK') = * 

sn w 

(24) 


sn {u + 2iK') = sn % 

(25) 


cn {u + 2iK') = — cnUj 

(26) 


dn {u + 2iK') = — dn 

(27) 


sn (u + 4iK^) — sn Uj 

(28) 


cn {u + 4iK') = cn 

(29) 


dn {u + AiK') = dn u. 

(30) 


Hence 

Theorem 30.1. The functions sn u, cn u, dn u are doubly 
periodic; sn u having the periods AK and 2iK, cn u having the 
periods 4:K and 2K + 2iK\ and dn u having the periods 2K and 
4iK\ 



Sec. 32] FUNCTIONS OF A COMPLEX VARIABLE 


635 


31. The Cases k — 0; k — 1. If fc = 0 , the integral ( 3 ) of 
Sec. 26 becomes 


=x 


dt 


'o Vl - 


= sin”^ X. 


( 1 ) 


This shows that = sn = sin u, cn u = cos u, dn u 1 if 
fc = 0. Also, K = Tr/2, and the period iK = 27r. Z' has no 
significance here. (Why?) 

If fc = 1, (3) of Sec. 26 becomes 


Thus, 



tanh“i 


( 2 ) 


X = sn u = tanh 

so that cn u = sech u, and dn u = sech u. If fc = 1, Z' = 7 r /2 
so that the period 4z'Z' = 27ri. K is of no significance. 

32. Complex Elliptic Integrals. Complex line integrals may be 
used to obtain many important results. We shall illustrate the 
use of complex line integrals by giving a second proof of Theorem 
30.1. We shall now consider the complex elliptic integral 


w = 


X 


/(z) dz, 


m ^ 


1 


V'(l - z')(l - kh^-) 


( 1 ) 


over various paths in the complex plane, where w= u + iv 
and where z = x + iy. The integrand/( 2 :) has poles at ^ = ± 1 , 
±(l/fc), while at all other points/(s:) is analytic. Let ii?o be 
the value of w when ( 1 ) is evaluated along any arbitrarily given 
path Fi in the s-plane joining the point s == 0 to the point 
2 o == xo + (see Fig. 176); thus 

Wa = ( 2 ) 

The path Ti may be deformed in any manner whatsoever and 
not change the value of Wo, provided that in the deformation no 
point is encountered at which /(z) ceases to be analytic. Let r 2 
be a path which, together with Ti, incloses the singular points 
z = —I and z = + 1 . The value of the integral w taken around 
Ta from 0 to zo, will not be changed if Ti be deformed into the 
curve Fs, where F 3 consists of a piece of the real axis from z = 0 
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to 2 ; = 1 — r, a circle Ci of radius r with center at 2 : = 1, the 
piece of the real axis from to z = —1+r, a circle C 2 

with radius r and center at = —1, and a portion of the real axis 
from z = “l+rto 2 ; = 0, and the curve Fi from 0 to Zq. Fa 



is indicated by the dotted curve in the figure. The value of 
w along F 3 is then equal to the sum 

T dx + dz + - /(^) dx - fix) dx 

+ X. " (3) 

where the changes in sign of the radical in/( 2 ) are due to passage 
around a singular point. 

The value of the integral around the circle Ci can be found as 
follows: Let (1 — z) = re~**, then dz = ire-^* d<i>. The integral 
reduces to 


fiz) dz = 0(4,) d4, (4) 

where 0 ( 4 ) is bounded and is independent of r. A similar 
expression may be obtained for /cj/Cz) dz. 

The sum of the remaining integrals in (3) is equal to 

V(a:) dx + Wo. (5) 

e have now seen that the value of (4) does not depend on r. 
Let r —> 0. We find 


dx + wo]=iK + Wo. (6) 
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But the value Za of 2 in (1) and (2) is the same, hence 

sn {AK + Wo) = sn Wo. (7) 

Let r 4 be a path which, together with Ti, inclose the sing ular 
points 2 = 1 and 2 = 1/fc. Deform r 4 into the path Fs indicated 
in Fig. 177. It can be shown by a method similar to that given 
above, that 


dz = 2iK' + 


SO that / 

sn (2iK' + wq) = sn Wq. (8) )/ H 

All of the various relations ^ ^. x 

found in Sec. 30 can be obtained / 

by similar methods applied to f _ 

various other paths. 

We now consider the integral ^77 

around a path Fe con¬ 
sisting of the circle z = Re'^^ and the portion of the imaginary 
axis between z = —iR and z = +iRj where R > 1/k. Deform 
the path Tq into the path Ft indicated in Fig. 178, where F? 
consists of that portion of the real axis between 2=1 and 
z = l/k. The integral along F? is /r 7 /(^) dx = 2iK', by equa- 
■j^ tion (11) of Sec. 30. The integral jsf{z) dz 

around the semicircle S is of the form 
{\/R)j^^/\F{6) dQ, where F{d) remains finite 
asi?-^+oo. Hence by letting + 00 , we 
\ Fe have 




f ^ - = iK'. (9) 

-iB Jo V(1 - 2^)(1 - 

Fig. 178. THEOREM 32.1. The elliptic functions sn u, 

cn Uy and dn u hove simple poles ot w = iK , with Tssidues 1/^, 
-i/k, and — respectively. 

By (22) of Sec. 30, (5) of Sec. 28 and an inversion of the series 
for sn w, 

. . .... 1 1 , 1 + fcl.. . 


sn (w + iK^) = 


k Bn w 


= i- + 

kw 
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Upon substituting w + iK' for w, we have 

“ “ = t5r=TF) + “ar > + • ■ 

This show^s that sn u has a simple pole with residue 1/k at 
w = iK\ A similar proof holds for cn u and dn u, 

33. Integrals of the Second and Third Type. Consider the 
elliptic integral (7) of Sec. 26. When cp = w 12, this integral 
is denoted by 

( 1 ) 

From ( 7) of Sec. 26, 

-f tt) = \/l — k- sin ^ d<p 

+ Vl — sin ^ d<p, (2j 

In the second integral of (2) let ^ ^ + x; w^e find that this 

integral reduces to 

Jj" Vl ~ sin2 ^ ^ 

By (1) we see that 

E{k, (f + Tc) = 2j? 4- E{k, (p). (3) 

In (7) of Sec. 26, set x = snu and let E(u) denote the resulting 
integral. We find 


EM = ^“ dn= w du = w - sn- u du. (4) 

By setting t = sn and a = sn^ a, the elliptic integral (5) of 
Sec. 26 can be written 


=0 


sn- ^ — sn^ a 


( 6 ) 


The various values of E{k, <p}, E, K, ■ ■ ■ may be found in 
tables or may be computed by expansions into power series. 

34. The Weierstrass Elliptic Function p(u). The elliptic 

integral 



" dt 

•\/4i® - P2< - yo 

\/4(i — ei)(t — 62 ) (t — ez) 


(1) 
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defines a: as a function of u, 

X = p{u), ( 2 ) 

known as the Weiersti-ass elliptic function. Evidently 

p’{u) = a / 4 p ®( m ) - g^piv) - gs, 
and p(u) is a solution of the equation 

(s) - - (3) 

The integral (1) can be reduced to one of the first kind. This 
may be done by setting t = ez + ig^/r^) in the second form of (1), 


taking = Ci — ea and fc® = (e^ — Cz)/{ci — ef). 

Thej’e results 

y _ 1 f' dr 

9Jo V(1 - T®)(1 - fcV)’ 

(4) 

from which we have 


t = sn (gu). 

(5) 

It can be shown that 


p{u) = €3 + 

(6) 

From (6) and Sec. 30 it can be shown that 


p{u + 2w) = p{u), 
p{u + 2iw') = p{u), 

(7) 


where w = K/g, w' = K'/g. 

Theorem 34.1. The function p{u) is doubly periodic with 
periods 2w and 2iw\ 

From (6) and (1) it can be shown that 

p{iv) = Cl = 63 + p{'^ + ^0 == ^2 = ^3 + h-g-^ p{w') ~ 63, (8) 

h{x) dx, w' = h(x) dx, 

w -h w' = f h(x) dx, w = f h{x) dx, (9) 

where h{x) = (4a;® — g^x — grs)“'^- 

36. Certain Applications. We shall give two examples 
illustrating the applications of elliptic integrals. 
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Example 1. Let a pendulum of length I and mass m be supported at 0. 
Since s = IS, d^s/dP = I d^e/dl\ By Newton’s laws of motion (see Fig. 179) 


Hence 


tt"<5 



— Trig sin 6. 


dt^ 


I 


sin 


Multiply both sides by 2— and integrate. Then 

(l) 

If a is the maximum value of 9, then 0 — a when dd/dt — 0 and c = — cos u. 
If we take the square root and reciprocal of both sides and integrate again, 
we find that 


-'ll 


( 1 ) 


/O \/ 2 (cos 6 — cos a) 
where t - 0 when 6-0. To reduce this integral to standard form, write 


(cos 9 — cos o:) = (1 — cos a) — (1 — COS 6 ) 

. . e 

1 — I sin^ ^ = 2k^ cos^ </>, 


= 2( sin* ^ — sin* ~ ) 

V 2 2/ 


where it = sin sin 
2 





Hence (1) becomes 


d<i> 


qJ 0 \/ 1—^2 gij^2 0 


( 2 ) 


Since we wish to regard f, and not <f>y as the independent variable in connec¬ 
tion with the motion of the pendulum, we write 

= amp 



To obtain a geometric representation of we observe that 
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gin ^ (^/2) ^ / l - cos 9 ^ ll -I dose _ 

sin (a/2) \ 1 - cos a \ Z - Z cos a \ 


(See Fig. 180.) 
triangle E'MS: 


We may remove the radical by constructing the right 



SP' P'E' 
SE' ‘ P'E' 


P'M 

E'M' 


Hence <p = ZSE'M, Since ZE'MS is a right angle, it follows that, E being 
fixed, M moves about a circle with center at the mid-point of E'S. 


O 




Fig. 180. 


Example 2. Find the length of an arc of the ellipse x ^ a sin 
y ^ h cos 

By Ex. X, 7, of Chap. II, the arc length of the ellipse from (0, b) to the 
point (x, y) is 

■ Jq 'V cos* i;- + b* sin* d4>. (3) 

Since — a2(l — e^), (3) may be written 

- \/1 — sin^ ^ = aE{e, <^>). (4) 

When 4) = 7r/2, s = aH is the quarter arc of the ellipse. 

EXERCISES XV 

1. Evaluate each of the integrals in equations (3), (4), (5), (6), (7), (8) 
of Sec. 26 for the case where k — 0; the case where h = 1. 

2. Tabulate the values of sn u, cn tt, dn u at w = 0, K, iK', K + iK'. 

3. Find expressions for sn (u — v), cn (u — v), dn (u — v). 

4. Prove: sn (u + v) sn (u — v) = (sn^ u — sn^ v)/(l — sn^ u sn^ v). 

5. Prove: sn^ u = (1 — cn 2u)/{l + cn 2u), 

6. Evaluate: sn (2K — u), cn (2iiL — w), dn {2K — u). 

7. Prove: p{—u) = piu), 

8. Verify (6) and obtain (8) of Sec. 29. 

9. Show that the length of the circumference of the hyperbola 
(rc 2 /a 2 ) _ ( 2 / 2 / 62 ) ;= i of eccentricity e is equal to 

{h'^/ae) F{<j>, k) + ae tan - k^ sin^ <f> — aeEi<f>, k), 
where tan = aeyjb^, k = 1/e. 
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10. Find tile arc of the hyperbola cut off by the latus rectum if e 1.3, 

e = 2. 

11. Evaluate /d9/V“ - ws 0, a > 1 in terms of elliptic functions. 

12. From (9) of Sec. 32 show sn(ik') = «, cn {ik') = «, dn {ik') = «=. 

13. Complete the proof of Theorem 32.1. 

14. Express (4) of Sec. 33 as a power series. Use (5) of Sec. 28. 

15. Verify (4), (6), (7), and (8) of Sec. 34. 

16. (a) Express sn 2u, cn 2w, dn 2u in. terms of functions of u. 

(b) Express sn ^u, cn Ju, dn iu as functions of u. 

(c) Show that 

sn - = (1 + cn ^ = Vfc'Cl + k')-^\ dn = VT'. 

2 ^ 


d<i> 1 

17. Show that I — . . — " I /-— . M > 1, 

Jo "v 1 “■ sin^ 4> ^Jo V 1 ~ M sin- '<p 

sin- Ip — /j.^ sin^ <f>. 

18. Using Ex. 17, find the arc length of the lemniscate rs = 2ar cos 2<^. 

Also, the arc length from <^ = 0 to = 30°. _ 

19. Compute: d^/A/l-0.1 sin^ 0 to find Zjsn (2ir/3);E(x/8. l/'-v/lO). 
Check against a table of elliptic integrals. 

20. Evaluate: 


Via:" - l)(l'- 0.1®^) 


■a:2)(l + 4a:2) 


■\/(l + a2)(4 + 9a:2) 


21. In connection with Example 1 above: (a) Find geometric representa¬ 
tions for sn V" g/l t, m's/JJl % dn a/^ (t>) show that if 4T is the period 

of oscillation of the pendulum then T = \/T/gK; (c) show that 


^(t + 2T) = - sn 
cn 

dn + 2T) = dn 

22. Repeat Example 1 for the case when the bob goes completely around 
the circle and the velocity at the bottom is vo; also when the bob just 
reaches the top of the swing. 

23. Find the period of a pendulum oscillating through the following 
angles: 10°, 90°, 180°, 330°. In each case find the instant at which the 
pendulum makes an angle of 5° with the vertical. 


(t -f 2T) = 
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24 . Examine 


j: 


dz 


for the difference in its values 


\/(l - 2^)(l - kV) 

corresponding to two paths Pi and r2 connecting z — 0 and z ~ zq, where 
Ti and r2 taken together enclose 2 = 1; same for z = Ilk. 

corresponding 


25 . Repeat Ex. 24 for 




V(2 - ei){z - e2)(2 


to two paths Fi and r2 which taken together enclose two of the distinct 
points Cl, €2, 63. 

26 . Repeat Ex. 25 for the case when Ti and together enclose one of the 
distinct points Ci, 62, cs- 



CHAPTER VI 

ALGEBRA AND VECTOR ANALYSIS 


PART A. ALGEBRA 

1. Determinants. Consider the system of m linear homo¬ 
geneous equations in the n variables Xi, 0 : 2 , * • • ? Xn- 

GillXl ^122^2 “f" ‘ * "h ^InXn ~ 0, 

^ 212^1 4 " Ci22X2 4 “ * * * 4 “ (^2nXn ~ 0 , 

Ojm\X\ 4” ^m2^2 4~ 4 ^mnXn 0^ 

where the coefficients aij (i = 1, 2, • • • , m; j = 1, 2, • • * , n) 
are any real or complex numbers.* The properties of this system 
of equations, such as consistence, redundancy, solutions other 
than Xi = X 2 = * * * = = 0, etc., are completely determined 

by the values and positions of the numbers aij. This suggests 
that a study of the properties of arrays of numbers may be useful. 

Special importance attaches to the cas^ 'here m = n, that is, 
the case w’here the array A 

an ai2 ttin 

£121 £^22 £^2”’ 

( 1 ) 


Oinl Ctn2 

is square. Such an array A wJl be referred to as an n X n array, 
or a square array of order n. Associated with such an array, 

* We shall assume, unless otherwise rpecified, that the arrays and matrices 
with which we are working have elements which are complex numbers. 
Most of the results stated in the present treatment of the theory of deter¬ 
minants and matrices are valid inder more general hypotheses on the 
algebraic system in which the elements of the arrays and matrices lie. Such 
generality is not necessary for our present purposes. For a more thorough 
treatment the reader is referred to the comprehensive works of Mac Duff ee 
and Wf Iderburn mentioned in the bibliography. 
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there is a number d(A), called the determinant of A, defined by 

d(A) = 2 (-l)*ai<a 2 i. • • • ( 2 ) 

where the summation is taken over all permutations ii, U, • • • , 
in of the integers 1 , 2 , • • • , n, and where h is the number of 
successi%re interchanges of two f’s which would be necessary to 
permute the order ii, i^, • . . , 4 into the order 1, 2, • • • , re. 
It is obvious that the order it, 4, . . . , might be brought 
into the order 1, 2, • • • , re by a variety of sequences of inter¬ 
changes. However, it can be shown that for a given order, the 
number of such interchanges is either always even or always 
odd, regardless of the chain of interchanges employed. Thus, 
while h is not uniquely determined for any given term in (2), 
( — 1)'* is unique. 

A symbolism frequently used in place of d(A) is 

ail an ■ • ‘ ai„ 
a 21 (122 • • ■ Ct2n 


0/nl Ojn2 * • • (Inn 

We note that the determinant is defined for a square array only; 
hence there will be no ambiguity if we omit the word square in 
speaking of the determinant of an array. 

Example 1. Let A be the third order array 
r ®i2 fli3 

0,21 0,22 c ^23 

_Ozi 0Z2 0ZZ_ 

The possible permutations (^l, u, iz) are (1, 2, 3), (1, 3, 2), (2, 1, 3), (2, 3, 1), 

(3, 1, 2) and (3, 2, 1), and 

d{A) — S( — ■ aiia22a33 — oiia2zOz2 ~ < 212 ^ 21^33 

-f* fll2<223Ct31 0lzO2iClz2 — CLis(l21lOzi‘ 

It is possible to eliminate the variables X2, • • • , Xn from a 
system of equations whose array of coefiSicients is (1) in such a way 
that the coefficient of xi in the resulting equation is exactly d(A). 
Without going into greater detail on this point, we remark that 
this suggests at least one important reason for studying this 
number associated with a square array. 
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The calculation of the determinant of an array by (2) becomes 
a laborious process where n > 3 , and consequently it is advisable 
to investigate some properties of determinants which will enable 
us to shorten the computation. 

Theorem 1.1. 7/B is the array obtained from A by interchang¬ 
ing rows and columns, then d(JB) = d(A). 

If in ( 2 ) we rearrange the factors Urs in each term so that the 
column indices are in the order 1^ 2, • • • , we have 

d(A) — I)^nii^a2i2 * * * ^ l)^^/2i^j22 ■ • • 

= • • • hnj^, ( 3 ) 

where the brs are the elements of B. The sequence of interchanges 
necessary to bring ji, jn into the order 1, 2, - • - ^ 

can be taken as the reverse of the sequence of interchanges by 
which we brought ii, i^, • • • , into the order 1,2.* • • ^n. 
Hence ( — 1 )'^ determines the sign on each term in the last member 
of ( 3 ) so that we can write 


d(B) = • • • hn4 = d(A). 


Example 2, = 13. 

Theorem 1.1 is important for the reason that any theorem on 
determinants resulting from a property of the rows of the array 
will automatically furnish a theorem on determinants which 
results from the same property of the columns. 

Theoeem 1.2. 1/ all the elements of a row {column) of an 
array A are zero, then d{A) = 0 . 

The proof follows directly from (2) and Theorem 1.1. 

Theoeem 1 . 3 . If the array B results from the array A by the 
interchange of two rows (columns) of A, then d(B) = — d(A). 

Suppose that rows j and k oi A., j < k, are interchanged to form 
B. Then 

d(B) = S(—l)''ai,-a2;. • • • aa^ ■ ■ ■ om. ■ ■ ■ a^i^ 

= S(—l)'‘+%iia2,-^ • • ■ Uji. ■ ■ ■ au^ ■ • ■ 

~ • • • aji^ • ■ • aici^ • ■ • Uni 

= -d{k). 
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Theokem 1.4. If two TOWS (columns) of an array A are identical 
then d(A) = 0. 

From Theorem 1.3 the interchange of the two identical rows 
(columns) yields d(k) = -d(A), whence d(A) = 0. 

Theobem 1.5. Let Ai, A 2 , ‘ , Aj. he n X n arrays which 

have all their rows (columns), with the exception of the jth, in 
common. Then 

^^(Al) + d(kf) + • • • + (f(Ajt) = 

where B is an array which has those same rows (columns) in common 
with Ai, • • • , Aa;, and whose element in the jth row (column) and 
sth column (row), s = I, 2, • • ^ , n, is equal to the sum of the 
elements in the jth row (column) and sth column (row) of each of 
the arrays Ai, A 2 , * • • , A^. 

Let the elements of the jth row of A^ be denoted by , 

Then 

d(ki) + d(kf) + • • • + d(kjj) = — • • ‘ aj’ll • • • 

+ 2 (-l)'‘aK^ • • • af> • * • ani^ 

+■•••+ 2 ( —l)^aH^ • • • 

= ’ (ojT +0^ + • - + a(^;) • • • L^ = d(B). 


a 

b 

c 

a 

h c 

c 

Example 3. d 

e 

f 

+ d 

e f = 

/ 

Qi 

hi 

fci 

92 

j^3 ^2 .^1 T 9- hi -f- ^^2 

k'l -f k 


Theoeem 1.6. If the array B is formed from an array A by 
multiplying each of the elements of some row (column) by a number 
k, then d(B) = kd(k). 

The proof is left to the reader. 

Definition 1.1. By the linear combination 

ki(aii, ai 2 , • ’ * , ain) + ^2(0^21, 0,22, * * * ? <^ 2 n) 

T* * * * “F krfanl; anZ) ’ ~ ' j ann) 

of the rows of an array A, we shall mean the row of elements obtained 
by forming the same combination of elements in like positions in 
those roivs; that is, the row 

(kiaii + k^a^i + * * * + knanij kiau + k^a^z + • • • + knanZj 

• * * , klOin “h kzazn ‘ * * 4“ knann)* 
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We do not exclude the possibility of any or all of the ki being 
zero. A Rimilar definition will be understood for a linear com¬ 
bination of the columns of an array. 

Theorem 1.7. If B is an array arising from an array A hy 
adding to a fixed row (column) of k a linear combination of the 
remaining rows (columns) of A, then d(B) = d(A). 

Theorem 1.7 is a consequence of Theorems 1.4, 1.5, and 1.6. 

Example 4. Consider the array 

a b + kia + k 2 C c b 

d e kid + kaf f arising from the array A = d e 

g h kiQ + kil I 


by the linear combination of the columns indicated. The determinant of B 
is equal to the determinant of A, for 


CL h kid Hr k^c 


a h c 


a kia c 


a koC c 

a h c 

d 6 H" kid H“ k2f 

g A H" kig H- h 2 l 

— 

d 6 f 
g h 1 


d kid / 
g kiQ l\ 

+ 

d kof f 
g kol l\ 

d e f 
\g h 1 


Definition 1.2. By the symbol we shall tinder- 

Si Sk 

stand the square minor array formed from the array A hy selecting 
from A the elements in rows ri • • • I'k and columns Si • * • S/c, 
in those orders. If the same columns as rows are selected, the 
minor array is called a principal minor array. 

Theorem 1.8 {Laplace''s Expansion by Minors). From the 
array A, let any distinct rows ri, r 2 , * • • r^ he selected. Then 


d(A) = s(-i)'i/A^ ■ ■ ■ 

\ 'il ••• Ik / \ ^k+l In) 

where h is equal to the number of any set of interchanges which would 
be necessary to bring the order ii, i 2 , • • • , into the order ri, 
2, • • • , rn, and where the summaiion is to be taken over the 

f \ ^ 

n I 

j^J ways of choosing the combinations ii, i^, • 


^ n\ 

\k) choosing the combinations ii, i^, ‘ ‘ , ik from 

the integers 1, 2, • • * , n. 

The proof of this theorem is a little lengthy and will not be 
included here. 


dA .. -nL 

\k) M(n - 


k)l 
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Example 6. 


an 

ai 2 

Oi3 

a 14 

an 

022 

an 

O24 

asi 

O32 

033 

O34 

an 

O42 

an 

O44 


= (-1)1 d(A}D d(A|l) + (-1)» d(Ait) d(A“) 4- (-l)‘<i(Aa d(A?t) 

+ (-1)1 d{All) d{All) + (-1)2 d{A\l) d{Alt) + (-1)2 d{All) d(Alt) 


ail 

an 


au 

032 


023 

043 


O 24 

O 44 


+ 


Oil 

031 


OlS 

033 


022 

042 


024 

044 


Oil 

flsi 


+ 


012 

032 


Oi4 

O34 


O 22 

O42 


Oi4 

O34 


O21 

O41 


023 

O43 

O 23 

O43 


O12 

032 


Ol3 

033 


O 2 I 

O 4 I 


O 24 ; 


O44 


Oi3 

O33 


Ol4 

O34 


O 2 I 

O41 


O 22 

O42 


Of particular importance is the case of Theorem 1.8 where k = 1. 

Let • /a}’ I ‘ ■ ■ ’ ’1 “ 1 ^ t }’ ■ ■ ■ ’ denoted 

\ 1, 2, • * • , s “ 1, s + 1, • • • , ny 

by Ara- Ars is called the cofactor of Ora. From Theorem 1.8 
we can obtain 

n n 

Theorem 1.9. c?(A) = '^ariAn; d(A) = ^aisAis, The 

i=i i=i 

proof is left to the reader. 


Example 6. 


Oil 

O12 

Oi3 

O21 

O22 

an 

O31 

O32 

O33 


On 

Ol3 

— 023 

Oil 

012 

O31 

O33 

031 

032 


Theorem 1.10. ^ariApi = Oif r 7 ^ p; '^aisAip = 0 if s p. 
1=1 


By Theorem 1.9, '^anApi is the determinant of an array B, 
1 = 1 

the rth and pth rows of which are identical, both being the rth 

n 

row of A. By Theorem 1.4, d(B) = ^^awApi = 0. The proof 

i=l 

of the second half of the theorem is similar to that of the first 
half. 

We conclude with an example of the use of some of the preced¬ 
ing results in the evaluation of a determinant. 
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Example 7. Evaluate the determinant 

2 6 18 

, 3-4-5 2 

^ - -1 _ 1 4 3 

-8 -10 11 6 

Subtracting 2 times column 3 from column 1, 6 times column 3 from 
column 2, and 8 times column 3 from column 4, there results by Theorem 1.7 

0 0 10 


13 

26 

—5 

42 

- 9 

-25 

4 

-29 

-30 

-76 

11 

-82 


By a Laplace expansion according to the element>s of the first row, we 
find that 


13 

26 

42 

- 9 

-25 

-29| 

-30 

-76 

-82 


The expansion of this determinant would involve considerable arith¬ 
metic. Hence we continue to manipulate the array as before. Subtracting 
twice the first column from the second and 3 times the first column from the 
third column, we have 

13 0 3 13 0 3 

A = - 9 - 7 -2=2-9 -7 -2i 

-30 -16 8. -15 -8 

Subtracting 4 times the third column from the first, we have 

1 0 3| 

A = 2|- 1 -7 -2 

-31 4 

Further, 

1 0 0 

A = 2 -1 -7 1 , 

-31 -8 97 

whence by a Laplace expansion according to elements of the first row, 

= 2 and from (2) we find A = 2(-679 + 8) = -1342. 

EXERCISES I 

1. By eliminating Xi and xi in turn from the set of equations ' 

i auXi T* ai2X2 = 5i, 

CI 21 X 1 -[- a223J2 ~ h2i 
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show that, if <^(A) 9 ^ 0, where A = 


flu fll 2 I 
fl21 (I 22 I 

(i(Bi;/<i(A), X 2 — c?(B 2 )/(f(A), where Bi (B 2 ) is the array obtained 
from A by replacing column one (two) by the column / V 

I / 

2. Show that the system of equations in Ex. 1 has no solution if d(A) ~ 0 
and either d(Bi) or d(B 2 ) is not zero. 


the solution of this system 


2 3 12 

3. Evaluate: (a) —3 ; (b) ^ ^ 

2 ^ ^ ^ -2 0 3 

2 4 2 -5l 

(1) by using the definition of a determinant; (2) by using the theorems on 
determinants to simplify the computation. 

4. Verify Theorems 1.1, 1.3, 1.6, 1.9 and 1.10 for the array 

-1 

2 


5. By using Theorems 1.3, l.o and 1.6, express 


1 7 

4 - 2|3 -2 

2 9 


as the determinant of a single array. 

6. Show, without expanding, that 

2 3 1 

5 -1 -2 

17 10 -6 

8 5-6 


4 
0 

5 
-3 


0 . 


7. Expand the determinant in Ex. 6 b^^ a Laplace expansion according 
to columns 1 and 4. 

8. Prove Theorem 1.4 by using Theorem 1.8. 

9. The function of n variables 

F{Xl, 0:2, * * • , Xn) = (Xi - xDiXi — X3) • • • {Xi - Xn){X 2 — Xs) ' ' ‘ 

{X2 — Xn) ‘ ' {Xn~l *“ Xn) 

is called the alternating function of order n. Show that, if two variables 
Xi and Xj, i 7 ^ j are interchanged, the alternating function changes sign. 
(Hint: First prove the result for interchange of two successive variables and 
on that basis prove the general case.) 

10. Prove, by use of the alternating function, that the number of inter¬ 
changes necessary to bring the order ti, ^ 2 , • • * , in (or the order Xi^, Xi^ 
■ ' • , Xi ) into the order 1, 2, • • * , n (or the order xi, , Xn) is 

either always even or always odd. 


I 
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2. Matrices and Their Elementary Properties. We say that 
two m X w arrays are equal if and only if the elements in like 
positions in the tw'^o arrays are equal. Let A = [a™] and 
B = [5,J be two square arrays. We define the sum A + B 
of the arrays to be the array [ors + brs], and the product AB of 


the arrays to be the array 



The product of a number 


Li = l 

k and a square array A is defined to be the array each element 
of which is k times the corresponding element of A. 


Example 1. If 



"3 

2 





1 

2 

1 

A = 

1 

0 


and B = 

= 


-1 

4 

5 


2 






0 

-4' 

2 

then 












"3 + 1 

2+2 

-3 +1 



4 

4 

—2 

A + B = 


1 - 1 

0+4 

2+5 

= 

= 

0 

4 

7 



2+0 

1 - 4 

+2 



2 

-5 

1 


and 


AB = 


■(3)(1) + (2)(-l) + (-3)(0) (3)(2) + (2)(4) + (-3)(-4) 

(1)(1) + (0)(-l) + (2)(0) (1)(2) + (0)(4) + (2)(-4) 

.(2)(1) + (-1)(-1) + (-1)(0) (2)(2)_+ (-1)(4) + (-l)(-4) 

(3)(1) + (2)(5) + (-3)(2) “1 26 7 

(1) (1) + (0)(5) + (2)(2) 1 -6 5 

(2) (1)+ (-l)(5) +(-l)(2)J 3 4-5 


A member of a set of arrays of order n, for which equality, 
addition, and multiplication are defined as above, is called a 
matrix of order n (plural matrices). That is to say, matrices 
are arrays for which the above addition and multiplication 
processes and definition of equality are assumed. An array is 
not a matrix until such concepts are defined. On the other hand, 
a matrix is always an array, and hence all the results of the pre¬ 
ceding section can be rephrased in terms of the determinant of 
a matrix. A matrix -wtU frequently be denoted by placing double 
bars about the array. The notation ( ) is also used. Where 
the order is known, ||ars||, where r is the row index and s is the 
column index, is unambiguous and will be used. 

The determinant of the array of coefficients of a system of n 
linear homogeneous equations in n variables characterizes that 
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system only partially. On the other hand, the properties of the 
matrix of coefficients will give a complete characterization. 
Moreover, we shall find other valuable applications of the notion 
and properties of a matrix. We proceed to investigate these 
properties. 

Theorem 2.1. Addition of moirices is associative and coMTnuta-^ 
live; that is A + B = B + A and A + (B + C) = (A + B) + C. 
The proof is elementary and is left to the reader. 

Theorem 2.2. Multiplication of matrices is associative, hut 
not, in general, commutative. 


Let A = B = \\bra\l ^ = ||crs|l be matrices of order n. 


(AB)C = 


n 


n 

Oribis 

■ l|c«|l = 

UribijCjs 

i = l 


ij = 1 



- A(BC). 


The matrices of Example 1 are not commutative, as the reader 
may easily verify. 

Theorem 2.3 (JDistrihutive Laws). If A, B, and C are matrices 
of order n, then A(B + C) = AB + AC; (B + C)A - BA + CA. 

The proof is left to the reader. 

Definition 2.1. The symbol haiKronecker's delta) is defined 
to be unity if i = j and 0 if i 7 ^ j. {Thus dz 4 = 0, ^33 — 1.) 

Definition 2.2. The main diagonal of a matrix is the set of 
positions along which the row and column indices are equal. 

For instance, the elements of the main diagonal of 


an 

ai2 

aiz 

^21 

a22 

a^z 

Clzi 

az2 

azz 


are an, a 22 , and azz. 

Definition 2.3. A diagonal matrix is a matrix all of whose 
elements off the main diagonal are zero. 

Definition 2.4. A scalar matrix is a diagonal matrix whose 
main diagonal elements are all equal. 

By Definition 2.1, a scalar matrix can be written as llfcUj. 
The reader will easily verify that a scalar matrix of order n is 
commutative with every matrix of order n. The converse also 
holds, viz., 
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Theorem 2.4. If A is a matrix of order n a7id if AX = XA for 
every matrix X of order n, then A is a scalar matrix. 

Since AX = XA, 

n n 

'^^ariXis = ^^^^Xr%ais (t j s Ij 2 j j n) ( 1 ) 

i=l 2=1 

for all matrices X, that is, for all values of Xis and xh^ Take 
Xrs — ThcH ( 1 ) iiiust hoW for this choice of Xrs: for every 

p and q. 

Substituting in ( 1 ), we have 

n n 

^^^ari5ip8sg — 8rp8iga{s 
2=1 2=1 

If q = s and r p this gives arp = 0 for every r and every 
p ^ 7 ’, while for q — s and r = p, it gives arr ass for every 
r and s. Hence A is scalar. 

By analogy with the ordinary number system (real or complex), 
the zero matrix O should be such a matrix that A + O = A for 
every matrix A. By definition of addition of matrices it is 
evident that O is a matrix each of whose elements is zero. Again 
by analogy the identity (or unit) matrix I should be a matrix 
such that lA = AI = A for every A. From Theorem 2 . 4 , 1 
must be scalar, and it is then further seen that each element 
of the main diagonal must be 1. Hence I = {8rs). These 
matrices O and I play much the same roles in matric algebra 
that 0 and 1 do in ordinary algebra. 

A matrix A when multiplied on either side by a scalar matrix 
''\k8r^, yields a matrix each element of which is k times the 
corresponding element of A. The product l|A;5rs|lA is w'hat we 
defined earlier as kA, \\kdrs\\ itself can be written as kl. By 
\’irtue of this definition, the meaning of the difference of two 
matrices is determined. For 

A - B - A + (-l)B = A + (- 1 ) . B; 

and (”I • B) is a matrix each element of which is the negative 
of the corresponding element of B. 

Theorem 2.5. If A and B are matrices of order n, 

d(AB) = d(A) . d(B). 

Let A = a^ll and B = || 6 rsll. Consider the square array of 
order 2 n: 
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an 

ai2 * * 

ain 

0 

0 • • 

■ • 0 

a 2 i 

a 22 * ■ 

a^n 

0 

0 • ■ 

• 0 

M = ani 

n«2 • • 

ajin 

0 

0 • 

■ • 0 

-1 

0 

0 


5 i 2 ' 

■ * 

0 

-1 • • 

0 

^21 

622 

■ ‘ 

0 

0 

• -1 


5 n 2 

^nn 


By a Laplace expansion according to 

rows 1 , 2 , • 

* * , n it i 

clear that <i(M) 

= d(A) • d(B). 

By Theorem 1 . 7 , 




fll 2 ■ ■ ■ 

ai 7 i 

n 

auhji 

n 





1 = 1 

t = l 


a 2 i 

CI22 * ’ * 

a^n 

ia,h, •• 

’ '^a^ihin 





1=1 

1 = 1 

d{M) = 

• 

* 

• 

n 

n 


a-ni 

an 2 * * ■ 

ann 


^^\anibin 





X =1 

1 = 1 


-1 

0 

0 

0 

0 


0 

-1 • • • 

0 

0 

0 


0 

0 - . - - 

-1 

0 

0 


By a Laplace expansion according to rows n + 1, n + 2, • • • , 

n n 

1 = 1 1 = 1 


n 

i = 1 



i = l 


d(M) = 


= d(AB). 



656 


HIGHER MATHEMATICS 


[Chap. VI 


Definition. 2.5. Let A he any array. The order p of a minor 
square array of A of maximum order whose determinant is not zero 
is called the rank of A. 

2 - ill 

Example 2. The matrix is of rank 1, since the deter- 

- 2 | 


minant of A is zero and the determinant of every minor square array of order 
2 is zero, and since there are minor arrays of order one whose determinants 
are not zero—^that is, there are nonzero elements. 

If the determinant of a matrix is not zero, then the rank of the 
matrix is equal to its order. A matrix whose order exceeds its 
rank is called singular. 

Theorem 2.6. Associated with every nonsingular matrix A 
there is a unique matrix, B, such that AB = BA = I. 


Let B denote the matrix 


id(A) 


where A,r is the cofactor of a„r. 


Then AB = 


|d(A) 






By Theorems 1.9 and 1.10, 


'^ariAsi — dradiA) and hence AB = (5^) = L A similar argu- 

ment will show that BA = I. It remains to show that B is 
unique. Let C be any matrix for which AC = I. Then 
B = B(AC) = (BA)C = I. C - C. 

Definition 2.6. The matrix B of Theorem 2.6 is called the 
inverse of A, a7id is written A”h 

Corollary 2.6. If A is nonsingular j d{A~^) = l/d(A). 

Fovd{A) - d{A-^) = d(AA~i) = d{l) = 1. 

2 2ll 

Example 3. Let A = ^ Then An = 1, Au = 3, Aoi = —2, 

A 22 =2, and d(A) = 8. Hence ^ 

i 

Theorem 2.7. Let A be a nonsingular matrix of order n and 
lei B he an arbitrary matrix of order n. The rank of B is equal to 
the rank of AB. 

Let p be the rank of B. If p = n, then by Theorem 2.5, 
d(AB) = d(A) • d(B) 0 and hence the rank of AB is n and is 
equal to the rank of B. Let us assume, then, that p < n. The 
reader can verify that the determinant of every square minor 
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array of order p + 1 of the product matrix AB can be represented 
as a linear combination, with coefficients which are polynomials 
in the element of A, of determinants of minor arrays 
of order p -f- 1 of B. But since the determinant of every square 
minor array of order p + 1 of B is zero, the rank p' of AB is not 
greater than p. 

Now let AB = C. Since A is nonsingular it has an inverse and 
B = A-iC. Now as before it can be shown that the rank p of 
A“^C is not greater than the rank p' of C. Hence p = p', or the 
rank of AB is equal to the rank of B. 

EXERCISES II 


2 

0 

2 



1 . (a) If A = -3 

1 

1 

and 

B = 

4 

-1 

6 




find A 4* B, A - B, B - A, AB, and BA. 

(b) Verify Theorem 2.5. 

2 . Prove Theorem 2.1. 

3. Prove Theorem 2.3. 

4. If O is the zero matrix of order n, and A is any nth order matrix, what 
matrix is OA? AO? 

5. What are the ranks of the arrays 


r 2 1 

-31. 

r 2 

1 

3 


[ -4 -2 

ej’ 

L -2 

3 

1 

isj 


6 . If A = ||2 6 —2 find A~h if it exists. 

1 4 0 

7. The adjoint matrix of C = ||cra||, is the matrix |lCsrl|, where Car is the 
cofactor of Car. It is denoted by C^. If C is nonsingular of order n, prove 
that 




(b) (i(C^) = [d(C)]"->. 


8 . Show that if A is singular, there exists no matrix B such that AB = I. 

9. By the method used in the proof of Theorem 2.5 show that if C is 
singular there is a matrix B, different from the zero matrix O, such that 
CB = BC = O. What is the matrix B derived in this way? Show that B, 
for which CB = BC = 0, is not unique. 

10. Prove that if C is singular, so is C^. 

11. If A = ]la/.«ll and B - l|&r«|l are third-order matrices, show that the 
determinant of every two rowed minor array of AB can be written as a 
linear combination of determinants of two rowed minor arrays of AB, with 
coefficients which are polynomials in the elements of A. 
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3. Elementary Matrices and Equivalence. An elementary 
operation or transformation upon the rows of a matrix A is a 
trani^forrnation upon the rows of A of one or more of the following 
t3"pes: 

(I) The interchange of two rows. 

(II) The addition to the elements of a row of k times the cor- 
responding elements of another row. 

(III) The midtiplication of the elements of a row hy a number h. 

Each of these elementary operations can be effected by 

multiplying on the left by a certain elementary matrix, an ele¬ 
mentary matrix being the matrix obtained by performing the 
elementary operation under consideration upon the identity 
matrix L 

Elementary operations upon the columns of a matrix A are 
defined in a similar manner. 

If denotes the elementary matrix obtained from the 
identity matrix by interchanging the iih. and jth rows without 
disturbing the remaining (t-i ~ 2 ) rows, then the effect of multi¬ 
plying A on the left by giving I(t 7 )A, is to interchange row 
i and row j of A. is said to be an elementary matrix of type I. 

The effect of multiplying A on the right by giving AI(i;), 
is to interchange column i and column j. 

LetH,.v) =I + (h) (ii) (i ^ j) denote the matrix obtained from 
the identity matrix I by inserting an element h in the fth .row, 
jth column. The effect of multiplying A on the left by 
giving is to add to the elements of the fth row of A, h 

times the elements of the jth row of A. H(,v) is said to be an 
elementary matrix of type II. The operation AH;,-,) adds to the 
elements of the jth column of A, h times the elements of the zth 
column of A. 

The operation H(,f)AH(i,) upon A adds to the jth row h times 
the fth row, and adds to the j'th column h times the fth column. 

Let J(i,) = I + (k)(;i), denote the matrix obtained from the 
identity matrix I by replacing the element in row i column i by 
k. The effect of multiplying A on the left by giving 
J,n)A, is to multiply each element in the fth row of A by k. 
The operation AJ(ii) multiplies each element in the fth column 
of A by k. J(n) is called an ele7nentary matrix of type III. 

It is easy to see that the inverse of an elementary matrix is an 
elementary matrix of the same type. 
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Evidently, if B is derived from A by a finite number of successive 
elementary transformations Pi, Pa, • • • , P,,, upon the ro^/s of A, 
PiA, • • • , then B = P.mPm-iPm-2 • • • PiA. 

If C is derived from A by a finite number of successive ele¬ 
mentary transformations Ti, • • • , Tn upon the columns of A, 
ATi, • • • , then C = AT1T2 • • • T.. 

In geiieral, if D is obtained from A by a finite number of ele¬ 
mentary transformations upon the rows and column^ of A, 
then D is equivalent to A, that is, D = RAS, where R and S 
are the products of elementary matrices. 

Definition 3 . 1 . The matrix B is said to he eq uivalent to the inairix 
A if there exist nonsingular matrices P and Q such that A = PBQ. 

We note that the ranks of equivalent matrices are equal. 

We shall now prove 

Theobem 3 . 1 . Every matrix A of rank p is equivalent to a 
diagonal matrix /12, * * • , Zip, 0 , • ■ • , O'j. 

Suppose the rank of A is p. Then, if necessary, a shifting of 
rows and columns can be performed by means of elemeatary 
transformations so that the minor determinant of order p in the 
upper left-hand corner is not zero. By adding, if necessary, 
some other row to the first row, we can make the elemenr, In the 
(1, 1) position 7^ 0. Next, by elementary transfortnations 
make the elements of the first column below the diagonal equal to 
zero. By elementary transformations every element in the first 
row save an can be made zero without disturbing the first column 
of zeros. Denote the resulting matrix by B. 

Next, repeat this general process by working with the last 
{n — 1 ) rows and columns of B; then with the last (n — 2) rows 
and columns; etc. In this way A can be reduced to an equivalent 
matrix 

' 0 • • 0 0 • • •- 0 
0 h 0 . 


B - 


0 0 • * Zip 

0 • • • 0 



M 
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Evidently M = 0, for if but one element of M were not zero, B, 
and hence A, would be of rank (p + 1), whereas A is of rank p. 

EXERCISES in 

1. (a) Show that the determinant of an elementary matrix of types I or 
II is +1. 

(b) Show that if A is derived from B by elementary transformations on 
the rows and columns of B of types I and II, then d(A) = ±d(B). 

2. (a) By elementary transformations, reduce the matrix 

4 2 

A 3-1 
7 4 

to a diagonal matrix D. 

(b) What are the matrices P and Q of (a) such that 

D = PAQ? 

(c) Verify the result of (a) by showing by direct matric multiplication 
that PAQ = D. 

4. Linear Forms, Linear Transformations. Suppose we have 
a product of two matrices AB where the columns of B, with one 
exception, consist entirely of zeros. Then the same columns 
of the product matrix AB consist entirely of zeros, i.e., 


dll 

di2 

* * din 


0 

0 

6i 

... 0 

d2l 

Oj22 

* ‘ d2n 


0 

0 • • • 

fes 

... 0 

dnl 

dn2 

dnn 


6 

6 

L 

... 0 






n 




0 

0 



■ ■ ■ 

0 












n 




0 

0 

• 



. . . 

0 



• 


1 = 1 







n 


• 


■ r 

0 

• 


Clnihi 

. . . 

6 





i = l 
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We shall make frequent use of the following abbreviated notation 
for such a relation, whenever no confusion is likely to arise; 



or more briefly, 

A{b} = 

i — l 

where { } signifies a column of elements and jb} = { 6 ^ 1 . We 
can think of this abridged notation as defining the product of a 
matrix and a column array, in that order. Similarly we may 
define the symbolic abbreviation 

(c)A = ^ CiUtg 

.»=i 

where ( ) denotes a row array, or more properly, a matrix all 

of whose rows, with one exception, consist entirely of zeros. 

Further, if A has only one nonzero row ai, a2, * • • , an and B 
one nonzero column, hi, 62, • * • , &n then the product matrix E 
will have (at most) only one non-zero element and we may 
introduce for the identity AB = E, the abridgment 

n 

(a){b} = JaA, 

wherever no confusion is likely to arise. 

A set of linear equations (or transformations) 

ctuXi + ai2X2 + + ainXn = yi, 

a^lXi + <^ 22^2 + + aznXn = 2 / 2 , 

dnlXl “f” an 2 X 2 ttnnXn = 2/n, 
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can new be written by use of the abridged notation as the single 
matric equation 

A{x} = {y), 

where A — liars'j- 

If d{A) 9 ^ 0. the inverse A~^ of A exists. Multi}:)lyiiig on the 
left of each side of equation (1) by A'b we have 

A-i{y| = A-^A{x} = l[x\ = [xi. 

In Giber words, if the matrix A of the system (1) is nonsingular, 

{xl = A-ifyS (2) 

is the 'unique) solution of (1). Equation (2) is knou'u as 
Cramer s rule. 

If J(A) = 0, the system (1) is said to be singular. 

Various interpretations may be placed upon eqs. (1) and its 
soluTii n (2). Equations (1) may be looked upon as an operation 
which Transforms an array {a;} into a new array [y]. 

If rn, 0 * 2 , • * • , be thought of as the coordinates of a point 
P in '^-space, then the point P' of coordinates yx, y^, * * • , yn is 
said tc be derived from P by the linear homogeneous transforma¬ 
tion (d). 

Any homogeneous linear function is called a linear form. 
Hence eqs. (1) may be said to consist of n linear forms yi^ * * * , 2/w 
Suppose the .r's in (1) are subjected to the linear transformation 


B with coefficients hrs, 



By (1), 

ii-} = B\z\. 

(3) 

Vi 

•0 u n 

(4) 


p = l y = l ; = 1 



where 


(5) 

p = i 

From the definition of the product AB of two matrices A and B, 
it is dear that 


D = ( 4 ) = AB. 
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In other words, under transformation ( 3 ), (1) becomes 

{y} = A{x} = D{z{, where D = AB. (6) 

AB = D is called the product of the linear transformations A 
and B. 

Theorem 4.1. A linear transformation with matrix B replaces 
a system of linear forms with matrix A, by a system of Ivnear'forms 
with matrix AB, 

It is important to notice the one-to-one corresDondeiice 
(isomorphism) between the linear transformations and their 
matrices which is preserved under multiplication. Tht.s shows 
why the definition of multiplication of matrices is made as it is. 

We shall leave to the reader the proof of the following theorems; 

Theorem 4.2. If A, B, C be the matrices of three linear trans¬ 
formations, then A(BC) = (AB)C, that is, the product of linear 
transformations is associative. 

Theorem 4 . 3 . The su7n of the two arrays A{y | and B [y ;■ of the 
same number of rows is the row array Cjy} where C = A + B. 

We noted that if d{A) 9^ 0 in (1), (2) gives the unique solution 
of ( 1 ). If d{A) = 0, the above method can not be employed. 
However, a parametric solution can be obtained by the use of 
the diagonal form D = PAQ. (See Sec. 3.) 

We shall consider the equations (1) with coefficients in a field 
and with d{A) = O.f Let the matrix A be reduced by means 
of nonsingular elementary transformations of matrices P and Q 
to an equivalent diagonal form D = PAQ, where D has r nonzero 
consecutive diagonal elements an, 012 , • • * , ar, all raimnal in 
the coefficients aij. Let n new variables be introduLed by 
means of the linear relations 

* A field of numbers is a set S of numbers such that the sum, d'rl’erence, 
product, and quotient (provided the divisor is not zero) of any two numViers 
of S are again in S. Thus the set of all rational numbers, the set of all real 
numbers, and the set of all complex numbers each constitutes a field. The 
set of all positive rational numbers is, however, not a field. (Why?) 
Neither is the set of all integers. (Why?) 

Although the results we shall obtain in this and later sections, a.s well 
as the results of preceding sections, are valid for a more general domain 
than a field of numbers, where no particular field is specified, the student 
may think of some familiar field such as the complex field or the real field, 
when studying the work in this chapter. 

t The student is advised to work carefully Exs. 5 to 13 at the end of tliis 
section before attempting to read the remainder of this section. 



664 


HIGHER MATHEMATICS 


[Chap. VI 



Then from (7) and (1) we have 

Dj 5 | = PAQI?} = PAQQ-Mx! = PA{x} - P{y}. 

In (8), 


(7) 


( 8 ) 


D{?} = 



(9) 


consists of a column of r nonzero elements followed by (n — r) 
zeros. The right-hand member P{yi of ( 8 ) is a column array 
consisting of n homogeneous linear functions of the y.- whose 
coefficients are the elements of the respective rows of P, 



Evidently, the equation ( 8 ), D{ 5 i = P{y} = {«} can be 
solved for the if the last {n — r) elements of the column {n} 
are zero. In case this is so, we have cxi^i ~ ^ 71 , 012^2 “ vj 2 y * * * ? 
== Vr from wMch we find ^ ^ 




0^1 


?2 


«2 




'Hl. 

ar 


The remaining (n r) of the ft are arbitrary, for they do not 
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affect the value of D{^}. From (7), {x} = Q{5}, so that each 
Xi is a linear function of all the with coefficients in F. 

Thus, if the last {n ~ r) elements of {n} are zero, the general 

solution for Xi involves exactly (n - r) parameters ^r+i, ■ • • , 

for throughout the entire argument, the expressions used have 
heen obtained by rational operations involving only the elements' 
an of A and the n variables yi, ■ ■ • , y^. Since P and Q are 
nonsingular the argument given above may be reversed. 

If any one of the last (n — r) elements ijr+t do not vanish, no 
solution to (1) exists in case d(A) = 0. In this ease the equations 
(1) are inconsistent (or incompatible) . In order to state the 
conditions for consistency in a more general form we shall con¬ 
sider the following n x (n -f 1) array B formed by augmenting 
the matrix A by the column {y), 

an ain yi 


Clnl 

and shall show that the n non-homogeneous equations 

A{x} = {y} 

are consistent and solvable for r of the variables {x} in terms of 
(n - r) arbitrary parameters, if and only if the rank of B is equal 
to the rank r of A. 

We shall consider the identity 


?>ii • • • Pm 0 


Pnl ‘ * * Pnn 0 

0 • • • 0 1 


0^11 • 

• dm 

2/1 

Clnl • 

■ * dnn 

Vn 

0 • 

• • 0 

0 


kll ‘ ' qin 0 


Qnl ' * ' Qnn 0 

0 • • • 0 ] 


Otl 

0 • 

■ 0 

0 • 

• 0 

-rii 

0 

a2 . 





0 


• Cir 

0 • 

• 0 

Vr 

0 


• 0 

0 ■ ■ 



0 


• 0 

0 • - 

> • 0 


0 


• 0 

0 • • 

• 0 

01 



(12) 
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or more briefly 

PBQ = D. (13) 

If r is the rank of A, then the rank of D must be r at least, for 
one of its r-rowed minors (in D) is the nonzero product ai • * • ar. 
Furthermore, the rank of D can exceed r if and only if at least one 
element {i > 0) in the last {n — r) rows and the final column 
of D is not zero. Since P and Q are nonsingular, P and Q are 
also, hence, by Theorem 2.7 the rank of B is equal to the rank of 
D, Thus, the last (n — r) elements of P{y} == {n} are zero and 
the equations (1) are consistent and parametrically solvable, if 
and only if the matrices A and B have the same rank r. 

The results given above are readily generalized to cover the 
cases where the number of equations in (1) is m 5^ ?2. 

Theorem 4.4. Given the linear equations with coefficients in a 
Jield F 


Vr (t — Ij ’ * ‘ f rri) (14) 

S = 1 

of array A ^ [ar^]. Let r he the rank of A and p he the rank of B, 
the augmented array derived from A hy annexing the column {y}. 
If p > r, equations (14) are inconsistent If p = r, certain r of the 
equations determine uniquely r of the unknowns as linear functions 
of the remaining (n ~ r) unknowns; for all values of the latter the 
expressions for these r unknowns satisfy also the remaining (m — r) 
equations. 

A set of elements zi, Z2, • • • , (row arrays, matrices, polyno¬ 
mials, numbers, etc.) are said to be linearly independ,ent with 
respect to a field of numbers F (real, rational, or complex) in 
which we are working, if no linear combination of them, 

aiZi a2Z2 + * * • + anZyiy 

with coefficients ai in the field F, is zero unless 
ai = a2 = = = 0 . 

If numbers a* not all zero do exist such that the above combina¬ 
tion is zero, then the Zi, Z2, • • • , z,, are said to be linearly 
dependent relative to F. It is necessary to specify the field F. 
For example, consider the numbers 1, \/3; they are linearly 
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independent relative to the rational field but are linearly depend¬ 
ent relative to the real field. Similarly, 1 and i are linearly 
independent relative to the rational field or the real field but are 
linearly dependent relative to the complex field. 

A particularly important case of Theorem 4.4 occurs when (1) 
consists of m homogeneous linear equations with 

that is, 

'^,(lrsXs ~ 0. (?’ = 1, m) (15) 

Theorem 4.5. Given the homogeneous equations (loj with 
coefficients in a field F. Let r be the rank of k ^ [aj. Then (15) 
has {n — r) linearly independent solutions in F, while every other 
solution is linearly dependent on them [i,e., r equations may he 
selected from. (15), whose matrix has a no7i-vanishing r-rowed 
deter^ninant a/nd these r equations determine uniquely r of the 
unknowns as homogeneous linear functions^ with coefficients in F, 
of the remaining (n — r) unknowns: for all values of the latter, the 
expressions for the r unknmv'ns satisfy (15)]. 

An immediate consequence of this theorem is 

Corollary 4.5. Equatio7is (15) have solutions not all zero if 
and only if r < n. In particular, n homogeneous linear equations 
in n unknowns have solutions 7iot all zero if and only if the determi¬ 
nant of the coefficients of the unhiowns is zero. 

If the m homogeneous eqs. (15) have the two solutions 
}uj = ('Wi, • * • ? Un) and [v} = (vi, * * • , Vn), then (15) have 
the solution (cxUi + ^Vi, * * * , aUn + I3vn) where a and d are 
any two unknowns in F. The solutions {u} and {v} are linearly 
dependent if there exists in F constants a and jd, not both zero, 
such that oi{u} +id{v} = {O}; but linearly independent if 
no such constants a and ^ exist in F. This notion can readily be 
extended to any number of solutions. Thus, in Theorem 4.5 
any system (15) of rank r < n has {n — r) linearly independent 
solutions while every solution is linearly dependent upon them. 

We are now in a position to state an important theorem on 
linear dependence. 

Theorem 4.6. Let S be a set of n row arrays (colurrm arrays) 
of m elements each, and let the elements of these arrays lie in a field 
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F. The arrays of S are linearly independent relative to F, if and 
only if the rectangular array composed of these rows {columns) is 
of rank r = n. If r < n, there are exactly n — r linearly independ¬ 
ent linear relations among the rows {columns) of S. 

The proof follows immediately from Theorem 4.5 and Corollary 
4.5 when we ask for the solutions of the system of equations 



Note that if m < n, Theorem 4.6 states that the arrays of S 
are always linearly dependent. 

Theorem 4.6 may be applied to any entities capable of repre¬ 
sentation as row or column arrays. As particularly important 

instances of such, we mention vectors of order m, linear forms in 
m variables, and polynomials of degree m in one variable. 

Example 1. The polynomials — 2x^ + 1, — Bx^ — x + By and 

2x^ — 4 - X are linearly dependent. For if these polynomials are rep¬ 

resented respectively by the row arrays (1, —2, 0, 1), (1, —3, ~1, 3) and 
(2, —3, 1, 0) the array 

'1 -2 0 r 

1-3-1 3 

_2 -3 1 0_ 

is easily seen to be of rank 2. The third row is linearly dependent on 
rows one and two. Theorem 4.6 also tells us that there is just one inde¬ 
pendent linear relation among these polynomials. 

We leave the proof of the following theorem to the reader: 
Theoeem 4.7. If • • • , {x<s)} are q solutions of (15), 

A{x} = {0|, then j a;® [ is a solution of (15), the a,- being in 

the field F. 


EXERCISES IV 

1. (a) Let the variables Xi, xz be subjected to the transformation 

xi = x'l cos e — Xz sin 6, ) 

X 2 = x[ sin d -{-Xz cos 6. J 


( 1 ) 
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What is the geometric interpretation of this transformation? What is the 
matrix of the transformation? Is the transformation nonsingular? 

(b) Find, by matric methods, the inverse transformation. 

(c) If the variables Xi and are subjected to the transformation 

= Xi cos oi — sin a, ) 

x^ = x^ sin a -j- cos a, \ 

verify by direct substitution, that the matrix of the transformation carrying 
xi, Xi into Xi , X 2 is the product of the matrices of transformations (1) and 
( 2 ). 

(d) Verify that the matrices of transformations (1) and (2) are com¬ 
mutative. Is there any reason for this? 

2. Prove that if A is equivalent to B, then B is equivalent to A. 

3. Prove that if A is equivalent to B and B is equivalent to C, then A is 
equivalent to C. What are the transforming matrices under which A is 
equivalent to C? 

4. Is a matrix equivalent to itself? 

Solve the systems of equations in Exs. 5 to 13 by following the procedure 
outlined below: 

(a) Find the rank r of the array of coefficients. 

(b) Find the rank of the array of coefficients augmented by the column 
of constant terms, thus determining whether or not the system is consistent. 
(See Theorem 4.4.) 

(c) In case the system is consistent, choose a subset of r of the equations 
whose array of coefficients is of rank r, and solve by Cramer’s rule for the r 
unknowns corresponding to the minor of rank r in terms of the n — r 
remaining unknowns. 

(d) Verify by direct substitution that these solutions satisfy each equation 
of the system. 


5. 

7. 


( 2x - Zy = 5, 

j a: + 2 / = 0. 

( 5a; ~ 72/ = 8, 

( 10a; - Uy = 7. 


Zx — 4ty 20s = —8, 

9. —X -|- 2 / “ 6s = 2, 

3a; - 52/ + 22s = -10. 

! 2a; + 32/ + 5s = 0, 

3a: + 42/ -h 6s = 0, 
a: -f 32/ + 7s = 0. 

/ 3a; — 2 / “ 23 = 4, 
iq y ~"2a; -f- 3?/ + 4s = — 1, 
) a; 4- 9y + 10s = 8, 

\ 13a: — 22/ — 6s = 19. 


2a; -j- 32/ = 4, 

6a; -h 9?/ = 12. 

2a; -f 2 / 6s = —4, 

8. 5a; - 32/+ 14s = -12, 

- 3a; -h 22/ - 10s = 7. 
X 6y — 32s = 0, 

10. X — 2y 6z — Z, 

4a; — 2s — —9. 
a; - 22 / + s = 0, 

12. 3a; H- 52/ + 2s = 0, 

4a; + 32/ -j- 3s = 0. 


14. Show that the linear forms 3a; — 2?/ + s, a; -j- 2 / 6s, and 2a; + 2y are 

linearly independent relative to the complex field. 
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15. Show that the polynomials — 3a; + 2, 5a;^ — 2a; -}- 7, 3a;^ + 2, and 
2a;^ ~ X + 2 are linearly dependent relative to the complex fields and find a 
particular linear combination of them, with coefficients not all zero, which 
is identically equal to zero. 

16. Consider the pair of straight lines 

aix + 6i 2/ -f Cl =0 
a2X ■+■ hiy 4- C2 = 0. 

If A andB s discuss the points of inter- 

\a-2 Ooi Lflo 02 C2~i 

section of the lines in the following cases: (a) ^^(A) 0; (b) the rank of A is 1 

and the rank of B is 2; (c) the rank of A is 1 and the rank of B is 1. 

17. Make a discussion similar to that of Ex. 16 for the case of throe 
straight lines in the plane. 

5. Bilinear Porms and Equivalent Matrices. The second- 
degree polynomial 


Q = '^aijXiy-j 
i,j = 1 

in the 2n variables xi, X 2 , ' ‘ , Xn, yi, 2 / 2 , * * * , yn is called a 

hilinear form. In the abridged notation we may write 

G = (x)A{y}, 

where (x) = (xi, x^, * • • , a:^), {y} is a similar column array, 
and A = jjarslj. A is called the matrix of the form G. 

Definition 5.1. The trmis'pose of a matrix A, denoted hy A^', 
is the matrix resulting from A hy interchanging the roios and 
columns of A. Thus if A ^ jlarsH, = \\asr\\. 

Example 1. ^ 


It is easy to prove 
Theorem 5.1. 


(A + By = A*^ + 

(A + B + • • • + K)2’ = A^* -h B^’ + • • - + 

Theorem 5.2. 

(AB)^ = (AB * • • K;)^’ = • B^A^. 

Theorem 5.3. (A^)~^ = (A'O^’. 

If the variables of G are subjected to the nonsingular linear 
transformations 
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{x} = P{x}, {y} = Q{y{ 

where P = ||p™|| and Q = ||gr.l|, then writing {x|r = (x) = (x)Pr, 
G becomes 

G = (x)Pr. A-Q{y} = (x).PrAQ- {yj, 

Thus, under nonsingular transformations of the variables, the 
matrix of the bilinear form in the new variables Xi, yi is equivalent 
to the matrix of the form involving the old variables a;,-, yi. 

This is an instance of the use of the idea of equivalence of 
matrices. As in the case of equivalence we see that the rank of 
the matrix of G (called the rank of the bilinear form) is an 
invariant under nonsingular linear transformations of the 
variables. 


EXERCISES V 

1. Prove that (A^)^ = A. 

2. Prove Theorem 5.1. 

3. Prove Theorem 5.2. 

4. Prove Theorem 5.3. 

5. Make a briefer statement of Theorem 1.1. 

6. Congruence of Matrices. As a particular kind of equiv¬ 
alence of matrices, wo take up the study of the congruence of 
matrices. Congruence is the case of equivalence wherein P = Q^. 
(See Sec. 3.) 

Definition 6.1. A matrix A is called symmetric, if k'^ = A. 
Definition 6.2. If two matrices A and B are so related that there 
exists a nonsingular matrix P such that P^AP = B, then B is said to 
be congruent to A. 

If A is symmetric and B is congruent to A, then B is also 
symmetric. For if B = P^AP, then by Theorem 5.2 

BT = Pta^P = p^AP = B. 

A quadratic form in n variables Xi, a; 2 ; * * * , Xn is a homo¬ 
geneous polynomial of the second degree in Xi, X 2 , * * • , Xn. 
A quadratic form is a particular type of bilinear form. A 
quadratic form Q may be written in the symmetric form 

= 1 

where an = a^i. The matrix A = \\ars\\ is called the matrix of the 
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quadratic form. By virtue of the symmetric way in which Q 
is written it is clear that A is symmetric. In the abridged nota¬ 
tion of Sec. 4, Q may be written 

Q = (x)A{x} 

where (x) is the ro'w array (xi, ■ ■ ■ , x„) and {x) is the similar 
column array. 

If the variables a: 1 , 0 : 2 , • • • ,a:„ are subjected to the nonsingular 
linear transformation 

{x} = cfy}, C = Iia.ll 
then, since (x) = {x}^ = (y)C*’ 

Q = (y)C^ • A • C{y} = (y) • C’-AC • {y}. 

Thus the matrix A of Q is transformed into a congruent symmetric 
matrix under the linear transformation of the variables. 

Theorem 6.1. Every symmetric matrix A 0/ rank p with ele¬ 
ments in a field F is congruent in F to a diagonal matrix 

[di, d2, • • ■ , dp, 0, • • • , 0], di 7^ 0. 

We consider the matrix 

|ctil CtlTlj 

A = 


dnl 

of rank p. 

If the principal minor of order p in the upper left corner of A 
is singular, then an elementary transformation matrix Pi can be 
found such that B = P^^APi where the principal minor of order 
^ in the upper left corner of B is nonsingular. If hu = 0, some 
ilk ^ 0. (Why?) In this case select a matrix P 2 which adds 
TOW k to row 1 and column k to column 1, giving C = P|'BP 2 
in which cn ^ 0. Now select a P3 which adds — Cifc/cn times 
the first row to the kth row and —Cih/cn times the first column 
to the feth column, (A; = 2 , 3 , • • • , n), giving E = P3CP3, 
in which all the elements of the first row and first column are zero 
except eii. Now proceed similarly with the lower right minor of 
order (n — 1), and so on, until the diagonal matrix 

ildi, , dp, 0, , 0|| 
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is reached. Since 

PJ • • • P?PiPTAPxP,P3 • • • P, = P^AP = D 

with P = P 1 P 2 P 3 • ■ • Pj we see that A is congruent to D. 
Since P is nonsingular and A is of rank p, so is D of rank p (Theo¬ 
rem 2.7). 

An immediate consequence of the proof of Theorem 6.1 is 
Theorem 6.2. Let Ai he the 'principal minor of order i in the 
upper left hand corner of the symmetric matrix A. If d(Ai) ^ 0, 
then di in I heorem 6.1 can be determined as a rational function 
of the elements of A; alone. 

The truth of this theorem becomes obvious, since in the begin¬ 
ning of the proof of Theorem 6 . 1 , if d(A;) 5 ^ 0 , none of the 
first i rows and columns need be interchanged with any of the 
last (n — i) rows and columns. 

We shall now prove Sylvester’s famous theorem known as the 
"law of inertia” (1852). 

Theorem 6.3. Let the field of numbers be the real or rational 
field. If D = ||di, c? 2 , • • ■ , dp, 0, • • • , 0|| is congruent with 
H = ll/ll, hi, ■■■ , hr, 0, • • • , 0|1, then the number of positive 
d’s is exactly equal to the number of positive h’s. 

Proof. By Theorem 2.7, r = p. Suppose A and B are any 
two congruent matrices 

A = P’’BP. 

Let Xi, Xn he indeterminants which are denoted by (x) 

when written as a row array and by {x} when written as a column 
array. Construct the quadratic form 

(x)A{x) = (x)P’’BP{x}. 

Let {yj = P{x}. Then 

(x)A{x} = (y)B{y}. 

If A = H and B = D, then 

n n 

= '^dcyl 

r«l t=l 

Suppose the h’s and d’s are so numbered that 

hi> Oj ’ * ' ; h\ > Oj /ix+i ‘ ‘ j Ap < 0, 

di > 0, ' • • , dp > 0, dp+i <0, • • • , dp < 0, 
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and suppose that ju < X. Then 

hiXi + * ‘ * + hxXx — • * * — dpy^ 

= diyl + • • ‘ + dpyl - - • • • - hpxl. 


Select xx-^i = • • * = = 0 and Xi, ‘ ^ , xx not all zero so 

that the /z (/^ < X) linear forms yi, ' ‘ , yn are all zero. This 
last can be done according to Corollary 4.5. But this implies 
4- • • • + hxxl = 0 for the x’s not all zero; this is a con¬ 
tradiction of our hypothesis, hence /z ^ X. But the relation 
between H and D is mutual, so that a similar argument would 
lead to the result /z ^ X. Hence X = /z. 

The number 2X — p = zr is called the signature of D and is the 
number of positive terms diminished by the number of negative 
terms in the canonical form D. The two integer invariants 
p and a determine the number of positive and the number of 
negative terms in D, the canonical form of A. 

In Theorem 6.1, if F is the real field, every positive di can be 
reduced to 1, and every negative di to —1, by an elementary 
transformation of type III in the real field. Thus, 

Theorem: 6.4. Two real symmetric matrices are congruent 
in the real field if and only if they have the same rank p, and the 
same signature cr. 


EXERCISES VI 

1. Is a matrix congruent to itself? 

2. Prove that if A is congruent to B, then B is congruent to A. 

3. Prove that if A is congruent to B and B is congruent to C, tlion A is 
congruent to C. 

4. If A = P^BP, what is d(A)? 

5. (a) Write the quadratic form 


Q = 2x1 + 3 X 2 ~ 2 X 3 4- X 1 X 2 — 3 xiX 3 + 4 X 2 :'C 3 

in symmetric form. What is the matrix of this form ? 

(b) Write Q in the abridged matric notation. 

6. Verify, by direct substitution, the law of transformation of the matrix 
of a quadratic form in the case of the form 

xl -j- 4 xiX2 + xl 


and the transformation 


Xl — 2 xi 8x2, 

X2 — x[ X2^ 
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7. Reduce each of the quadratic forms of Ex. 5 and 6 to a form which 
contains only the squares of the variables, by reducing its matrix to a 
diagonal form by transformations involving rational coefficients. What is 
the single transformation on the variables, in each case, which will accom¬ 
plish this reduction? 

8. Using results of Ex. 7, reduce each form further to a form in which the 
coefficient of each square term is +1 or —1, by using real transformations. 
What is the signature of each form? 

9. Usir.g results of Ex. 8 reduce each form further to a sum of squares with 
coefficients -pi, by using complex transformations. 

7. Triansformation of Reference Frame. In Sec. 4 tve re¬ 
marked tliat a row array (or a column array) could be considered 
as the Cm'- n’dinates of a point in n-space. If we think of this point 
as the point of a vector directed from the origin of coordi¬ 
nates, then siicii a row or column array defines the vector com¬ 
pletely. The elements of the array can be thought of as the 
compom-iits of the \ax*tor in the n independent principal direc¬ 
tions of t!ie axes of tlie reference frames, 

Suppo.se that two v(‘ctors lx| and {y} referred respectively to 
two reference frames A" and are related by 

!xj=A|yj, A = 

Let iLS change from the frame A to a iie\t' frame X by the non¬ 
singular t r ansf ornia tion 

{X} = P{X}, P - llPr.l',, 

and let us likewise change from frame Y to a new frame Y by the 
n (>11 si 1 1 ■: *1 r transformation 

{y! = Qiylo Q ^ 11^Jl. 

Then the relation between the vectors {x} and {y}, which are the 
transforms of {xl and {y}, respectively, is 

P{xi = AQ{y} 
or 

{x} =P'^AQ{y}; 

ill particular, if the vsame transformation is made for both frames, 
then 

{x} - P-iAP{y}. 

Definition 7.1. If two matyices A and B are so related that 
A = P-^BP, where P is a nonsingular matrix, then A is said to be 
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similar to B. It is clear that similarity is another instance of 
equivalence. 

Let A be a matrix of order n and let \ be an indeterminate. 
The determinant d{k — XI) is a polynomial of degree n in X. 

. This polynomial is called the characteristic function of A, and the 
equation ^(X) = d(A — XI) = 0 is called the characteristic equa¬ 
tion of A. 

A curious theorem, whose proof will be omitted here, is the 
famous 

Theorem 7.1 {Hamilton-Cayley Theorem). Every matrix 
satisfies its characteristic equation, when the constant ter^n c of 
the equation is replaced hy cl. 

That is, if in the function ^(X), X is replaced by A and the con¬ 
stant term c by cl then the resulting matrix is the zero matrix. 


Example 1. Let A = 

and ^(X) d(A — XI) 
find 


3 1 

-2 2 \ 
X2 - 5X + 


Then A — XI = 



2 


1 

- X 


Replacing X in ^(X) by A, we 


7 


-10 




EXERCISES VII 

1-4. Solve Exs. 1, 2, 3, 4 of Ex. VI for the case of similar matrices. 
5. Find the characteristic equation of the matrix 

2 2-1 

A == 3 0 2 

-5 6 2 


and verify the Hamilton-Cayley theorem for A. 

6. Show, without direct verification and without computing A"b that the 


matrix A = 


2 

-1 


3 

-2 


is its own inverse. 


7. Show that any matrix similar to A of Ex. 6 is its own inverse. 

8. The Method of Symmetric Components. Let Ei, Ez, Ez, and h, h, h 
be the vector representations in frame SFi of the voltages and currents in 
phases 1, 2, and 3, respectively, of a three-phase electrical system J'. The 
Kirchhoff equations for J' are 


Zll 

212 

2i3 





Z21 

222 

223 



or z{I) = {E}, 

(1) 

Z31 

232 

233 


iE^) 




where the elements zu are lumped impedances in phase i (i == 1, 2, 3), and Zi, 
are the lumped impedances common to phases i and j. Suppose the voltages 
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and currents are referred to a new reference frame by means of the 
equations 


El 

E2 

Ez 


1 1 

1 a-i 

1 a“2 





1 

1 

1 


1 

a~^ 



1 

a-2 

a-4 

i ^ 1 ^ 


1E!=sie}, il)=sil!, 


where a is the primitive cube root of unity; i.e,, a = —| + j{^/z/ 2 ), with 
p = — 1. Then under (2), (1) gives 


2{I} = {El, where z = S"izS. (3) 

The term in jEl is called the fcth sequence component of the voltage 
in phase 1, A: = 1, 2, 3; and the element in {II, the ifeth sequence 
component of the current in phase 1. The sequence components for 
phase r are dejfined by means of 


E'f^ ) 

bu 

hi 2 

hiz 


= 

621 

^22 

^23 

\e[» 

5 

631 

hz 2 

hzz 

(ei« 


(4) 


where i)(r-i)^ 5.. = 0 if t 7^ y, Si,- = 1 if ^ r= y. 

(a) Express 1 in terms of Zij. 

(b) Show that z reduces to a diagonal matrix when J is electrically sym- 

metrical; that iSj when Zn 022 2^12 “ 223 “ 213 — 2J21 ^ S32 ~ 231. 

(c) Solve (2) for {El in terms of {E], 

(d) Suppose 


El = (100) +y(0), E2 == -(2,7) -y(32.3), and Ez = -(37.3) -f-y(2.3). 

Find the sequence components for phase 1; phase 2; phase 3. Graph your 
results on the complex plane. Illustrate each step in the theory graphically, 

(e) Generalize this method for the case of an n-phase electrical system.* 


PART B. VECTOR ANALYSIS 

8 . Introduction. In formulating the properties of vectors, 
there are several points of view which may be adopted. For 
example, we may use the Gibbs notation V for a vector, and 
develop the subject of vector analysis along geometrical lines, or 
along the line of a generalized or abstract algebra. On the other 
hand, we may build up the vector concept from the point of 
view of invariants of transformations. We shall adopt this 
latter viewpoint because it leads directly to the extension of 
vector analysis called tensor analysis (see Part D of this chapter). 

* Bueington, Matrices in Circuit Theory, J, Math. Physics, December, 
1935. 
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9. Concept of a Vector. In this work we shall use a refer¬ 
ence framework a system of three mutually perpendieiiiar axes 
meeting in a point 0 , as shown in Fig. 181 . We shall agree that 
these axes are so lettered as to form a right-handed systerai. (In 
such a system rotation of a right-handed screw, with axis along 
OZ, from the positive a:-axis through 90 ° to the positive ?y-axis 
Z z* causes the screw to advance along 

the positive z-axis.) A point P is 
then specified by its Ckirtesian 
coordinates (x, y, z) relative to the 
frame OXYZ. 

If another reference frame 
O'X'Y^Z' be used, its position may 
be specified with reference to the 
frame OXYZ by the coordinates 
(iTo, yo, Zq) of the new origir^ O' and 
by the direction cosines of tiie angles 
which 0 'X\ 0 'Y\ O'Z' make with* OX, OY, OZ. As indi¬ 
cated in the array listed below, we shall let an, a^, av,^, cuh ' ' ' 
denote the direction cosines of O'X' with OX, O'X' with OF, O'X' 
with OZ, O'Y' with OX, * • * , respectively, 




OX 

OY 

OZ 

O'X' 

an 

an 

an 

O'Y' 

an 

(I22 

U 2 S 

O'Z' 

_ctzi 

az 2 

U33 


By virtue of the well-known formula 

cos d = cos ai cos a2. + cos j8i cos + cos 71 cos 72, (2) 

we have the following relations among the alcove direction 
cosines: 


<^11 “h ^12 ^13 = 1? ^21^31 + a22U32 + = 0, * ’ ‘ 

afi + a|i + = 1, ai2ai3 + U 22 U 23 az^a^^ == 0, • • * , 


the last relation, for example, expressing the fact that 6 — YOZ 
is a right angle. 

Let (x, y, z) and (.r', y', z') be the coordinates of the same point 
P relative to the two frames OXYZ and O'X'Y'Z', respectively. 
Let a, id, 7, a' be the direction angles of O'P with OX, 0 F, OZ, 
O'X'. Then by (1) and (2), 
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: x' = O'P COS a = 0 'P[aii cos a + an cos Q + au cos 7] 

= ciu{x — xo) + an{:y — 2/0) + au{z — ;2o). 

Similarly, we find 

y' = a2i(;r — Xo) + a<22{y ~ ^0) + a^z{^. — 2:0), ^ 

^ ^0) 4 “ o^d 2 (y yo) d” azsi^ — Zq). ^ 

By Sec. 4 , these equations may be combined into the single 
matric equation 



0.11 

an 

Uis 1 

1 ^ 

— Xo 

dn 

^22 

0^23 

y 

- yo 

U 31 

U 32 

<^33 ^ 

[2 

— Zo 


By the method used to derive ( 4 ), we have 


X — Xq = aiix' + ^ 21 ^' + ^ 31 ^', 

y - yo avzx' + a^iy' + ^ 32 ^', 

z — zq = aux' 4 - a^zy' + azzz'. 


( 5 ) 


( 6 ) 


It is easy to see that (6) is the inverse of ( 4 ). 

Consider two points Pi and P2 and an operation that carries 
Pi into P2. This operation involves the concept of magnitude 
(the distance between the two points), and the concept of 
direction. These two characteristics are possessed by many 
physical quantities and are frequently represented by the 
geometric operation mentioned above. Such physical quantities 
are known as vector quantities. A vector quantity is said to be 
described when its magnitude and direction are specified. If 
one end point, say Pi, of the segment representing a vector 
quantity be chosen at random, then the other end point is 
definitely determined by the magnitude and direction of the 
segment representing the vector quantity. A vector quantity 
may be represented by any one of a system of equal, parallel, 
and similarly directed vector segments. The term vector is 
commonly used to denote either a physical vector quantity or 
its geometric representation. 

The magnitude and direction of the translation of Pi to P2 
are commonly specified or represented by the projections of the 

directed segment P1P2 on the coordinate axes. These projections 

of the same segment P1P2 are of course different in different 





680 


HIGHER MATHEMATICS 


[Chap. VI 


reference frames. For example, if (xi, yi, Zi) and ( 0 : 2 , 2 / 2 , Z 2 ) 
are the coordinates of Pi and P2, respectively, in the reference 

frame ^ the representation of the segment PJPz in this frame is 
{X 2 - xi, yz - yi, Z 2 - zi). If {x[, z[) and i/L 4) are 

the coordinates of Pi and P 2 , respectively, in the frame 2r', then 

the representation of P 1 P 2 in frame is — x[, 2/2 “ y[, 
2 ;' _ 2:0. As in (4) and (6), the two representations are related 
by 

X2 x[ — aii(a :2 ^ x^ + a^^iy^ — 2/0 + <^13(^2 

^ 2/2 ““ 2/1 = (^ 2 i{x 2 x^) + ^ 22 ( 2/2 — 2/0 + ^ 23(22 — 2;0> / (7) 

4 “ 4 = CLziixi — + <232(2/2 — 2/0 + ^33(22 — ^0, ) 

and the inverse is 

a;2 — Xi = aii(rC2 — 4) + ^ 21 ( 2/2 “ 2/i) + tt3i(4 4)? ^ 

2/2 2/1 = ^^12(2^2 - a :0 + ^22(2/2 - 2/0 + ^^32(^2 - 2:'), > ^ ( 8 ) 

22 ““ ^1 = cti3(4 4) + ^ 23 ( 2/2 ““ 2/0 + ^ 33(4 ““ 4)-) 

Suppose the measurement of a certain (physical, geometrical, 
or other) entity involves the determination of three numbers 
relative to a reference frame. Are these three numbers for a 
certain frame ^ the representation in frame 9^ of a definite vector? 
In other words, is the quantity measured a vector quantity? 


Example 1. Let p(x, 1 /, s) be the density of the gas at any point in a 
jet and let P be a point in the jet. For each frame ? we can determine 


three numbers, -^1 » ~ • Are these three numbers the com- 

dxjp dyjp dzjp 

ponents of a vector? 

Example 2 . Let us determine three numbers for each reference frame in 
the following way: Let $ be a surface containing the point P. For each 
frame S? pass three planes through P parallel to the coordinate planes of 9r 
and cutting ^ in three plane sections Ci, C 2 , C 3 with curvatures Ki, K 2 , Kz at 
P. Are the numbers Kij K 2 , Ksj determined in this way for each frame {F, 
the components of a vector? 

Example 3. Suppose rays of light (of a certain wave length) are radiating 
from a point P in a heterogeneous medium such that the velocities of the 
rays are different in different directions. For each frame we can determine 


Are these three numbers the corn- 


three numbers Fj, Fs, F 3 , namely, the actual velocities of the rays in the 
directions of the three axes. Are these three numbers the components of a 
vector? 
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Example 4. Let Btj Ct denote the market values of the common stock 
of General Motors, Pennsylvania Railroad, and United States Steel at a 
fixed time t Are these three numbers the components of a vector? 

It is evident that, if (A*, Ay, A^ are three numbers determined 

for a quantity Q relative to frame iF, it is always possible to 

—> 

construct a directed line segment P 1 P 2 such that the measures 
of its projections on OX, OY, OZ are (A^, Ay, Az). But for Q 
to be called a vector quantity, it is necessary that the numbers 
(A', Ay, AO, determined for Q relative to any other frame 

be the measures of the projections of the same segment P 1 P 2 on 
O'X', O'Y', O'Z'. 

It is seen that dpjdx, dp/dy, dp/dz in Example 1 represent 
the vector quantity called the normal derivative of p in Sec. 22 
of Chap. I. On the other hand, the velocities Vi, V 2 , F 3 of the 
rays in Example 3 may be quite unrelated* in different frames, 
so that Vi, V 2 , Vz do not represent a vector. In Example 
4 , At, Bt, Ct do not represent a vector since they are not measured 
relative to any three-dimensional frame We leave it to the 
student to answer the question in Example 2 . 

We shall now put the preceding criterion in analytic form. 

— ^ 

Suppose a quantity is represented by a line segment P 1 P 2 with 
projections on the axes of 5 of measures {Ax, Ay, Az). Then 

Ax — X 2 — xi, Ay = y 2 — yi, Az = — Zi] 

if the quantity -represented by P 1 P 2 is a vector quantity, then 

A', Ay, Ai must be the measures of the projections of P 1 P 2 on the 
axes of fF', that is, if the quantity is a vector quantity, then it 
must be the case that 

,/Ai = - x[, A^ = y'2- y[, = Z2 - zi, 

where by (7) and (8), 

Ax = fliiAi + fli2Aj, + ciisAz, 

~Ay = diiAx + fl22Ai, + 023 A,, (9) 

A'z — <i3iA* + as2-4B + dszAz, 

* Consider the case where P is on the bounding surface between a crystal 
of iceland spar and a solution of sugar in water in a magnetic field. 
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and 

Ax = diiAx + cL2iAy + a3i-4', 

Ay = aisA' + a22Ay + (10) 

Az = aizA'^ + a^zAy + ^ 33 ^ 4 '. 

These relations enable us to lay down 

Definition 9.1. //; in any manner whatever, a set of three 

numbers (Ax, Ay, Az) is determined for each frame fT, Hum these 
numbers are said to represent a vector A, provided that, (.14., Ay, .4') 
being the set of numbers determined for any other frame the two 
sets (Ax, Ay, Az) and (A', .4', A^) are related by (9) and (10), 
where the numbers aij are the coefficients in the transformation (4) 
connecting ^ and ty'. 

Here A denotes the vector itself, and not any particular 
representation of it. Another interpretation of this symbol A 
is that A represents all possible representations of the vector, any 
two of the representations in Cartesian frames being connected 
vdth each other by Eqs. (9) and (10). We shall call /h-, Ay, A. 
the components of the vector A in frame 

A convenient notation for the relation (9) is (see Sec. 4) 


dll 

a 12 

aiz 

(AA 



<X21 

^22 

«23 


or 

< 

II 

az\ 

^32 

azz ' 





It is essential to realize that those properties of \'(‘Ctors that 
are of importance are principally those which are essentially 
independent of the particular representation used. Thus, the 

common length of the representative segments P 1 P 2 of a vector 
A is quite independent of the particular reference frame used. 
This length A has the value 

^.4 = +VAI + Al + Al (12) 

in the frame and the value A' = +" 
the frame aFh That .4 = A', or 

A| + Al + Al = Ai^ + a;2 + A'2 (13) 

is easily shown from Eqs. (3) and (9). 

We shall call the length A of the vector A the magnitude of A. 
A quantity, such as A, which is independent of the reference 
frame used, is knowm as an invariant or scalar quantity. 
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Let A and B be two vector quantities. These vectors A and B, 
while they perhaps arise from different physical or mathematical 
situations and consequently are not necessarily the same vectors, 
are said to be equal when they have the same representative 
segments, or when any representative segment of the first is 
equal, parallel, and similarly directed to any representative 
segment of the second. Thus, we say that A is equal to B if, 
in Iraine a, Ax ~ Bx, Ay = By, and A^ — Bz. Equations (9) 
then show that, in frame 3^', A' = A' = B', and A' = B', 
i.e., if two vectors have identical representations in any frame 
they have identical representations in any other frame ft', and the 
two v(uiors are said to be equal. Thus, the equality of two vectors 
as defined above is another example of a relationship between 
two vectors whicii is independent of the frame used. 

10. Vector Algebra. We shall now develop the laws of vectors^ 

Product of a Vector by a Scalar. Let A be an arbitrary vector 
whose components with reference to frame 5^ are (A;,, Ay, AA 
and whose components with reference to frame 3^' are (A^ Ay, AQ. 
Let m be a real number, i.e., the measure of any scalar quantity. 
Multiply each equation in (9) by m. It is now evident that the 
set of numbers (mAx, mAy, mAf) transforms by (9) of Sec. 9 
into the scd (mA^ niAy, mA'f). Hence these two sets of numbers 
are the representations (in frames CF and if') of a vector. We 
shall denote this \^eetor by mA or Am and we shall call nik the 
product of the vector A by the scalar m. The magnitude of 
mA is equal to |/?h times the magnitude of A, where m\ is the 
numerical value of m. li m 9 ^ 0 , any representative segment 
of th(' vecnor mA is parallel to any representative segment of A, 
the tvo segments being similarly directed in case ni > 0 , and 
oppositely directed if m < 0 . If m = 0 , mA has components 
(0, 0, 0) in every frame, and is independent of A. Since the 
magnitude of ( 0 )A is zero, (0)A does not possess direction. We 
call this vector, whose components with reference to any frame 
are ( 0 , 0, 0 ), the zero vector, and we shall denote it by O. 

It is easy to show that if 7 n and n are any two scalar quantities, 
and if A is any arbitrary vector, 

mA + 7 ^A = (m + n)A. (1) 

Simi and Difference of two Vectors. Consider two vectors A 
and B, with components (Ax, Ay, A,) and (Bx, By, Bz) with refer- 
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ence to a frame and components (.4', Ay, -4') and By, -B') 
in frame Construct the algebraic sums (Aa, + B^, Ay + By, 
Az + Bz) and (A' + Bl, A' + B', A' + Bi). Since these two 
sets of numbers satisfy (9) of Sec. 9, these sets are 
f the representations of a vector which we shall 
IB denote by A + B. 

One method for finding a representative seg¬ 
ment of A + B is to choose the initial point of a 
representative segment of B as the end point of 
a representative segment of A, so that the segment 
from the initial point of the segment representing 
A to the end point of the segment representing B is 
the representative segment of A + B (see Fig. 182). 

Since 

Ax -f” Bx “ Bx "b Ax, Ay 4“ By = By “f" Ay, Az 4“ Bz = Bz 4“ Az, 

it follows that addition of vectors is commviative, i.e., 

A + B = B + A. (2) 

We define —B to be (—1)B, and we define the difference A — B 
by the relation 

A - B = A + (-B). 



Thus, to construct a representative segment of A — B, con¬ 
struct a representative segment of — B by reversing the direction 
of the representative segment of j 

B and then add according to the 
method given above. /-B / 

Evidently, if two adjacent sides 
of a parallelogram represent vec~ Fig. 183. 

tors A and B, one diagonal represents the sum, and the other, the 
difference of A and B. 


Care must be taken in applying the above theory of vectors 
to physical problems, for even though a physical quantity may 
have magnitude and direction it may not be a vector, and it does 
not follow that the laws of composition of vectors are isomorphic 
with the laws of the physical quantities at hand. Moreover, 
even though the laws for compounding the physical quantities 
are consistent with those for compounding vectors, it does not 
necessarily follow that the physical quantity is fully described 
by a magnitude and direction. Examples illustrating these 
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possibilities abound in the literature, notable cases appearing in 
the study of the rotation of rigid bodies. 

Unit Vectors. A unit vector is a vector whose magnitude is 
unity. Associated with any cartesian frame there is a particu¬ 
lar set of unit vectors of great utility. These fundamental unit 
vectors have their representative segments along the three coordi¬ 
nate axes; in frame SF they have representations (1, 0, 0), (0, 1, 0), 
(0, 0, 1), and are commonly denoted by i, j, k, respectively. 

If A is an arbitrary vector whose representation in frame 
is (AI, Ay, Af), then 

(Ax, Ay, Af) = Ax(l, 0, 0) 

-]- A„(0, 1, 0) -h AAO, 0, 1) (3) 

where Ax(l, 0, 0) = (A^, 0, 0), • • ■ . A/^ 

Hence may write __ ^ j 

J i/: i/Ax 

Scalar Product of Two Vectors. Let A / 
and B be two arbitrary vectors. With " -pm. 184. 
reference to frame CF, the direction cosines 

of any representative segments of the two vectors A and B with 
respect to the x, y, and ^J-axes are (AxIA, Ay/A, Az/A) and 
By/B^ Bz/B), respectively. If d is the angle between any pair 
of representative segments of A and B, then by (2) of Sec. 9, 

. AxBx + AyBy + AzBz 


so that 

AB cos 6 — AxBx + AyBy + A^Bz. (5) 

From equations (9) and (3) of Sec. 9, we can prove that 

AiB' + A^Bi + A^B' - A.B. + AyBy + A.B.. (6) 

Hence the value of the expression (5) is invariant, that is, is 
independent of the reference frame used. This number, 
AB cos d, is called the scalar (or dot) product of the vectors A and B, 
and is commonly denoted by A • B, so that 

pA * B = AB cos 6 = AxBx + AyBy + AzBz (7) 

L Ypi 


- (Aa;, Ay, A/)\ By /. 
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It is an immediate consequence of (7) that the scalar product 
of two vectors obeys the commutative law: 

A • B = B • A. (8) 

From (7) it follows that 

A-A = A2 - A2 cos 0 = (9) 

In other words, the scalar product of A by itself is equal to the 
square of its magnitude. 

Since, for any reference frame 

A • (B + C) = A.{B. + Q + Ay(By + Cy) + A.{B. + C.) 

= (AxBx + AyBy + AzBz) + {AxCx + AyCy + A zC ^ 

= (A.B) + (A.C), (10) 

we see that the scalar product also obeys the distributive law. 

If A • B == AB cos ^ = 0, then at least one of the vectors is 
zero, or else the vectors have perpendicular representativ^e seg¬ 
ments. In this latter case we shall say that the vectors are 
perpendicular. Hence a necessary and sufficient condition that 
two nonzero vectors be perpendicular is that their scalar product he 
zero. It is e^ddent that 

= j.k = k-j = 0, i-k = k*i = 0, (11) 

since, for example, i* j = (1)(0) + (0)(1) + (0)(0) = 0 by (7). 
We shall now prove 

Theoeem 10.1. If a set of three numbers {Ax, Ay, Az) is deter¬ 
mined for each reference frame ?y, if B is an arhiirary vector with 
representation {Bx, By, Bf) in and if AxBx + AyBy -f A^Bz has 
the same value for every frame then {Ax, Ay, Az) is the rci^rcscnta- 
tion in of a vector A. 

To prove the theorem we must show that (9) of Sec. 9 holds 
for any two frames ^ and Let B^^^ be the vector whose 
representation in is (1, 0, 0). By (10) of Sec. 9 the representa¬ 
tion of is (an, an, au), and by hypothesis, 

4' = (1)4^ + (O)A' + (O)A' = aiiAu; + anAy + aj^A,. 

Similarly, with the aid of the vectors gcs) rep¬ 

resentations in are (0, 1, 0) and (0, 0, 1), we find that 

Ay = a2iAa; + a^^Ay + a^^Ag, 

A{ = aziAx + az^Ay -f- azzAz. 
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Hence (.4^, Ay, A,) and (4', A'y, A',) are related by (9), and 
(_Ax, Ay, A^ is the representation in ff of a vector A. 

^ Vector Product of Two Vectors. Let A and B be two arbitrary 
vectors which have neither the same nor opposite directions, i.e., 
such that Ax’.Ay'.Ax 7^ Bx'.ByiBi in every frame Hr. At any 
point P construct the representation 
segments for A and B. These seg¬ 
ments determine a plane M. If C is 
any vector perpendicular to the 
plane of A and B, then the scalar 
product of C with A, and with B, Fig. 185 . 

must be zero, i.e., 

C • A = CxAx “b CyAy -b CxAz = 0, 

C • B = CxBx + CyBy + CzBx = 0, 

where (Ax, Ay, Ax), (Bx, By, Bf), (Cx, Cy, Cz) are the representa¬ 
tions of A, B, C in any frame Jf. Solving for Cx, Cy, Cz, we find 

that 

Cx = k(AyBz — AzBy), 

Cy = k(AxBx - AxBz), (12) 

Cz = k(AxBy — AyBx), 

where & is a constant of proportionality. By hypothesis, the 
coefficients of k are not all zero. By (12) of Sec. 9, 

C^- = Cl+ C^y + C; = ^'^(.4^ -b A^ + A|)(P| + + Bl) 

-{AxBx + AyBy -b AA)2] 

= - (AB cos d)^] = k^A^'KAn- 6), 

where we take 6 as the smaller angle from A to B. Hence 

C=±kAB sine. (13) 

Since the magnitudes of A, B, C, and the angle d between A 
and B, are independent of the reference frame 5, it follows that 
k is independent of JT. Let us determine C by taking k = +1 in 
(12). Hence the representation of C in is 

Cx = AyBx — AzB,j, 

Cy = AzBx- AxBz, (14) 

Cz = AxBy — AyBx- 

In the particular frame CF' such that the representation of A is 
(A, 0, 0) and of B is (B cos 6, B sin 6, 0) with 0 < 5 < 180°, 
it follows from (I'P that Cx = Cy = 0, Cx = AB sin 6 > 0. 
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Hence A, B, C, form a right-hand system when A is rotated 
through the smaller angle B to B. Since C, in is the magnitude 
C, (13) reduces to 

C = AB sin 6. (15) 

The vector C is. called the vector product of A and B and is 
denoted by the symbol A X B. "Using the unit vectors i, j, k in 
frame SF, we have by (14) 

C = A X B 

= {AyBz — AzBy)i -f- (AzBx — AxB^] -j- {AxBy — AyBx)ls. 

i j k 

Ax Ay A (16) 

Bx By B 

In case the angle d between the segments representing vectors 
A and B is 0° or 180°, we define the vector product of A and B to 
be the zero vector. As particular instances of (16), we have 

j 

iXj= 0 ==k, jXk = i, kXi = j. (17) 

1 

It follows from (16) that 

A X B = -B X A, (18) 

which shows that the vector product is not com¬ 
mutative. Moreover, it follows from (16) that the 
distributive law holds, i.e., 

AX(B-t-C) = AXB-|-AXC, (19) 

and 

(A + B) X (C -1- D) 

= AXC + AXD + BXC + BXD. (20) 

From (14) we find that the magnitude C of the vector product 
C = A X B is equal to 

C = AB ^ e = [{AyBx — AxByY -}- {AxBx — AxBxY 

+ {AxBy- AyBxY]^. (21) 

This magnitude C may be interpreted as the area of a paral¬ 
lelogram whose coterminal edges are representative segments 
of A and B. 



Fig. 186. 
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If i, j, k be in frame Sr, then the representations of i, J, k in 
frame ’S' are, by (9) of Sec. 9, 

tail, 021, Osi), (oia, 022 , a32), (ois, Oas, 033 ). 

Let i', y, k' be the fundamental unit vectors for frame S'. 
Then the representation of the vector product j X k = i in 
frame S' yields 


i = j X k 


|i' 

<^12 

ai3 



U 22 

a32 

•f 


^23 

azz 

1 — 


y 

0>22 

Cil2 

<^13 


<^32|j/ \Cli2 


^22 


k'. 


0^13 <X23 

But the representation of i in S' is (an, 021 , a-n), so that 


( 22 ) 


Gil 


(I 22 

0-23 


(132 
^33 ’ 


a2i 


ai2 

0^13 


J ^31 


a 13 


a 


(23) 


These fuiidanieutal relationships among the direetiori eosine.^ 
supplement those given in (3) of Sec. 9. Similar equatioLi- may 
be found for (a 12 , ^ 22 , a32) and aaa). 

If we interchange the frames 5^ and Jy', we find tliat 


an 


a 22 

((32 


a 23 

ai2 = 

«33i 


1^21 

\(^Zl 


^23 

^33 


ai3 


^21 

asi 





(24) 


Similar equations may be found for (a^i, a 22 , ^ 23 ) and (azi. a-ri, 

By (23) together with the other six similar relationships among 
the nine direction cosines, we may verify that the sei of tl^ree 
numbers (AyB. -- A^By, A^By — AiyB^;) is repre¬ 

sentation in frame i 7 of a vector. For, from (9) of Sec, 9 a.iid the 
corresponding (‘quations in Bx, By, Bz, 

AyB'^ — A'My = (^ 22^33 cinC('2?i)(AyBz — AzBy) 

+ (a23a3i “ a33a2s)(AzBx — 

-j" (^21^32 — azia^^i^AxBy — Ty5j.-). 


By (23) and other similar relations, we have 

= aniAyBz - AzBy) + ai2(^4.^. - A^BA 

+ aniAxBy — AyBz). 


Similar expressions can be found for 

- A'B: and A^^B'y - 



690 


HIGHER MATHEMATICS 


[Chap. VI 


from which we see that the three numbers under consideration 
actually satisfy the requirements of (9) of Sec. 9, that they be a 
representation of a vector in frame 

The Scalar Triple Product, Let A, B, and C be three vectors. 
The scalar quantity 

i j k 

A . (B X C) = + A J + A.k) • By 

C. Cy C. 

Ax Ay Az Ax Bx Cx 

= Bx By Bz = Ay By Cy (25) 

Cx Cy Cz Az Bz Cz 

is called the scalar triple product of A, B, and C. 

It is seen that A • (B X C) is independent of the reference 
frame, i.e., 

A' C' Ax Bx Cx 

A'y B' C' = Ay By Cy (26) 

Ai Bi C' Az Bz Cz 


A particularly short proof is as follows: From the equations (9) 
of Sec. 9 for A, B, and C, construct the product matrix 



5' 

C^ ail 

ai2 

aiz 

Ax 




K 

K 

Cy = a2i 

a22 

^23 

Ay 

By 

C, 

(27) 

A', 

b: 

Cl azi 

az2 

azz 

A. 

B. 

C: 



Since the determinant of the left-hand side of (27) is equal to 
the product of the determinants of the right-hand side, and the 
determinant of G is 1, we have (26). 

It is readily shown from (25) that 

A..(B X C) = B . (C X A) = C . (A X B) = (A X B) . C 

= (B X C) • A = (C X A) . B, (28) 

A. (B X C) - -A. (C XB), • ■ • , 

and 

A. (B X C) - A • [B X (C -f- mA + nB)]. 

By (28), the positions of the dot, cross, and letters is immaterial 
so long as the cyclic order of the letters is preserved. Hence we 
shall denote each member of (28) by 

[A, B, C] - [B, C, A] = [C, A, B]. 
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The triple product A • (B X C) may be interpreted as the 
volume of a parallelepiped whose coterminal edges are repre¬ 
sentative segments of A, B, and C, respectively. The truth 
of this is immediately evident when one writes 

A • (B X C) = A (BC sin 6) cos cp / 

by (15) and (8), noting that BC sin d is the 
area of the base and A cos (p is the altitude. 

The Vector Triple Product. The vector pro¬ 
duct A X (B X C) is called the vector triple pro¬ 
duct. The following relationships may be proved 
readily: 



Fig. 1S7. 


A X (B X C) = (A • C)B - (A • B)C. (29) 

A X (B X C) + B X (C X A) + C X (A X B) = 0, (30) 

A X (B X C) = (C X B) X A. (31) 

EXERCISES VIII 

1. Show that Eqs. (3) of Sec. 9 may be concisely written by means of 
the equations dOA — I and OAd — I. For example, 


dll 

a 21 

d'A All 

an 

flial 

di2 

a 22 

n.S2| 0,2\ 

a>22 

<X23| 

dlZ 

<2*23 

Usal 0,-si 

a-n 



Also, prove that the determinant of Ct is 1. 

2. If A is a unit vector, give a geometric interpretation to A • B. 

3. Prove (17), (IS), (19), (20) of Sec. 10. 

4. Derive the twelve other relations analogous to (23) and (24 ‘ of Sec. 10. 

5. Find the a;-, y-. and ^-components of the representation of the vector 
A X (B X C) in frame 

6. Prove relations (29), (30), (31), using unit vectors i, j, k. 

7. Prove: A X (B X C) is a vector in the plane of B and C. Hence it 
is a linear combination of B and C. 


8. Given: A = 3i + 20j — 15k, 
B = 2i -b 5k, 


Compute: 


(a) A + B. 

(c) A • B, A • A = A2. 

(e) A • C - B • C. 

(g) A X C - C X B. 

(i) A X (B X (C X B)). 


(k) 


A> C 
A - A^ 


A. 


C - 7i -h llj - 2k, 
D = i _ 4j - 7k. 


(b) A + C - D. 

(d) A X B. 

(f) A X B 4* B X A. 
(h) A X (B 4 C). 

(j) A - (B XC). 


( 1 ) 


A X C 
A- A 


X A. 


(m) Find the cosine of the angle between A and B; A and C. 
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9. Given r = Ae* + Be"* where A and B are fixed vectors and t is a 
variable parameter, (a) Find dx/dt. (b) Prove that d'^x/dt-^ — r. 

10. If A, B, C are the position vectors of the vertices of a triangle, show 
that the position vector of the point of intersection of the medians is 
■|(A -|- B C). 

11. Let A, B, C be the vector sides of a triangle so directed that C == A — B. 
Deduce the law of cosines from the identity C • C = (A — B) • (A — B). 

12. Show that a necessary and suflhcient condition that the vectors A, B, C 
be coplanar is that A * (B X C) =0. 

13. Show that the volume of the tetrahedron with vertices at (0, 0, 0), 
(xi, yi, zi), ( 22 , 2 / 2 . 22 ), (X3, 2 / 3 , 23 ) is 

Xi 

F = I .^2 

Xi 

14. L-et. A and B be adjacent vector sides of a parallelogram. Show that 
the sum of the squares of the diagonals is equal to the sum of the squares of 
the sides. 

15. Wny is it that division of two vectors is not defined? 

16. Prove that if m and n are scalar quantities 

A X (B -f mk) - A X B = (A + ?2B) X B. 

17. Three vectors A, B, C are called linearly dependent if there exist three 
numbers :r, y, z, not all zero, such that 

xk + yB 4- sC = 0. 

(a ) Show that a necessary and sufficient condition that three vectors he 
linearly dependent is that they be coplanar. 

(b i Show that the vectors i - j, 3 — k, k - i are coplanar. 

IS. Let 0 be a fixed point of a rigid body, and let a force F ])e applied to the 

body at the point P whose position vector OP = r. Show that the torque T 
resulting from F is given by the relation T = r X F. 

19. (a) Show that the vector equation of the straight line through the 
point with position vector a and parallel to the vector b is r = a + wb, wdiere 
u is a real parameter. 

(b ) Shovr that the vector equation of the straight line through the points 
with position vectors a and b is r = a + w(b — a) = b + 2 ;(a — b), where 
u and V are real parameters. 

) Show the points with position vectors a, b, c are collinear if and only 
if a — b, b — c are linearly dependent (see Ex. 17.) 

20. Show that the vector equation of the plane determined by the given 
conditions is as indicated: 

(a) Through the point with position vector a, and parallel to b and c: 
r = a 4- + VC. 

(bj Through the points with position vectors a, b, c: 

r = a 4 - u(h — a) 4 - v{c — a). 


2/1 


2/2 


2/3 

2 ;s! 
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Express this relation in other forms. 

(c) Through the point with position vector a and perpendicular to a : 
(r ” a) • a = 0. 

(d) Show that the points with position vectors a, b, c, d are eoplanar if 
and only if a b, b c, c d are linearly dependent. 

11, Vector Fields. If with each point of a region of space 
there is associated a definite vector A, we have what is known as 
a vector field. Examples in physics of vector fields are abandant. 
Thus, at each point in the atmosphere of the earth we can asso¬ 
ciate a vector representing the velocity of wind; at each point of 
an electrostatic field we can associate a vector representing the 
force acting on a unit charge at the point; etc. 

In a vector field, the components {A:,, Ay, A,) (relative to any 
frame of the vector A associated with a point P in that field 
are functions of the coordinates (x, y, z) of the point P. A vector 
field is said to be continuous when {Ax, Ay, Az) are eonririiious 
functions of {x, y, z) at every point of the field. The vector 
field is said to be differentiable if each of the derivatives in the 
array 


dAx 


dAx 

dx 

dy 

dz 

dAy 

dAy 


dx 

dy 

dz 

dAx 

M? 

dAx 

L dx 

dy 

dz J 


exists at all points of the field. In general, we shall confine our¬ 
selves to vector fields which are continuous and differentiabie (to 
any order), unless we specifically state otherwise. 

If 6 is a curve in a vector field such that, at each poiru P on 
the curve, the associated vector A at P has the direction of the 
tangent to the curve, then 6 is called a vector line of the field. 
The vector lines of a field may be obtained by integrating the 
equations (see Sec. 22 of Chap. Ill) 

dx dy dz 

X = - = 

Recall from Sec. 23 of Chap. I that a scalar point function 
$(P) is a function whose value at any point P is independent of 
the particular frame of reference used. Let (x, y, z) and {z', y', z') 
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denote the coordinates of P in frames and respectively. 
If (p{x, y, z) represents this function in JF and if <p'(x\ y\ z') 
represents this function in ^F', then the functions <p(Xf y, z) and 
<p‘{x\ y\ z') are such that 

<p'{x', y', z') = <p{x, y, z). (3) 

Differentiating (3), we find that 

dip' _ ^ . 

dx' dxjy,zdx' dyjx,idx' dz)x.ydx'’ 

where by (6) of Sec. 9, dxjdx’ = an, dyidx' = ai 2 , dz/dx' = a^. 
Similar relations can be found for dtp'/dy', dtp'/dz'. We then have 


V 

dx' 

Ull 

<^12 

<Xl3 

/ d(p 
1 dx 

d<p' 

dy' 

U 21 


(l23 

) dip 

) dy 

d(p' 

W 

0^31 

0^32 

<^33 

1 dip 

\ dz 


Comparing this equation with (9) of Sec. 9, we see that 
(dtp/dz, dtp/dy, dtp/dz) is the representation in JF of a vector. 
This vector is known as the gradient of the scalar point function 
and is commonly written grad $. (See Sec. 22, Chap. 1.) 
The square of the magnitude of grad is a scalar denoted by 
Ai$, and with reference to frame 5F is given by 



By (14) of Sec. 9 and by Ex. XIX, 36 of Chap. I, we see that Ai4> 
is an invariant, i.e., 



The operator denoted by Ai, and whose representation in 
frame 3? is 



where {d/dxY operating on tp means {dtp/dxY, is called the first 
differential operator. 
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It follows directly from (9) of Sec. 9 that the set of differentials 
{dx, dy, dz) is the representation in of a vector. Likewise, if a 
curve C is given in the parametric form a: = a:(s), y = ’y(s), 
z = z(s), when s is arc length along C, then (dx/ds, dy/ds, dz/ds) 
is the representation in of a unit vector t in the direction of C 
at the point z) on C. 

Consider the family of surfaces ^(x, y, z) = h. Then 
= 0 = {d(j>/dx) dx + {d(j>/dy) dy + {d(t>/dz) dz. 

Let {x^ 2 /j 2 i) he the coordinates of a point JP on one of the surfaces 
iS of the family. Then {dx, dy, dz) is the 
representation of an arbitrary vector in 
the tangent plane to 8 at P. Evidently 
dcj) is the scalar product of the vectors 

{d(t)/dx, d(p/dy, d<t)/dz) = grad (j) 

and {dx, dy, dz). Since this product is 
zero, it follows that grad <j) at any point 
P is normal to that surface of the family (l>{x, y, z) — k which 
passes through P, and grad <!> is directed toward the side of the 
surface on which 4> is increasing. 

The directional derivative of cj) in an arbitrary direction t is 
d(l> _ d(l>dx , d<j>dy , dct>dz 
ds dx ds dy ds dz ds 

where I, m, n are the direction cosines of the unit tangent vector t 
at {x, y, z). Thus is the component of grad <^> in the 

direction t. The maximum value of the directional derivative 
of (l> at any point is known as the normal derivative of 9 at the 
point; by ( 7 ), this maximum value is attained when t is taken 
in the direction of grad <i>, and this maximum value is 

^ = magnitude of grad cj) = ( 8 ) 

Thus, the directional derivative at {x, y, z) has a maximum value 
when s is measured normal to the surface of the family 

at {x, y, z). The normal is directed in the sense in which cj) 
increases. If d is the angle between this normal and the direction 
s, then by (7), 
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d<^ d<p . 

^ cos d. 
as an 


(9) 


Divergence of a Vector. Associated with any vector field A is 
a scalar point function whose representation in I? is 
dAx , dAy , dAz 
dx dy dz 

known as the divergence of A, and denoted by div A (see Sec*. 20, 
Chap. II): 


J. . dAx , dAy dAz 
div A = + — 

dx dy dz 


(101 


( 11 , 


We shall show the invariant character of div A by showing that 
for any two frames a and 9r', 

Mi m -u -L 

dx' dy' dz' dx dy dz' 

Isow from (9) of Sec. 9 and (4), 

~ ^12-42,. + aizAx) 

(dx d . dy d . dz d\, . , . , . 

= War + ^ ^ 

;^(aiu4a: + a^Ay + ais.'lj) 


— ( -h Oi^- -h ^Xi3-;r 

dx dy dz 
„ dAa , 2 I *) ^*4^ 


A d.v 


“f~ aiiau\ 


Mf n. 
dx dz 


11 + 


dy 


( 12 ) 


“f" ai2(i{{\ - + 

dy 


dA , 
dz 


(In the second step the usual order of the factors has been 
inverted." Similar expressions can .also be found for dAy/dy' 
and vAl/dz'. Lpon adding these results anci simplifying by (3) 
of Sec. 9. we obtain (11). 

II e shall denote by V the vector operator whose representation 
in frame a is id/dx, djdy, dfdz). For example, in frame 5^, 

..ad , - . ,'.A + j| + „ 3 , 

Xz +'I+ 4) ■ (‘I +j|+ 4). 


T • = 


1 - 

i 

d“(p 


, aV , av 
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In matrix notation, grad ^ has the representation in SF 

f d d \ _ f dip dtp dip\ 

Vaa:' dy’ dz)‘^ ~ \ to’ to / 

and V • grad <p has the representation in 3^ 


\^:r’ dy^ dz) 


dip 

dx 

dip 

dip 

dz 


d^ip , ^ d^(p 


If A = grad <^, where </> is a scalar point function, then 


divA = divgrad<^ = V-grad<^ = = ^ ++1^- (15) 

dx^ dy- dz' 


The representation of the vector A in n is {d(j>/dx, d4>/dy, dq>:dz). 
By (11), dAx/dx + dAy/dy + dA./dz is a scalar point furLCtion. 
Since Ax = d4>/dx, • • • , .4^ = d<l)'/dx\ ‘ ‘ ‘ ? we have from 

(11) 


d-(t>^ , d“<l)' . d-<j)^ __ d’^cj) , d~<l) d^cp 


(16} 


This scalar point function V-cj) is known as the Laplacza?} (or 
second differential parameter) of 4> and in tF is denoted b}" 
A 2 <^ = d-4)/dx- + d'^4>/dy- + d-(l>/dz-. The operator Ao ^ div grad 
is called the Laplacian operator. If ^ is any scalar point 
function, then 

div (vt' A) = V * M ^ div A 4* A • grad ^j/, (17) 

Let {Ax, Ay, Az) be the components of a vector A in frame n. 
We shall show that (AoA^, i^ 2 Ay, A^Az) are the components in n of 
a vector which we shall denote by A 2 A. Suppose (A', A', A') 
is the representation of A in any other frame Sr'. Then by (9) 
of Sec. 9, 

A' = niiAa: "i" oii^Ay 4 a\zAz, * • • . 
d^ ^2 ^2 

Let Ao —4 v-To* From the invariant character of Ao 
dx^ dy^ dz'^ 

as shown in (16), AJA' = A 2 A'. (See Ex. IX, 9.) Hence 

A 2 A' = A 2 A' = As{aiiAx 4 CLuAy 4 olizA^ 

= auA^Ax “h 4 <^i3A2a42, * • • . 
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In other words, 





KAi 

) an 

ai2 

aisl i i^^Ax 



/ = a^i 

^22 

\ A2Ay 

(18) 


) azi 

az2 

ass ( AoAs 



This shows that A 2 A is a vector. 

Curl of a Vector. We define the curl of a vector field A to be 

curl A = V X A. (19) 

be shown that curl A is a vector. In frame 9", the compo¬ 
nents of curl A are (see Sec. 21 of Chap. II), 


/dAs dAy dAx ^Az dAy ^^a ;\ 

dz dx' dx dy / 

The representation of curl A in 9" is frequently written in the 
form 


i j k 

AAA 

dx dy dz 

Ax Ay Az 


(190 


For some purposes it is convenient to denote the x, ?/, and z compo¬ 
nents of curl A by curL A, curlj, A, and curb A. (Many writers 
use the notation rot A for curl A.) 

We define 0, 0 to be matrix operators whose representations 

in frame iF are given by 


0 = 


0 

dz 

dy 


dz 

0 

dx 


dy 

_a 

dx 

0 




w = 


0 


to 


d^ 

62 

62 

dx^ 

dx dy 

dx dz 

62 

62 

62 

dy dx 

dy^ 

dy dz 

d^ 

d^ 

62 

dz dx 

dz dy 

dz^ 


0 

0 


0 

0 


( 20 ) 
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Writing A in frame SF as a column array {A} and using the 
row-by-column rule for the product, it is easy to see that curl A 
may be written in the form 


curl A = e{A}, 


( 21 ) 


that is, 

1 curia, A 1 


0 

_d_ 



1 



dz 

dy 

curl A = 

/ curly A 

^ = 

d 

dz 

0 

_ d 
dx 


1 curb A 


_ d 

d 

0 


1 


dy 

dx 


A. 

A. 

A. 


(210 


Also, it is clear from (18), that A 2 A may be written in the form 


AoA = Nr{A}, 


that is, in the form 


{ A2A a; 

A2A2/ ^ = 
A 2 A 2 


0 

0 


0 

0 


0 

0 

V' 



It is an immediate consequence of these definitions that 
curl grad (j> = 0, div curl A = 0. 

For example, by (210, we have 

0 


( 22 ) 


(220 


(23) 


curl grad </> = 


dz 


dz 

dy 

0 


0 

dx 


dy 

dx 


dz 


dz 

_d 

dy 


K^y ) d'if\dz ) 

( 4.0 — —( —^ 

/ dx\dz / 

.(^) + ±(i£) + o 

/ dx\dy / 


( 24 ) 
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We shall leave it to the student to prove div curl A = 0. 

The gradient of the divergence of a vector field A may be com¬ 
puted from the definitions given. The result may readily be 
seen to be written in the form, for frame 


grad div A = ^{A}, 


(25) 


that is, as 


grad div A = 


dx^ 

d- 


dy dx 

a- 


dz dx 

dx'^ 

aM. 


+ 


a" 

dx dy 
dy- 

a- 

dz dy 

a^ 

dx dy 


dx dz 

a^ 


+ 


, dU, 

"l n-.O i” 

dy- 


dy dz 

dz'^ 
d^ 
dx dz 
d-Az 


A:, 

Ay 

Az 


dy dx ‘ dy- ‘ dy dz 

d-Ax I d^^Ay . 


(26) 


eo 


dz dx ' dz dy ' dz- 

Frorn (20), we find upon multiplying the matrix operators that 
0^ = -w, for 


02 = 


0 

a 

a 


0 

a a 

dz 

dy 


dz dy 

a 

0 

d 


a 

0. 

dx 

dz 

dx 


dz 

d 

a 

0 


a 

# 0 
c>.r 

dy 

dx 



a2 

d- 



a2 

a2 

dz~ 

dy^- 


dy dx 

dz dx 


a2 

a' 

2 

d- 

a2 


dx dy 

dz 

,2 

a.r2 

dz dy 


a2 



a2 

__ a2 


dx dz 


ll a2 a2 

i 

t dx- dxdydxdz\\ 

1 a2 d- 

a2 

\dydx dy^ 

dy dz 

d- 

a2 

dz dx dz dy 

dz^- 


dy dz 


dy- 


(27) 



V- 

0 

0 

— 

0 

T“ 

0 


0 

0 



a2 

aa:2 





Sec. 11] ALGEBRA AND VECTOR ANALYSIS 701 


The curl of the curl of a vector field may be found quite simply, 
using the relations developed above: 

curl curl A = e6{A} = O^fA} = (o - ^){Ai = O jA} - ^{A} 
= grad div A — v^A. 

From (21') if 4> be any scalar point function, we find 


curl <j>A. = d{<]>A} = 


0 

_ d 

d 

dz 

dy 

d 

0 


dz 

dx 

_ d 

d 

0 

dy 

dx 


= <^> 


0 -j 

dz 

T 0 

dz 
dy 


dx 


= ^ curl A 4- grad <j) X A. 


4^ Ax 
4>A,j 
<l>Ax 


Ax 

A, 


-A 


"h < +-■ 


34) 

j ^ 

"dz 


_ j ^ 

"dy 


dy / 

- 

dx f 

- -4 ^ I 

‘ ^ dx I 


EXERCISES IX 

1. Given the scalar point function <p (x^ i/ -f 

(a) Find the directional derivative of <p in the direction of the vector 
•n -h 2/j + at the point (iTo, yo, Zo). (b) Find grad cp at (xq, y,,, (c) 

Find div grad (p. (d) If A = 3i + 20j - 15k, find V • (ei If 


B = 3a;i 4- '20yj — IS^k, 


find V- 

2. Repeat Ex. 1 when (a) (p ■■ xyz. (b) <p = x^ + y- z-. (c) 

<p = log ix^ -I- ?/2 4- s2). 

3. Given A = 3xy i 4- 20yz^ j — loxz k, B = j — sin y j -h and 
point function <p = xz. Find 


(a) curl A. 

(d) V • VA == AsA. 

(g) V X (A X B). 
(j) vxv<^. 


(b) div A. 

(e) V- (V X A), 

(h) V(A.B). 

(k) V- (<pA), 


(c) V • B — div A. 

(f) V X (V X A). 

(i) Aip. 


4. Find the divergence and curl of 


(a) r = a:i 4- 2/j + zk. (b) r = -i 4- - j -j- -k, where r = \/ 

r T T 


5. Let A and B be vectors Avhose components are functions of x, y, and z. 
<p is a point function and a is a scalar. Prove: 
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(a) div curl A = 0. (b) curl grad ^ = 0. 

(c) div A X B = —A • curl B + B • curl A. 

(d) (B • grad)A == (B • grad A*)i 4* (B • grad Ay)i -f (B • grad A^)k. 

(e) curl AXB=AdivB—B div A H- (B • grad)A — (A • grad)B. 

(f) div aA = a div A -1- A • Va. 

(g) curl (pA — <p curl A + (V^?) X A. 

(h) grad (AV2) = (A* grad)A -f A X curl A. 

6. Show that if z) be a point function, and if spherical coordinates 

r, $, <t) are used, 


0 i 

grad $ = Ti -1-j-:- j 

dr r 36 r sm 6 d4> 


where ri, 6i, and 4>i are unit vectors in the direction of increasing r, 6, and <j!>, 
respectively. 

7. Prove that is perpendicular to the surface ^(x, y, z) = constant. 

8. Show that V • V(l/7’) = 0. 

9. Let A be a vector with representation (A*, Ay, Az) in frame 51. Show 
by direct differentiation that = A 2 A^. 

12. Derivative of a Vector. Let C be a curve each point of 
which is associated with a vector of a vector field A. Let the 
parametric equation of the curve in frame 5F be 


X = x(X), y = 2 /(X), 2 = 2 (X), 

where X is an independent real parameter, independent of the 
frame The components {A^, Ay, Az) of A in frame are 
functions of (z, y, z), and hence of the independent variable X. 
Since X is independent of the frame used, we may differentiate 
(9) of Sec. 9 with respect to X. Since the direction cosines 
Oil, 0 , 12 , flis, • • • are constants, we find 


or 


dAi _ dAz, , dAy , dAz , 


d\ 
d\ 
d\ 


Uii 

U 21 

U 31 


U 12 

U 22 

U 32 


0^13 

a23 

<^ 33 ! 


dA^ 
dX 
dAy < 
dX 
dAz 
dX 


( 1 ) 


(10 


This shows that dAx/d\, dAy/dX, dA./dX are the components 
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in of a vector which we will denote by dk/d\. This vector is 
known as the derivative of the vector A with respect to X. The proof 
that dk/d\ is a vector depends essentially on the fact that the 
direction cosines an, < 212 , • • • which fix the relative orientation 
of the two frames, are independent of the parameter X. 

From the vector dA/dX, the vector d“A/dX% known as the 
second derivative of the vector A, whose components in ^ are 
d’^Ax/dihr^ d'^-Ay/dX-, d-AJdy- may be found. 

From the definition of the derivative of a vector A, we can 
readily prove the following relationships: Let m be a scalar, and 
let A and B be arbitrary vector fields. Then 


d(mk) dk , dm, 

ST ~ 


d(A -B) _ dB j_dk ^ 

5x dx dX ’ 


d(A • A) 


dB 


d\ 

dk 


= 2k 


dk 

d\’ 


d{k X B) _ . . 

d\ ~ ^ dX'^ dX 


X B. 


( 2 ) 

(3) 

(4) 


If A is a vector of fixed magnitude, then A • A = A - is a con¬ 
stant, ^ ^ 

tion shows that dk/d\ is perpendicular to A when A is of constant 
magnitude. 

From (4), we find that 



But the vector product of equal vectors is equal to zero. 
Hence 

' A w d^A ..X 

^ ^ dx) ^ ^ ^ dX^' 

Line and Surface Integrals. The various line and surface 
integral definitions and theorems which we studied in Chap. 
II may all be written in the notation of vector analy.sis. This 
fact has already been pointed out in Chap. II. For example, 
the definite integral Sa f(X) dX is defined by the formula 

n 

S*"!(^) dX = lim V f(X<) AjX, 

^ a A\->n 
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where X is a real parameter, and f(X) is a vector function of X. 
As a further example, Gauss’s law may be written in the form 

S^E-dA = S^V-EdF = 47rS^ pdF, 

\vhere E is the electric intensity, and p is the charge density. 


EXERCISES X 

1. Let r be the position vector of a point on a plane (uirve represented 
ill polar coordinates (r, d). Then r is the maR-nitude of r, and r == rri, 
where h is a unit vector in the direction of r. Show that tlie velocity is 

dr dr dd 

= V = ri + r ^n, 


where n is a unit vector perpendicular to r. 

2. If r is the position vector of a particle of mass m, and if F is the force 
acting on this particle, then F = m d^/dt, where v = dx/dt. Prove: 

(a) The x, y, z components of F are m d^xjdP^ m d‘^y/dt‘^, rn d'^z/dV'. 

(b) If the path of the particle is in the (r, ^)-plane, then (sec Ex. 1) 


\--r( 


Ti -f m 

dr dd 

2 ——“ -j- 

d-6 

_dP \ 

dt) _ 

dt dt 

'dt^^ 


3. A particle P moves in a plane with constant angular velocity co about 
11 iixed point 0. Show that, if the time rate of increase of its a,cceleration 
i.s parallel to PO, then f = Jrco^. 

4. Find the time rate of change of momentum M when the mass is a 
function of the time. Show that dM/dt has the direction of r if the mass 
is constant. 


5. (a) The areal velocity” A of a moving point P about a, fixed point 
0 is the rate of sweeping out of vector area by the line OF. Show that A 
is the magnitude of the vector ir X V. If we write A = 4//, show that 
H = = pv, where p is the length of the perpendicular from 0 to the 

tangent at P, and v is the speed of P. 

(b.) if the point P moves under the action of a central force F = ^r, 
then 'mdH/dt‘^ == jur. Hence r X {d’^xjdP-') — 0. Show as a result that 



= 0, and hence by part (a) that A is a constant. 


d. Find the path of a particle P with position vector r relati\'e to 0 
when Pis acted on by a central force directed toward 0 and varying inversely 


with [Hints: (1) m¥ = (2) r X V = Hk = r=«k, where k 


is a unit vector perpendicular to the plane of the orbit, and w is the angular 
velocity of r. (3) The orbit is given by H-/jur — 1 + e cos 6.] 

7. A rigid body rotates about an axis OA with uniform angular velocity 
ci). Let <4> be a vector of magnitude a? in the direction OA, and such +hat a 
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right-hand serew would advance in the direction w when turning with the 

body. Let i = OP be the position vector of any point P in the body, and 

let V be the velocity of P. 

(a) Shovr that V = gj X r, 

(b) Siiuw that curl V = 2(o. 

(c) Fira! the acceleration vector A = dY/dt. 

(d) Give trre physical interpretation of the results in (a), (b), and (c). 

S. (a) .Lc't r be the position vector of a moving particle relative to a fixed 
point 0. If we regard the momentum, as localized along a straight line 
through tjvi particle, the moment of the momeritum M = mi of the particle 
about 0 is cadled the angular momentum H of the particle about 0. Show 
that H == r X (mi). Show that the rate of increase of angular momentum 
is dH/df = r X F, where F = rur is the resultant force acting on the particle. 
This rcFi' virii dPL/di = r X F is ccdled the principle of angular niomenium. 

(b) Shove that the kinetic energy of the particle P in paid (a) is §<o • H, 
wluve CO is ihe angular vodocity in Ex. 7. 

9. Let iJi and 3^2 be two frames of reference having a common origin 0, 
and let o be the angular velocity at any instant of ijo relative to ;7i. Let r 
be vector function of the time t. If (dr/dt)i is the vector in frame 7i 
rep'nesem.ing the time rate of change of r with reference to frame 7i, and if 
(dr .''(//)2 has a similar interpretation with respect to frame 72, then by 
Ex. 7,' 


Vi - V. + 03 X r, (2 j 

where g 3 X r is the velocity relative to 7 l of that point Po fixed in frame 7-: 
whose position vector at the instant in question is r. By regarding Via.s 
the position vector of a moving point, we see that 

Likewise, 

If we substitute (2) in (3), then by (4) we have Coriolis’ theorem: 


Ai = As -h 2(0 X Va + — X r 6) X (<o X r), (5) 

at 

where A. = (dVi/rlDi. If we multiply both sides of (5) by the mass w of a 
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moving particle v/ith position vector r, we have, upon transposing terms and 
writing ca X (w X r) = (r • 6 ))w — 6 )%, 

mA 2 = F H- • < 0)0 — 2m(o X V 2 ) — X r, (5 

where F = mAi. Give the physical interpretation of each term of this 
result. The term 2 m( 6 ) X Vo) is called the Coriolis force. The term 
— X (<•> X r) = — m{v^ g)) 6 > is called the centrifugal force. Show 

that the term —mg is to be added to the right member of ( 6 ) when the 
origin of frame moves relative to^the frame JFi with position vector q. 

10. Let r = r(A) = a;(X)i + y{\)) + 2;(X)k be the position vector of a 
point on a curve C, where X is a real independent parameter. The differ¬ 
ential dr of r is defined to be dr — dxi A- dy j -h dz k. Let f{x, yy, z) be a 
scalar point function. Show that the differential df in the direction dr 
is Vi • dr, 

11 . (a) If a vector A is of . constant magnitude, show that dA is per¬ 
pendicular to A. 

(b) If the magnitude of A is identically 1, show that the magnitude of dA 
is equal to the angle dd between A and A -h dA. 

12. Show that the area of the triangle with sides r, dr, and r + dr is the 
magnitude of the vector i(r X dr). 

13. Prove the folloTvdng formulas: 

J dF d^F , 1 dF dF „ 

- it - -f-C. 

dS dl^ 2 dt dt 

d^F , „ dF „ 

14. Show that the center of gravity of a body is the point whose position 
vector f is given by 




where M is the mass of the body and m is the density at any point whose 
position vector is r. 

15. Interpret Sc F • dr when (a) F is the force acting on a particle at 
any point, (b) F is the velocity of a fluid at any point. 

16. Interpret S 5 F • dA when (a) F is the electric or magnetic flux of a 
field at any point, (b) F is the velocity of a fluid at any point. 

17. (a) Show that r = (cos nt)si + (sin nt)h is a solution of the differ- 

d^r dr 

ential equation — “t = 0, and also of the equation r X -7 = na X b. 
dt^ dt 
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(b) Show that r in part (a) traces out an ellipse with center at the origin, 
and. that the motion is that due to a central force proportional to r. 

18. Consider a perfect nonviscous fluid in which the density p and pres¬ 
sure p are functions of the time L Let v denote the velocity of the fluid at 
the point P and at time L Show that the acceleration of the fluid at P is 
dv dv 

— = — + V • Vv. Show that the angular velocity co about P is given by 

^ — 2 ^ ^ where v refers to the velocity at P. If to is everywhere zero, 
V is called irrotational, 

19. Show that any irrotational vector is the gradient of a scalar point 
function. If the motion of the fluid is irrotational, we shall write v = — 
where ^ is called the velocity potential A surface $ = constant is known 
as an equipotential surface. Those curves in a fluid having everywhere the 
direction of v are called streamlines. The equations of these lines are 
dx/vx — dy/vy = dz/vz. 

20 . Show that is normal to <I> = constant. This shows that the 
stream lines are normal to the equipotential surfaces. 

21. Show from the equation of continuity [Chap. II, Sec. 20, eq. (18)] 

that dp/di = — V - (pv). From this, show that dp/di +pV- v =0. What 
does this equation become when the fluid is incompressible; incompressible 
and irrotational? Ans. V • = 0 . 

22 . In exactly the same way that the space rate of change of velocity 
determines the rate of expansion of a fluid at a point (see Sec. 20, Chap. II), 
just so the space rate of change of unit pressure p at P within a fluid deter¬ 
mines the force acting per unit of volume at P due to the surrounding fluid. 
Show in detail that this force is —Vp. Then show that the equation of 
motion is p dv/dt = pF — Vp, where F is the external force per unit mass of 
the fluid. If F is derivable from a potential, we shall write F = — Vf2. 

23. Show that the condition for irrotational motion of a fluid is that the 
circulation be zero around every closed curve. 

Remark. It can be shown that, if F = —VO, then the circulation around 
every closed curve is constant with respect to time. 

The converse of this result may also be proved. 

24. Give the physical interpretation of the relation 



(X2 + F2 -I- Z^)dz dy dx 



dtp 

dn 


dS 


when (p is the velocity potential of a fluid (see Ex. XII, 4, Chap. II), and 
Z, F, Z are the components of velocity. Show that the kinetic energy of 

1 dtp 

the fluid is E = ~ p<p— dS. 

2, _ s dn 

25. It has been shown in Ex. 18 that a fluid of velocity V(a;, p, z) at 
P{x, y, z) has an instantaneous rotation about an axis parallel to V X V. A 
vortex line is a curve which at each of its points is tangent to the instantaneous 
axis of rotation. A vortex tube is the surface generated by the set of vortex 
lines drawn through each point of a closed curve. A vortex is the fluid 
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contained in such a tube. On the surface of a vortex tube the vector 
V X V is everywhere perpendicular to the normal to the tube. 

The circulation around a closed path C is defined to be Jc V • fiR. 

(a) Show that the circulation is the product of the length of the path and 
the average velocity along the path. 

(b) Let Cl and C 2 be two closed curves on the surface of a vortex tube 
both drawn once around the tube in the same direction. Denote ttip portion 
of the surface of the tube between ci and co by D. Show by means ot Stokes's 
theorem that the circulation around a path containing ci and ci is zero, and 
thus prove that the circulation is independent of the position of the path 
on the surface of a vortex tube. The strength of the enclosed vortex is 
taken to be the circulation V- dR. 

(c) Show that /d n • V X dA is also a measure of the strength of a vortex. 

(d) If the velocity V of a fluid is perpendicular to a surface I) at all points 
P of D, show that the vortex lines through points of D all lie on Ik 

(e) Find the value of Ja V • n dA over the surface of a cube whoso fa(ies 

lie on a; == 0, 2 / ^ ^ = 0? ^ 2, 2 / = 2j 2 = 2, when 

V = (a :2 + y^)i + {2xy)i + - 2 / 2 )k. 

26. Suppose the field of a vector F is conservative^ that is, suppose 
Jc F • dR = 0 around every closed curve C. 

If Po is a fixed point and P{x^ y, z) is a variable point, tlie cjuan- 

tity — /pg F • dR is called the potential at P. 

(a) Find the potential at P if a particle is attracted toward th(‘ origin 

with a force inversely proportional to the square of the distaiK^o from tlie 

origin. 

(b) Find the potential at P if a particle is attracted toward iJio origin 
with a force inversely proportional to the distance from the origin. 

(e) Find a potential for the centrifugal force of a particle of mass M 
which rotates with constant angular velocity about the z-axis. 

27. Find the value of Ja F • n dA over a sphere of radius r when 

F = arci -b hy] + czk, 

a, h, and c being constants. Show that the above integral over any simi)le 
closed surface S is (a + h -b c) times the volume enclosed by S. 

28. Show that /s V X F dV = 0, w'here F is a vector normal to the 
boundary 8 of P at each point of S. 

29. Let R be the position vector from the origin to the point P{x, y, z). 
Show that the unit vectors tangent to the coordinate curves are: 

(a) ii = dR/dr, i 2 = (l/r)(dR/dd), L ~ k when the cylindrical coor¬ 
dinates ?*, d, and z are used; 

(b) Find an expression for the acceleration d^R/dt- = adi -b cr.'jia + cr-sia 
for the case (a). (Hint: Show that dii/dd = io, dUJdd = —ii, dk/dd =0.) 

(c) ii - dR/dr, U = (l/r)(aR/dd), ■ U = (l/r sin e){dR/d<f>), when 
spherical coordinates r, $, and (f> are used. 

(d) Repeat (b) for the case of spherical coordinates as given in (c). Hint : 

dii/d<p = is sin d, dL/d*^ — Lcos d, dU/d<j> = —iisin 6 — i 2 COS 0; dii/dd = i 2 y 
dio/dS = diz/dd = 0 . 
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(e) Calculate Vr, V 6 , V0 for Case (c). 

PART C. SOME DIFFERENTIAL GEOMETRY 
13. Space Curves. Let the point P trace out a space curve C 
along uhich the paiameter is X. Let r be the position vector of 
the point P whose coordinates with reference 
to frame [F are {x, y, z), i.e., r = a;i + ^/j + 2 k. 

From the definition of the derivative of r at P, 
the vector dx/d\ has the direction of the 
tangent at P to the curve C, the tangent being 
drawn in. the direction of increasing X. We 
shall let s denote the arc length along the curve, 
measured from some fixed point in the direction 
in whicli X increases. Then di/ds is a unit vector 
in the direction of the tangent, for 



Fig. 189 . 


( rfrV / dx. , dy. , dz, > 

\ds) ~ ~ ^ + cos^ T = 1. 

Let t = di/ds, where t is a unit vector. Then if 


ds 

dX 




we have 


+ 

+ 

(1) 

dx 

dX=^^- 

(2) 

that 


d.t . dv. 

= Vx + dx*- 

(3) 


By (2) of Sec. 12, we see that 

dh 
dX2 

Since t is a vector of constant unit length, dt/d\ is a vector 
perpendicidar to t. We define the direction of the 'principal 
normal to C to be the direction of dt/dX at P. Let a denote the 
unit vector along this principal normal. Then, using a prime 
to denote differentiation with respect to s, we see that 


t' = 


so that 


dt 

ds 


a 

- = (cn, 
p 


n = pf = pi" (4) 

defines the positive number p which is known as the radius of 
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curvature of the curve C at the 

of the curve C at P. 

dt dt ds dt n 

Since == T" 

d\ ds (xX aX p 

we find that 


point P] K is called the curvature 
Substituting this relation in (3), 

(5) 


dh ,11 , dv. 

S’ - + s'- 


If X denotes time, then ds/d'X represents the speed v oi P along 
its path, dv/d\ is the rate of change of speed, and (5) shows that 
the (principal) normal component of the vector acceleration is 
v^/p, and the tangential component is dv/dt. 

We define the osculating plane to the curve C at the point P 
to be a plane passing through P and parallel to the vectors n 
and t. From (5) we see that the vector dh/dX^ lies in the oscu¬ 
lating plane. If C is a plane curve, C lies entirely in the osculat¬ 
ing plane and the principal normal is then the ordinary normal 
directed toward the center of curvature. 

The equation of the osculating plane is 

'Z-o; Y -y Z -z 

(R - r) • (t X n) = ti h h = 0, (6) 

ni n2 nz 

where R is the current point on the plane. This may also be 
written 

The equation of the principal normal at P is 
R = r + un, 


(7) 

( 8 ) 


where u is a parameter. 


EXERCISES XI 

1 . Given x ~ X, y — z = X^. Find the equation of the tangent line 
to (7 at X = Xo. Find the equation of the osculating plane to C at the point 
X = Xo. Find the equation of the principal normal to C at X = \o. Find 
the curvature of C at X = Xo. What special form do these results assume 
when X ~ s? 

2 . From the definition of the osculating plane derive its equation (6). 
Derive the equation of the osculating plane in the form (7). Write (7) in 
determinant form. 
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3. Show chat the plane containing ^‘two consecutive tangents at P” to C 
is the osculating plane at P. In other words, if P and P be two neighboring 
points on C, show that the osculating plane is the limiting position 
attained by a plane passing through the tangents to C at P and P as P 
approaches P as a limit. 

4. By squaring (4) show that 

1 

p2 \dsv \ds^J \ds^/ \ds^J 

5. Show that the direction cosines of a are 

px", py", pz'‘ where a;" = 


14, Binomial. Torsion. The normal to the osculating plane 
at P is called the binormal Let b be a unit vector parallel to 
this binormal and so directed that t, n, b form a right-handed 
system of mutually perpendicular unit vectors. Then 

t.n = ii.b = b.t = 0, 

t X n = b, n X b = t, b X t = n. ^ ^ 

We take the positive direction along the binormal as that of b. 
Then the equation of the binormal at P is 


R — X + uh. 


( 2 ) 


The vector (ib/ds = b' is perpendicular to b, for b is of constant 
length. Since t • b = 0 it follows that t • b' + t' • b = 0. 
From (4) of Sec. 13, t' = (l/p)n, so that 
t - b' + (l/p)n • b = 0. Since n is perpendic¬ 
ular to b, n • b = 0, so that t • b' = 0. Hence 
we find that t, as well as b, is perpendicular to 
b^ Thus b' ^ dh/ds == — rn, where the con¬ 
stant r is called the torsion of the curve at the 
point P. It represents the rate of rotation of the osculating 
plane. Torsion is agreed to be positive when the rotation (vdth 
s increasing) of the binormal increases in the same sense as that 
of a right-handed screw traveling in the direction of t. 

Since n = b X t, it follows that 


Fig. 190. 


^ - rb - rt. 

as 


(3) 
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where k = 1/p. Formula (4) of Sec. 13, and (2) and (3), are 
called the Serret-Frenet formulas: 

t' = KH, n' = rb — /d, b' = —m. (4) 

^ Binormal 




Rectifying 

Plane 


Plane / 


Tangent 



Fig. 191. 

EXERCISES XII 

1 . Show that (2) may be written R = r + t;r' X r", where v is a param¬ 
eter. (Hint: b = t X n.) 

2 . Show that the direction cosines of the binormal are 

p(y'z" - z'y"), p(z'x" — z'z"), p{x'y" - y'x"). 

3. In Ex. XI, 1, find the equation of the binormal at X = Xn, and find a 
formula for the torsion r. Find the Serret-Frenet formulas for this curve. 

4. Show that r = r", r'"] - [t, n, n']. 

5. A circular helix is a curve drawn on a circular cylinder of radius a so 
that it cuts each element of the cylinder at a constant angle (3. Its para¬ 
metric equations in rectangular coordinates are 

a; = a cos 9, y = a sin 6, z — ad cot /3. (5) 

Hence the position vector r of a point P on (5) is 

r = (a cos 9)i -f- (a sin 0)j + (c^9 cot /3)k, 

where i, j, k are unit vectors along the x-, y-, and s-axes. Find t = r'. 
Using the fact that r' is a unit vector, show that a^6'^ — sin- (3. Find 
t" = /cn. From the relation = r" • i" (n being a unit vector), show 
that K — ad'^. Find n. Find r — (1/a) sin /3 cos ^ from Ex. 4. 

6 . Show that k —r = —- 7 7 ——— for the curve 

3 a(l 4- ^2)2 

t a(3u — u*)i + 3aw*j -f- a (32/ + u®)k. 
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7. Find k and r for the curve 

X = a(u — sin u), y = a(l -- cos u), z ~ ha. 

8 . Show that a curve is uniquely determined, except for its position 
space, when k and r are given in the intrinsic equations 

‘^=f(s), '■ gis). (6, 

[Hini . Let C and Ci be two curves such that k and r are given for each by 
(6).] Let t, n, b refer to C and let ti, ni, bi refer to Ci. Show that 

-Jt • ti + n • m + b • bi) = 0, 

and hence that 

t • ti + n • Hi + b • bi = const. (7) 

Place C and Ci so that t = ti, n = iii, b = bi at some point Po. Then the 
constant in (7) is 3. Using the fact that the maximum value of each of the 
quantities t - t^, n • ni, and b • bi is 1 , show that t = ti, n = nj, b = bi all 
along C and Ci. Since t ~ ti s 0 , show that r — ri is a constant and 
deduce the theorem. 

15. Surfaces. Tlie parametric equations 

•I- = v), y = v(u, v), Z = f(H. V) (] ) 

represent a surface S in rectangular coordinates. IVo write (']) 
ill the abbreviated form 

r = r(?/, y) = xi + y] + zk (2) 

= ? (u, 'i')i + 7i(u, v)] + fO<,r)k, 

where, i, j, k are unit vectors along 
the X, s-axes. We call r the 
position vector of a point (.t, y, z) 
on S. If in (2) we set ii — Uq, 
then (2) represents a curve C on 
the surface S along which v alone 
varies. Likewise, if we set v = Vq we obtain another curve 
C on S. All curves G and C' obtained from the relation n = 
or from the relation v = Vo are called parametric curves on S. 
Again, the pair of numbers {u, v) are called the parametric or 
curvilmear coordinates of the point {x, y, z) on S. It is seen 
that the curves u — Uq and v — vq are analogous to the lines 
X = .To and y = yo in the T^z-plane. 



Fig. 192. 
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We introduce the notation 

_ dT _ d^(u, v) . , d-gju, v) . , d^{u, t;) . . ^ 

~ du du du ^ du ’ dv’ 

_ dh r = — 

^““^2 ^^^-dudv’ dv-^ 


By Sec. 13, the vector ri is tangent to the parametric curve 
V = const, at the point r, and u is tangent to u = const, at the 
point r. 

The equations u = <j>(s), v = ^Ks) represent a curve C on the 
surface S in (1), s being the are length of C. The unit tangent 
to C is given by 


t 


dr __ du , & 

S “ ^^ds' 


Since t • t = 1, we have 


, ^ dudv . 


We define 


^ \du) \du/ \du) 

„ dx dx . dy dy . dz dz^ 

«-^=(iy+(!)’+(I) 


(3) 


(4) 


Using this notation and writing (3) in differential form, we have 
ds^- ==Edu^ + 2F dudv +G dv\ (5) 


We call E, F, G the first fundamental magnitudes for the surface 
(1), and we call (5) the quadratic differential form- for arc length. 

Let C and C' be two curves on S intersecting at P, and let s 
and (T be the arc lengths of C and C'. Then 

dr du dv dx du dv 

ds = ""w + 


and if is the angle between C and C', 

^du dv 


, dr dr ^^du du , 


ds da da ds) 


+ G 


dv dv 
ds da 


( 6 ) 
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It follows that C and C' are orthogonal atP if (dr/ds) ■ (dx/do) = 0 
i.e., if 

pdw du „/du dv du dv\ , ^dv dv ^ 

%3;+''U* + 5aij+®s3;“‘>- <’) 

To eliminate s and a from (7), let us write ^ = ( —) 

as \dv /. 


dcr 


(s). 


dv 

cds 


indicates that ^ is 
dv 


(du\ dv , . 

= I ^ I where, for example 

to be computed along C. If we substitute these relations in (7) 
dv dv 

and then divide by ^ we find that C and C' are orthogonal 
when 


e( — \ + F (—^ 

\dv /c\dv Jc' L /c \dv )a 


+ (? = 0 . 


( 8 ) 


We dejine the area A of a region K on the surface S by the 
formula 

A = J'V" EG — dv du. (9) 

We shall show that (9) is an invariant for all coordinate systems 
Let 

ri = xj + Vui + ZuK 12 = x 4 + + z^k. 

By (4) and Ex. XXI, 7 of Chap. I, 


F2 = V {xl + yl + zl){xl + vl + zl) 

(jVuXq; 

+ VllVv + 

r( ^,y] I, 1 *') ' 

'^\u,v/'\j lJ{x,y/u,v)_ 

2 

+ 

'J{y, zjv,, v)' 
J{x, y/u, v)_ 





Hence (9) assumes the form 

By Sec. 19 of Chap. II, (10) reduces to 


( 10 ) 


^ = ffs ■V'i- + 4 + 4 


(11) 
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This result agrees with (20) of Sec. 17, Chap. II. Hence the 
area A is independent of the i^y-coordinate system (2). 

As a special application of (9), consider the surface ol revolution 

X = u cos (j>, y = u sin 0, z = fiu). 

By (9) and Ex, XIII, 3, 

A = (I + du = 27ru\/l + fi/u 



A normal to a surface >S at a point r is perpendicular to r i and 12 , 
and hence is parallel to ri X r 2 . We define the unit normal n to 
S at r by the relation 


ri X r2 ri X 12 
|ri X r2 H 


( 12 ) 


where ff = |ri X r 2 |. 

We define the second fundamental magnitudes L, M, N by the 
formulas 


i = n - til, M = n- ri 2 , A = n • 122 . (13) 

We shall show the geometric significance of these quar.titics in 
Exs. XIII, 7 to 13. 


EXERCISES XIII 

1 . Let (wo, Vo) and (uq -{- du, Vo + dv) be two points on the surfnce (2). 
Show that ri du is approximately the arc length along the parametric curve 



V Vo from (wo, vo) to {uo -f du, vq), and hence that E du^ is approximately 
the square of this length. Interpret F du dv and G dv^ similarly. Hence 
deduce that (5) is a form of the law of cosines as applied to the triangle 
PQR in Fig. 193. 

2 . Show that the parametric curves are orthogonal if and only if F = 0. 

3. Show that the equations 

X = u cos 4>, y = usin. ci>, z = f{u) 
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represent a surface of revolution with axis along the 2-axis. Describe the 
parametric curves u — Uq and <f> — <^o. Write 

r = (u cos <l>)i -H (m sin 4,)] +f{u)k, 

and show that 

E = l+f\ F=0, 

Compute ds- and interpret the formula geometrically. 

4. Compute ds^ for the surface 


X = ii cos 0, y u sin (j>, z ~ C(f>. 

Describe the parametric curves on this surface. 

5. Show that H- — EG — F-. (Hint: If co is the angle'between the 
parametric curves at r, then cos w = F/'s/w. Compute sin oj in two ways.) 

6 . Show that 

• n X To ^ ri X n = -i(Fri - Et^), rs X n = -{Gh - Ft.). 

£1 

7. Show that 

HL Ti X To • tn, HM = n X r 2 • rio, HN = ri X ro • r.> 2 . 

8 . CVp:ripute L, M, N and n for the surfaces of Exs. 3 and 4. 

9. U T + dt is the position vector of the point {u + du, v + dv), then h\' 
Taylor’s series, 

(r + dr) = r + (ri du + r.» dv) + dii- -|- 2 ri .2 dii dv r-v, d>}-) + • • • , 

The tlistn:me D from the point r + ifr to the tangent plane at r is n • dr. 
Show rhiit D is approximately l(L du- + 2M du dv + N dv^). What is the 
geomelric interpretation of L, il/, and N? 

10. Show that 

L := —ni • ri, il/ = —ni • r-j = —na* ri, N - —ii-2 • r2. 

Hint: Differentiate relations of the type n • ii = 0 with respect to u or v. 

11 . Show that 

= (FM - GL)xi + (FL - EM)t., 

FP-ni = (FN - 6^il/)ri + {FM - EN)r.. 

Hint: Since ni is perpendicular to n, we can write ni = oxi hr 2 . Deter¬ 
mine a and b by forming the products ni * ri and ni" r 2 . 

12 . Show that 

T% 

Hni X no = n • ni X n2 = 

where r- = LN - M\ 

13. Show that 

Hn . m X ri == EM - FL, 

Hn > XI 2 X Ti = EN - FM, 


Hn • fli X r2 == FM — GL, 
Hn • n2 XXi^FN - GM, 
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14. Find the equation of the tangent plane to the surface of Ex. 3 at 
{uQy <f>o)‘ Repeat for Ex. 4. 

16. Certain Curves on a Surface. We say that a normal 
section of a surface S at a point P is a section cut by a plane 
containing the normal n at P. For convenience, we take the 
principal normal of the section in the direction of n, so that k 
for the section is positive when the section is concave on the side 
on which n lies. If r moves along a normal section, we have 


Kn 


n • r 


n • (tiu" + T 2 v'' + ruw'2 + 2 ri 2 u'v' + T 22 V'-) 

= Lu'^ + 2Mu'v' + Nv'^ (1) 



+ 2pf+ (? 


( 2 ) 


where the last formula is obtained with the aid of (5) in Sec. 15. 
We call Kn the normal curvature of /S at P in the direction dujdv. 

Now suppose r traces out an arbitrary curve C on the surface 
S. Let Q be the angle between the surface normal n and the 
principal normal x" Jk of C at a point P. Then 


cos ^ = ?—L. = + 2Mu^v' + Nv^-). 

K K 


(3) 


If Cn is the normal section of /S at P tangent to C, then by (1), 

= (Lu'2 + 2Mu'v' + Nv'^), (4) 

Since C and Cn are tangent, Lu'^ + 2Mu'v' + is the same 
for the two curves at P by (2) since du/dv is the same for C and 
Cn at P. By (3) and (4), we have Meumier^s theorem: 

Kn = K cos d. (5) 

This formula shows that, of all curves on S through P with a 
given direction, the normal section in this direction has the least 
curvature. 

If (7 is a curve on a surface S such that, at a point P, 

[t, n, n'] = 0, (6) 

where n is the unit surface normal, the direction of C at P is 
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called a principal direction of S at P. By Ex. VIII, 12, (6) implies 
that n' is parallel to t. Write (6) in the form n • n' X r' = 0, i.e., 

_L „ M K. f du , dv\ 

I”'* + “sj X - <!■ 

Then 

+ a ■ n, X r,(^)' . 0. 

By Ex. XIII, 13, this may be written as 

(EM - FL){^^' + {EN - GL)^ + (PN - GM) = 0. (7) 

This equation determines two values for du/dv which we may 
write as (du/dv) i and (du/dv) By (8) of Sec. 15, the directions 
determined by (du/dv) 1 and (du/dv )2 are orthogonal. We have 
thus shown that, if EM - FL and FN - GM are not both zero, 
i.e., if E:F:G 9 ^ L\M:N, then at any point P on a surface S 
there are two principal directions, and these two directions are 
orthogonal A curve C on >8 along which (7) is satisfied identi¬ 
cally is called a line of curvature. It follows that there are two 
families of lines of curvature on a surface S, one curve of each 
family going through any given point P. 

Let us now determine du/dv in (2) so that is a maximum 
or minimum. Write (2) in the form 

L\^ + 2M\ + N 
E\^ + 2F\ + G' 

where X = du/dv. If we differentiate (8) with respect to X and 
set the result equal to zero, we obtain the equation 

(PX2 + 2PX + G)(L\ + M) 

- (LX2 + 2 m + N)(E\ + P) == 0. i9) 

This equation evidently reduces to (7). It may be shovm (in 
general) that, of the two values of Kn in (8) resulting from the two 
values of X determined in (9), one is a maximum and the other is a 
minimum. Hence the principal directions at P are the directions 
of maximum and minimum normal curvature. 
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If we write (9) in the form 

LX + M _ LX^ + 2MX + N 
EX + F LX“ + 2LX + <? ' 

we see by (8) that 

(EKr. - L)\ + (FKn - M) = 0. (]()) 

Write (8) in the form 

{EKn - L)X2 + 2{FKn - M)X + (GiCn - N) - 0, (11) 

Multiply (10) by X and subtract from (11). We obtain 

(FKn ” M)\ + (GKn “ N) = 0. ( 1 2) 

Elimination of X from (10) and (12) leads to the equal ice i 

HV;i - (EN - 2FM + GL)Kn + = 0, (i;-;) 

which determines the maximum value ki and the miniiiiuin \'alue 
Ko of Kn at a point P on S. 

It follows by (4) of Sec. 15 and Ex. XIII, 10, thal (10) iuul (12) 
may be written as 

11 • [(icTi + ni)X + (kt^ + n2)] = 0, 

12 • [(/cti + ni)X + (/cr2 + n2)] = 0, 

where k denotes either ki or k 2 . Since X = du/dv thos(‘ nhitions 
in turn may be written (by the usual manipulations with differ¬ 
entials) in the form 



r dr dn 

1 _ 

dr dn 

ri - 

L^ds ds_ 

U 

II 

'^ds ds_ 


But di/ds and dn/ds both lie in the tangent plane to iS at P. 
Thus [K(dT/ds) + (dn/ds)] lies in the tangent plane and is 
perpendicular to both ii and r 2 . Hence 


dr 

'"ds 




(14) 


where r and n range along a line of curvature, and whore (14) 
is called Rodrigues’s formula. 

We define J = ki + /ca to be the j^rsf (mem) curvature of S at a 
point P, and we define K = kjkj to be the second (specific, total, 
Gauss) curvature of S at P. It follows by (13) that 

■J = ^,(EN - 2PM + GL), K = ~. 
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A geodesic is a curve on a surface S whose principal normal at 
each point coincides with the surface normal n. By Meusnier’s 
theorem, the geodesic curvature is the normal curvature in the 
direction of the geodesic. It can be shown that (with certain 
restrictions) the geodesic joining two points A and B is the short¬ 
est of all curves on joining A and B. (A taut thread stretched 
on /S from A to B assumes the position of shortest length, this 
being also the position such that at each point the tension hi the 
thread tends to produce no lateral motion, i.e., t' is along n. 
(See Ex. I, 11, of Chap. VIII.) By the defining property of a 
geodesic, 

r" = + to'y" + riiw'“ + 2ti2n'v' + X22v'“ = kiI; ( 15 ) 

where n is the surface normal. If we form the scalar product of 
each side of (15) with ri and 12 , we obtain the diferential equa¬ 
tions of the geodesics on S: 

Eld' + Fv" + + Eou'v' + (F^ — iG])v'“ = 0 , . . 

Fu" + Gv" + (F, - lE^id^ + G,ii'v' + iG^'^ = 0 , 
where Ei = dE/dii, etc. 

Since the principal normal of a geodesic is the surface normal 
at any point, it follows by Ex. XII, 4, that 

r = [t, n, n'], 

where n is now the surface normal. Since [t, n, n'] = 0 hi tlie 
direction of a line of curvature, it follows that the torsio!i of a 
geodesic is 0 in the direction of a line of curvature. }vlor 
[t, n, n'] b(nng identically zero only along a plane curve (ii being 
the princdpal normal), it follows that if a geodesic is either a plane 
curve or a line of curvature, it has both of these properties. 

It turns out that geodesics play much the same role on a surface 
that straight lines do in a plane. For example, one may set up 
^'polar’’ coordinates on a surface using geodesic distance, and 
one may measure the curvature of a curve relative to the tangent 
geodesic. But many of those properties are better dealt with by 
tensor analysis, and we pass over them here. See, for example, 
Weatherburn, '‘Differential Geometry”; Eisenhart, “Differential 
Geometry;” Levi-Civita, “Absolute Differential Calculus.” 

EXERCISES XIV 

1. Find J and K for the surfaces of Exs. XIII, 3 and 4; also find the 
ditrerential equations for the lines of curvature. 



722 


HIGHER MATHEMATICS 


[Chap. VI 


2. The differential equations representing the lines of curvature being 
duldv = 0 and dv/du = 0, show by (7) and Ex. XIII, 2, that the parametric 
curves are the lines bi curvature when and only when F = M = 0. 

3. Show that = L/E, k 2 = N/G when the parametric curves arc the 
lines of curvature. Let be the normal curvature in a direction making 
an angle ^\dth the direction in which ki is taken. Use the preceding result 
to prove Euler’s formula: 

Kn = Ki cos^ ^ -h sin^ 4'- 

4. Show that (16) may be written in the following alternative forms: 

—{Eu' + Fv') = liEiu'^ + 2FiU,'v’ + G,v% 
ds 2 

—(Fu' + Gv') = liEiu'" + 2Fiu’v' + G^v'"), 
ds 2 

u” + lu'‘ + 2mu'v’ + nv'^ “ / 

v" + = Oj ) 

vhere I, m, n, X, v are certain expressions in S', F, G and their derivatives; 
also 

dh (dv\^ (dv\^ , dv 

= \Tu) + ^ 

Since (19) is a second order equation, there exists (in general) exactly one 
geodesic on a surface through a given point in a given direction. 

5. Show that the geodesics in a plane are straight lines. 

6. Show that the geodesics on a sphere are arcs of great circles. 

7. Show that the geodesics on a circular cylinder are helices. 

8. Find the geodesics on a right circular cone. 

17. Maps. Let S and S' be two surfaces. If, by any means 
there is made to correspond to each point of S exactly one point 
of S', then we say that S is transformed into, or mapped upon. S'. 
If, moreover, exactly one point of S has any given point of S' 
for its image, then the mapping is said to be hiunique. For 
example, a geographic map is a mapping of (part or all of) the 
earth’s surface upon either a sheet of paper or a sphere. Again, 
the usual operation of projection maps one plane or surface 
upon another. More generally, if F is a family of curves in 
space such that through each point there is one and only one 
curve, and if S and S' both cut all curves of the family F, then 
this family maps S on S'. 

A simple way to establish a mapping of two surfaces S and S' 
is to represent each surface by equations of the form (1) or (2) o^ 


(17) 

(18) 
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Sec. 15 using the same parameters u and v. Then the pair of 
numbers (m, v) determines exactly one point on each surface 
(assuming the ranges of u and v to be the same) and a mapping 
M oi S upon S' is established by associating these pairs of points. 
Arc lengths on S and S' are then given by 

ds“ = ^ du^ -|- 2F dudv G dv^, 1 
d<j~ = E du~ + 2 F du dv -{• G dv^. ) 

At any particular point P the ratio ds/dcr is constant for all 
directions dicfdv if and only if 

E F G~ 

where, however, p may be a function of u and v. We say that 
the mapping M is conformal if (2) holds, and as p = da/ds, we 



call p the magnification. A relation f{u, v) — 0 determines a 
curve C on S and a curve C" on S'; the relation g{u, v) = 0 
determines curves D and D' on S and S', If C and D intersect 
at P, C' and D' intersect at P', and if i/' is the angle between 
C and P, with yp' the angle between C' and D', then it is seen by 
(6) of Sec. 16 and (2) that cos p = cos yp'. By proper choice of 
signs, w^e have yp = p'. Thus angles are preserved at every 
point by conformal mapping. It follows that infinitesimal figures 
in the neighborhood of P and P' are similar in shape, though the 
ratio of their linear dimensions is p. 
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Example 1. We shall construct a conformal mapping of the surface S 
of revolution 


X = w cos (p, y — w z = f(ic) 

on a plane. We first observe from Ex. XIII, 3, that 

ds~ = (1 -{-/“) div^ + 

Let us change the parameter lo to a new parameter u by the relation 

, Vl +f\-w) , 

au — - -— div. 


(3) 

(4) 


(5) 


(This is merely a change of scale along the curves v const.) Then ( 4 ) 
beccmos 

ds“ = iv^idu^ + ) (6) 

If we use feu and fev as rectangular coordinates in a plane Af, then 

= h^(du‘ -f- d(i>^), (7) 

By ( 6 j and (7.), the surface (3) is mapped conformally on A.f, whore corre¬ 
sponding points on and M have the same coordinates (w,, cS) and where at 
any point the magnification is k/w as given by ( 2 ). Befaiuse a st.raight lino 
I in M cuts ail lines u = Wo at a constant angle and all lines = 0 ,, at a 

constant angle, the image of I on S cuts ail the meridians 0 = 0 o at a con¬ 

stant angle and all the parallels of latitude u = tio at a constant angle. 
If tne equation of I in M is aku -f" hk<f) -T c = 0 , the equation of the image 
of I CTi .s is au ~r b<p -r c = 0 (when the parametric coordinates on S are 
taken as u and 6 ). 

Example 2. As a special case of the preceding example, we shall map 
a spnere .S' of radius a on a plane. We may represent S in the form 

X = a cos c cos 5, y — a cos ^ sin 0, z a sin. <p, 

where s<r denotes latitude and 6 longitude. Then 

ds- = a- cos 2 <p (sec- <p nV + dd"^). 

If we introciuee tne variable a by the relation 

da = sec ip dip, 

so that a — log tan -f* then 

ds- = a- cos 2 (p{dar + dd-). ( 8 ) 

Let — r^d and y — ka. Then d<r^ ~ k^{da^ + do^). Since condition ( 2 ) 
is met, the sphere is mapped conformally on the plane. Moreover, any 
straight line on the plane represents the image of a curve on the sphere cut¬ 
ting all meridians at a constant angle. The magnification is k/(a cos ^). 
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Because this magnification is large for values of cp near 7 r/ 2 , this mapping, 
called MercatoYs projection, causes areas near the poles to appear unduly 
large. This mapping may be obtained geometrically as follows: Let L 
be the axis of the sphere through the poles, and let C be a cylinder wiih L 
for axis and tangent to the sphere along the equator. The mapping is 
effected by projecting each point P of the sphere onto C by a line through F 
perpendicular to L. C may now be rolled out into a plane. 

If instead of x = kd and p = ka, we take x — ke~^ cos 6, y — be'~^ sin 6, 
then 


da^ — dx- + dy^ = k^e + dd^), 

and we have another type of conformal mapping of a sphere on a plane called 
stereographic projection. This mapping may be obtained geometrically 
by taking the a:?y-plane tangent to the sphere at the south pole; if P is a 
point on the sphere, the image P' of P in the plane is found by projecting 
P onto the plane from the north pole. It is seen that meridians x>roject 
into straight lines through the origin, and parallels of latitude project into 
circles with center at the origin. 

EXERCISES XV 

1 . Show that the surfaces x — u cos y — u sin 9 , 2 = c<i>, and 
X — u cos <f>, y ~ u sin < 5 i>, 2 = c cosh"^ u/c can be mapped conforiualiy on 
to each other with linear magnification identically one. 

2. Determine f(v) so that the surface x - u cos v, y ~ u sin i\ 2 = f(v) 
can be mapped conformall.y on a surface of revolution with linear niagnifica- 
tion identically one. 


PART D. TENSOR ANALYSIS 

18. Definition of a Tensor. In Sec. 9 we said that if three 
functions A-^ix, y, z), Ay{x, y, z), A,{:x, y, z) tran.sform according 
to the law (9) when the coordinates (cc, y, z) are transformed by 
(8), then Ax, Ay, A^ are the components of a vector. We shall 
now generalize this concept. Let 

°x'’‘ = • ■ ■ > (« = 1) 2, ■ • • , n) (1) 

represent a transformation of coordinates in /i-dimensional 
space, where we use superscripts, instead of subscripts, to dis¬ 
tinguish the variables. Suppose that the Jacobian 



of (1) exists and is 0, so that (1) has an inverse: 
X® = • • • , a;'”). (i = 1, 2, 


r.) (2) 
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Definition 18.1. If, in any manner whatever, a set of n func¬ 
tions , x'^), ■ ■ ■ , F*{x^, ■ ■ ■ , x^) is determined for 

each coordinate system (1) and (2), and if these functions transform 
according to the law* 

F\x'\ ») = -h’ 

{a = 1, 2, , n). (3) 

then we say that the functions F\ ■ ■ ■ , F”- are the components in 
the coordinate system {x^, x”’) of a contravariant tensor of 

order one, and F'^, - ■• , F'’' are the components of this tensor in 
the coordinate system (x'^, • • • , x'”). 

Since (9) of Sec. 9 is a special case of (3), a contravariant tensor 
of order one is sometimes called a contravariant vector. 

If , x’‘), ■ ■ ■ , F”'(x'-, ■ ■ ■ , X”') are any given 

functions in the coordinate system (x^, ■ ■ • , a:”), a tensor may 
always be constructed by defining the functions 

F'K^'\ • ■ • , x'^), ■ ■ ■ , F'^{x'\ ■ ■ ■ , x’’^) 

for every other coordinate system (»'*,•••, a:'") by means of 
(3). (See Ex. XVI, 3.) 


Example 1. Let a unit of distance be selected in Euclidean 3-space. 
If a fluid is moving with velocity V at any point, and if x^) are the 

rectangular coordinates in frame of a certain particle P, with x^ repre¬ 
senting distance along the axes, then dx^jdi^ dx^jdt^ dx^jdi are the compo¬ 
nents of velocity of P parallel to the axes. Under the transformation (1) 
we have 


dx'^ dx^ 

dt dx^ dt 


{a - 1, 2, 3.) 


(4) 


At any instant the derivatives dx^/dt are functions of the position of P, i.e., 
of a:-, Since (4) is of the form (3), dx^jdi and dx'°^/dt are components 
of a contravariant tensor of order one. 

Example 2. Let us regard the differentials dx^ in the coordinate system 
(arS • ' - , x”) as defined at each point {x^, • • • , a;^), i.e., dx^ are given 
functions of , x^). Then in another system ' • * , x'^) the 

differentials dx^^ are given by 

* Since the range of all indices in this discussion is from 1 to n unless 

n 

otherwise indicated, we shall write ^ instead of 
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(« = 1. •••,«.) (5) 

i 

Since the differentials dx^ and are functions of the coordinates alone, 

and since (5) is of the form (3), it follows that dx^ and dx'"^ are components 
of a eontravariant tensor of order one. 

Example 3. Let and be any two reference frames of axes with com¬ 
mon origin 0 , where the axes may be orthogonal or oblique, and where the 
scales along the axes in each frame may be arbitrary and distinct (i.e., not 
based on the unit of distance), but such that the coordinates in and -J' are 
related by the transformation 

x'“ = (6) 

i 

where a“ are constants. Since dx'^^/dz^ = a“, we see from ( 6 ) that 



Hence by (3), and are components of a eontravariant tensor of order 
one with respect to transformations ( 6 ). Since the coordinates x^ of a 
point Q transform as a eontravariant tensor, it follows that we may represent 
the components in frame tF of an arbitrary eontravariant tensor of order one 
as the coordinates in JF of a point Q when we consider only frames 2 F related 

by ( 6 ). It is common to regard the segment OQ as ‘‘representing” the 
tensor itself. Thus, in Example 1 consider the motion of the particle P 
at a certain instant. For convenience choose a frame ^ ha\'ing its origin at 
P at this instant. Then we may represent dx^ldt, dx^^/dt, dx^jdi as the 
coordinates in of a point Q. By the preceding remark, the coordinates of Q 

in any other frame JF' represent the transforms of dx^jdl in tF', and PQ repre¬ 
sents the tensor with components dx^ jdi. However, in curvilinear coordi¬ 
nate systems this representation is not always possible. Moreover, it 
must be remembered that dx'^Jdt represent the actual components of the 
velocity V in frame only when represent distance. For example, 
if x^ is based on the unit of distance, and if x'^ = 5a;', then dx'^/dt is 5 times 
the component of velocity along OX', The question of scales and velocity 
components will be taken up in the next section. 

Definition 18.2. If, in any manner whatever, a set of n 
functions Fi(x^, • • • x^), * * * , determined 

for each coovdinate system (1) and (2), and if these functions trans¬ 
form according to the law 
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dx' 


, n.) 


(7) 


then we say that the functions Fi, ■ ■ ■ , Fn are the components 
in the coordinate system (x^, • • • , a;") of a covariani tensor of 
order one, and F[, FI are the components of this tensor in 

the coordinate system (a;'\ • • • , x'”). 


Exarspie 4. Let ^ be a point function. 


If <pi denotes-:-and 

dx‘‘ 


if denotes —-j where rr-, x^) and (p'(x'^, x'^, are the 

d:r'“ 

representations of the point function <p in the respective coordinate systems 
(see See. 23 of Chap. 1), then 




(a - 1 , 2 , 3 .) ( 8 ) 


Since (8) is of the form (7), (pi are the components of a covariant tensor of 
order cne. We denote the tensor having these components by grad <p and 
v/e refer to this tensor as the gradient of (p. 

It Ci.oiild be noticed that we use a superscript, as in F\ to 
indicate the components of a contravariant tensor, and a sub¬ 
script. as in F{, to indicate the components of a covariant tensor. 

If is a point function with representations ^(:rb • * * , :r") 
and , x''^) in the respective coordinate systems 

indicated, then 

, a;'”) = <p{x'^, ■ ■ • , a:"). (9) 

Because of this relation between the representations of we 
speak of ^ as a tensor of order zero, or as a scalar or invariant. 

Tfj prove certain properties of tensor^s, we shall need a generali¬ 
zation of the result in Ex. XX, 21, of Chap. I. According to the 
usual rules of differentiation, we have by (2) and (1), 

dx'‘‘ __ dx' dx'"" 
dx^ ” 

Let the Kronecker delta b) denote 1 when i = j and 0 when 
? j. Since dxf>dx^ = h), we have 
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It Is evident, for example, that = F‘ and that 

3 

XPiS) = F^. 

i 

Example 6. If ^ ai\d Gi are the components of any contravariant aiicl 

covariant vectors respectively, then is a scalar point function, 

i 

To show this, we have liy (3), (7), and (10), 

F' 




Hence 


« i,j \ <x / ij i 

the change of order of summation being merely a rearrangement of terms, 
and the last term being obtained by summing first with respect to j while 

treating i as fixed. Since the relation '^F'^G’^^ - "^F^Gi is of the form (91, 

a i 

^^F'^Gi is a scalar point function. 
i 

Theorem 18.1. Let n functions Gi he determined for each 
coordinate system. If ^I^'^Gi is a scalar for every contravariant 

i 

vector"^ F'% then Gi is a covariant vector. 

By hypothesis, '^F'"G'^ = '^FVi, that is, 

a i 

= 0 . 

a i 

Since is a vector, it follows by (3) that 




* For convenience we shall often speak of ^‘a tensor instead of “a 
tensor having components F^'in the coordinate system . x'^)F 
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Hence 



Since this relation holds for every vector the coefficients of 
in this relation must each be zero. Hence Gi is a covariant 
vector. (To see this, interchange the primed and unprimed 
letters in (7).) 

Example 6. Considering only reference frames £F related by (6), so 
that is a contravariant vector, it follows by Theorem 18.1 that if the 
relation 

]uiX^ = 1 ( 11 ) 

is to hold for aU frames then m must be a covariant tensor. (It is mani¬ 
fest that 1 is a scalar point function.) Now (11) is the equation of a plane 
not through the origin. If we define the coordinates of a plane to be the 
reciprocals of its intercepts on the coordinate axes, then Ui are the coor¬ 
dinates of the plane (11), Thus the coordinates of a fixed plane transform 
like the components of a covariant tensor. This leads us to the counterpart 
of the result obtained in Example 3: We may represent the components in 
frame Sr of an arbitrary covariant tensor Fi of order one as the reciprocals 
of the intercepts in tF of a plane M when we consider only frames JF related 
as in (6). It is common to regard the plane M as ^Representing” the tensor 
itself. 

EXERCISES XVI 

1. Show by (3) that 

Fi = (^2) 

Hint: Multiply each equation (3) by dcc^’ldx'^, respectively, add the 
results, interchange the order of summation in the right member, and use 
(10). Deduce the analogous form of (7). This shows that the law of 
transformation of tensors has an inverse. 

2. Show that if ~ /Bx '^), then it follows from (3) that 

a 

Deduce the analogous relation for Fi, (This 

t 

shows that the law of transformation of tensors is transitive.) 
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It follows from Exs. 1 and 2 that the components of a tensor are uniquely 
defined for each coordinate system, and that it is immaterial what series of 
transformations is followed to get from one coordinate system to another. 

3. A tensor has components 1, re, — yz in the (x, y, z) rectangular 
coordinate system. Find the components of this tensor in cylindrical, polar, 
and parabolic coordinates if this tensor is (a) contravariant, (b) covariant. 
Parabolic coordinates are given by the relations 


X = ^7] cos y tyj sin <p, z = i (|2 „ 

4. Write (3) and (7) in matric form, using upper indices for row numbers 
and lower indices for column numbers. Note that a contravariant vector 
is represented by a one-column matrix and a covariant vector by a one-row 
matrix. 

5. According to (11), = ^^UiX\ Use this relation and (6) to 

a i 

show that Ua — where is \/a times the cofactor of of in the 

i 

determinant a = |a^|. (The matrix ||Aj,l| is the inverse of the matrix IjafU.) 

6. Show that if the components of a vector (either contravariant or 
covariant) are all zero at a point P in one coordinate system, then they are 
all zero at P in every coordinate system. 


19. Tensors of Higher Order. The concept of a tensor may 
be extended as indicated in 

Definition 19.1. //, in any manner whatever, a set of n-. 
functions • • • , x^) {where j = 1, • * * , n) is deter¬ 

mined for each coordinate system, and if these functions transform 
according to the law 


,,OC0 


^ dx^ 


1 0 

,dx dx 
dx^ dx^ ^ 


( 1 ) 


then we say that the functions are the components of a con¬ 
travariant tensor of order two. If a set of n^ functions transforms 
according to the law 


K,= 


dx^ ox^ 

^ a 0' 


dx' dx‘ 


dx^ 


or 


F', - 


-,.dx' dx^ 


' dx^ 


dx‘ 




( 2 ) 


then Fij are the components of a covariant tensor of order two, and 
Fj are the components of a mixed tensor of order two. 

Tensors with components F^,i^, • * * are similarly 

defined. The tensor is of order 5; also, we say that F%^ is 
contravariant of order 2, and covariant of order 3. 
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Example 1. Let f ‘ and G’ be contravariant vectors. If v*’ = F'G’ and 






..ax' dx'^ 

,j—^ (3^ 

ax' ax’ ^ ‘ 


Hence are the components of a contravariant tensor of order two. 
{(p^^ is called the outer 'product of and GK) However, not every tensor 
can be represented as a product in this way. 

Example 2. The Kronecker delta h] are the components in every coordi¬ 
nate system of a mixed tensor of order two, for if S] are taken as the com¬ 
ponents of a tensor in the coordinate system (rrh * * • , ‘'r”), then these 
components transform into 


a .dx'^ dx^' __ ^ 

’’s ~ ^ ax‘ ~ ax' ~ 


ax' Qx' 


(4) 


■ivhere in ^ we sum first over j treating i as fixed. Hence are the com- 


ponenis of this tensor in the system 




It is readily seen that the sum or difference of two tensors of the 
same order and type is a tensor of this order and type. For exam¬ 
ple, if + (?"•', then is a tensor by virtue of (1). 

The product of any two tensors (regardless of order or type) is 
a tensor. This is illustrated by Example 1. Again, if 

where F“* and (?f„, are tensors, then it is readily proved as in 
Example 1 that is a tensor contravariant of order 3 and 
eovariant of order 2. 


If are the components of a mixed tensor, then yph = '^Ffh^ 

3 

IS a .set of 71 ^ functions, each of which is the sum of n of the func¬ 
tions Since 


vS = 2<. = 2( 2 


Fg 




dx' dx' dx^ dx^ dxF 
"■ dx' dx’ 


^ dx'^ dx'^ ~ )~d^ 7777 ’ 

where = cpl^^ it follows that (ph are the components of a 
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tensor. The process of summing the components of a tensor of 
order r over any contra variant and covariant index is called con- 
tradion, and the resulting functions are the components of a 
tensor of order r — 2. A contracted tensor may evidently be 

contracted again; for example, are the components of 

i 

a covariant vector. If we contract the tensor d} we obtain the 
scalar 

i 

Since tensors may be multiplied and contracted to give tensors, 
we may combine the two operations to obtain new tensors. For 
example, 

4i = da = 

3 k jjc 

are components of tensors. The combined process of multiplica¬ 
tion and contraction is called inner multiplication. 

If is a tensor, and if, for example, for every set 

of values of the indices, then Fjji^ is said to be symmetric in the 
indices k and m. If a tensor is symmetric in every pair of con- 
travariant indices and in every pair of covariant indices, then 
the tensor is said to be symmetric. If interchange of any pair 
of indices of the same type causes merely a change of sign of the 
component in question, then the tensor is called skew symmetric. 

Example 3. If gij is a covariant tensor, then because dx^ is a contra- 
variant teiusor (see Example 2 of Sec. 18), dx^dx^ is an invariarit 

(scalar point function), i.e., 

dx'*^ dz'^ — ^<7f; dx^ dxK (5) 

o:,/S id 

If (.c^, • ' ‘ , :f:”) are rectangular coordinates with each coordinate rep¬ 
resenting distance along the resriectivc axis, then the element of arc-length is 

= {dx^y -f {dx^^y -h • • • H- {dx'^y. 

If we define ga in this coordinate system by the relations 


when i = j, 

when i 7 ^ 


( 6 ) 


ds^ 


= dxd dxK 


id 


then 


( 7 ) 
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If we now use (6) to dejSne as a covariant tensor for all other coordinate 
systems by the first part of (2), then, because of (5), (7) holds in every 
coordinate system (see Ex. XVII, 7). The tensor gcj in (7) is called the 
fuTidamental metric tensor for n-dimensional Euclidean space, and ds is the 
magnitude of the tensor with components dx^. 

Example 4. In rectangular coordinates (based on the unit of distance) 
the magnitude F of the vector with components is given by 

= ^guF'Fi, ( 8 ) 

id 

where gij is given by (6). Since ^guF^Fi is an invariant, is a scalar point 

id 

function and (8) gives the magnitude F of the tensor F^ in every coordinate 
system. We say that is a unit tensor if E = 1. In the same manner, the 

scalar product ^guF^G^ of the tensors F^ and is an invariant for every 
id 

coordinate system. Since in rectangular coordinates we have 

FG cos e = ^gijF^Gj, (9) 

id 

where d is the angle between the vectors F^ and G^‘, it follows that FG cos 6, 
and hence cos 6, is an invariant for all coordinate systems; however, 6 has 
as yet no interpretation in curvilinear coordinates since we have as yet no 
geometric representation for a tensor E* in curvilinear coordinates. We 
now give this representation in 

Theorem 19.1. Let he the components of a tensor in an 
arbitrary coordinate system Let each component 

he represented at any point P by a line segment PP^ along the tangent 
at P to the parametric cuwe of parameter {i.e.j the curve with 
equations = co?istant for all j 9 ^ x^ alone being variable)^ the 

length of PP* being the magnitude of the component P*. Then 

the vector sum PQ of all the line segments PP® represents the given 
tensor in every coordinate system. 

The magnitude of the component P* is computed as the magni¬ 
tude of the tensor with components 

0, 0, • ■ • , 0, P®, 0, • • - , 0. (10) 

By (8), 

|pi|2 = (magnitude of P*)^ = guFP^, (11) 

since all the P’s in (8) are 0 except P®. By (9), we have for two 
different tensors of the type indicated in (10), 
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• |i5’i|(cos e)ii = 

where 0 is as yet undefined. By (11) and (12), 

• |i?’^|(cos e)ii, (13) 

tj i 

where in ^ we sum first for equal i, j and then for distinct i, j. 

ij 

But if we regard PP* and PQ as vectors (in the elementary sense), 
PQ'^ = 

= 2(^0^ + 2(^0(PP0 cos (^,.,-), (14) 

i i^j 

where • indicates the elementary scalar product and % is the angle 

between PP^ and m Since (13) and (14) hold for every tensor 
F^> F)ij = cos (6f,) and the theorem follows at once. 

In applying Theorem 19.1 care must be taken to distinguish 
between the magnitude of a component P* [which by (8) is 
invariant for all scales in all coordinate systems] and the numerical 
value of P» (which depends, for example, upon the scales of the 
variables x^). 

.If the tensor P* has components of unit magnitude, then by 
(11), P* = l/\/gii since |P’| = 1, and by (12), 


cos 


. 

1/X7 - ... - • 


Vguga 

Let gij be any symmetric covariant tensor. We write 


(15) 


^11 ' ’ * Qln\ 


\Qn 


gii = - (cofactor of gtj in g). (16) 


It is readily proved that is symmetric (see Ex. XVII, 9). 
Moreover, '^^gjkg* is 1 /g times the expansion of the determinant 

k 

obtained by replacing the ith row in ^ by the jth row. By 
Theorem 1.10, 
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(17) 

k 

If is an arbitrary vector, then Gj = ^gjkF^' is an arbitrary 

k 

vector. Since ga and are symmetric, we have by (17), 

' = i<\ ( 18 ) 

j j,k k 

Since F' is a vector, it follows by Ex. XVII, 10 that is a tensor. 
If F’’ is a given contravariant tensor, then F,- = is a 

covariaiit tensor. Since g^j is symmetric, F; = ^gjiF\ We call 

i 

Fj the Censor associated with F\ and we speak of the components 
F/ -as the covariant components of the tensor with (‘ontra\^ariant 
components FK Let .4^ be the tensor avssoriated tvith F; by the 

. law .4* = If Fi = '^gaP, then by (17), 

3 k 

A' = Xgp = XaV = X^>^^'‘ = 

3 3\k k 

Hence contracting with respect to g^ and g^ are inverse opera¬ 
tions, and the roles of F’ and F, are interchangeable. In rectangu¬ 
lar coordinates where g,-, is given by (6) and g«' is numerically 
equal to g,;, F> and F; are numerically equal. This accounts for 
the fact that no distinction w'as made between contravariant 
and covariant x^ectors in Part B of this chapter. 

The idea of associated tensors may be generalized; for example 
if 

O'" 

k I 

then Fv and F“ are associated, and Gh and Qiu are associated. 
Xote that the indices should be spaced to show which index i.s 

• raised or lowered, for, in general, tensors like F*,- = ^F^g,-/.. and 

k 

<pf‘ = same. 
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Example 6 . In rertangular coordinates, where gtj are given by (6), we 
iiave 

gii = \ 1 when i = j. 

] 0 Avlicn i ^ j. 

If Fi are the comporients in. a rectangular coordinate system of a covariant 
tensor, if p is the distance from the origin to the plane M representing Fi 
(sec Kxair.ple 6 of Sec. 18), and if we define the magnitude F of the tensor 
with components f i to be 1/p, then in rectangular coordinates we have 

(19) 


as may he soon by writing th(‘ equation of the plane Af in normal form. 

Since ^g'^FiFj is an invariant, (19) gives the magnitude F in every coor- 
■ij 

dinate system. If F^ is the associate vector of Fi, and if in (8) and (19) 
the surncfuition is carried out over j, then both of these equations may be 
written as 

F^- '^F‘Fi, (20) 


showing iliat tlie magnitude of a vector and its associate is the same. In 
rectanguljir coordinates, the components Fi are direction numbers of a 
normal N upon the plane M reprosoMting the tensor Fi; moreover, in rec¬ 
tangular .;'f.h,n’dinates, the associate A'oetors Fi. and F’’ are numerically the 
same. Kence the line segment representing F‘ is parallel to N. It follows 
that the arigle 6 between the planes representing Fi and Gi is equal to the 
angle 9 liciween the line segments representing and Gk Thus, by (9), 

'^TiFiGi = '^FiOj = = '2i^iiF>Gi = FQ cos 9, (21i 


this relation holding in every coordinate system. 

If a set of functions transforms, for example, by the law 




.Bx' 


or 


F' 

L y 




r Bx'^ Bx^ 

= j^2/i— — -v’ 

Bx^ dx^ 3x' 


i,j,k 


where J is the Jacobian ’ y')*) coordinate 

transformation, then these functions are called the components 
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oj a relative tensor of weight p. It is evident that the sum of two 
relative tensors of the same type and weight p is again a relative 
tensor of this same type and weight p. The product of any two 
relative tensors of weights p and q, respectively, is a relative 
tensor of weight p + g. Contraction of a relative tensor does 
not alter its weight. 


Example 6. Let 

1 when ijh is an even permutation of 123, 
eiih ^ vtrhen ijk is an odd permutation of 123, 

0 when two or more of the indices ijk are equal. 


It follows from Sec. 1, (2), that 


al 

I al 

al al 

la} al 

6aj3y]aj al 

al al 


i,j\k 

= ^eijkO^a^a^, 

^l\ ij,k 


( 22 ) 

(23) 


where aU indices range over 1, 2, 3. The symbols with n 

indices may be defined in a similar manner and may be used to represent 
the expansion of determinants of order n. If we divide both sides of (23) 
by the coefficient of ea^y and replace by dx^/dx'°^, we have 



jk 


dx'^ dx^' dx^ 
dx'°^ dx'^ dx'' 


hhk 


Ca/Sy, 


(24) 


d{x\ X^) 


Hence in three-dimensional space eijk arc the 


where J 

dix'^, x'^, x'^) 

components in every coordinate system of a third order covariant relative 

tensor of weight -1. By Ex. XXI, 14, of Chap. I, = j-i 

d{x\ x''^) 

Hence it may be shown [as in (24)] that in three-dimensional space is a 
relative tensor of weight +1. In w-dimensional space, „ and 
(with n indices) are the components in every coordinate system of relative 
tensors of weights —1 and +1. 

Example 7. If gij is a covariant tensor in three-dimensional space, and if 



gn 

gi2 

9n 

g = 

Qii 

Qn 

gn 


g^i 

gz2 

p33 


then ^ is a scalar of weight +2, for by Example 6, 
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9 ' ~ 

= J 


QlmQnpgq^ 


oc,p,y 

ij,k 

l,m,n,p,g,r 


dx'°^ dx'^ dx'^ dx^ dz”' dx^ dx^ dx^ dx^ 
dx* dx^ arc* dx'^ dx'^ dx'^ dx'^ dx'^ Sx''^ 


= e^^’^gimgnpgqrSTSpl 


ij,k 

l,m,n,p,Q,r 


dx^ dx^ dx^ 
dx'^ arc'2 dx'^ 

dx^ arc" arc® 


r'^ .“VI ^rc^ 


arc^ arc" arc® 
arc'2 ^ 


I,m,7i,p,q,r 

■■ Jgj = j^g. 


l,n,q 


It follows at once that is a scalar of weight +1. Hence in three- 
dimensional space a/ geij'k is a tensor of weight 0, i.e., an ordinary or absolute 
tensor. It may be shown in a similar manner that, if gij is a tensor in 
?^-dimensional space, then indices) is an absolute tensor in 

n-dimensioiial space. Since l/g' = J-\l/g), Ij^g is of weight -1 and 
is an absolute tensor in n-dimensional space. For brevity, 

we shall write 


V?eiy...„ (25) 

Vg 

where ^ = 1 in rectangular coordinates. 

Example 8. In rectangular coordinates m three-dimensional space, 

<p' = ^,€^^^FiGk — FGsin^i!^^ ^ 26 ) 

hk 

is the vector product of the vectors Fj and Gk, where v' is a unit vector orthog¬ 
onal to Fi and Gi. Because (26) is in tensor form, it defines in every 
coordinate system. 

EXERCISES XVII 

1. State the law of transformation for the tensor F)j,i. 

2. (a) Prove the statements made in the two paragraphs following 
Example 2. 

(b) Prove the properties stated of relative tensors, 

3. (a) Show that if the components of a tensor are symmetric (skew 
symmetric) in one coordinate system, then they are symmetric (skew 
symmetric) in every coordinate system. 

(b) Show that if is any tensor, then + a/i is a symmetric tensor 
and aij — a^i is a skew-symmetric tensor. Represent an as the sum of a 
symmetric and a skew-symmetric tensor. 
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4. Prove relation (5) directly from the tensor laws of transformation. 

5. Show that if is a tensor, then and "* t,onsors. 

l i,l 

6. Show that cp^^i (preceding Example 3) are tensors if 

Gjki, • • • , are tensors. 

7. (a) If (r, d) are polar coordinates (r based on the unit of distance, 
6 in radians), find Qij and dsK If Sr and represent arc length, along the 
parametric curves, find dsr and ds^ as the magnitudes of dr and dd. R(.‘pre¬ 
sent your results geometrically, and illustrate the significance of TfioorcMu 
19.1. 

(b) Prove the following formulas: 

ds^ — dj'’^ -f de^ 4- sin^ 6 d(j>^ in spherical polar coordinates. 
ds^ = dr^ -h 7*^ dd^ 4- dz^ in cylindrical coordinates. 

= (^2 ^ ^ 2 ) t 2 _p ^,^ 2 ) _j_ ^2^2 parabolic coordinates. 

In each case find the differential of arc length along the paramotrif,^ (uirves, 
represent your i*esults geometrically, and illustrate the signiiicance of 
Theorem 19.1. 

8. A coordinate system is called orthogonal if gtj = 0 for i ^ j in this 
system. Find ds^ and 6ij in such a system. Show that = I’ga, = 0 
for i 9^ j. 

9. If Qa is symmetric, show that is symmetric. 

10. Show that if the set of functions is such that ve{it(jr for 

j 

every vector (7/, then is a tensor. Generalize this result. 

11. If g"^^' is any (absolute) contravariant tensor, show that the det(n- 
minant is an invariant of weight —2. 

12. (a) If F\x), are vectors in three-dimensional space, where (\) serves 
merely to distinguish the various vectors, X == 1, 2, 3, show that thc^ deter¬ 
minant |P(X)| is an invariant of weight —1. 

(b) Give the analogue of part (a) for covariant vectors. 

13. If F) is a mixed tensor, show that the cofactors of the deteraiinant 
I'Fj l are the components of a tensor. 

14. Show that if aijF'^F^' is an invariant for every vector F\ U'uui the 
quantities a.i,- -}- an are the components of a tensor. 

15. Show' that in obhque Cartesian coordinates ga = cos dij. w!N.‘re dij 
is the angle between OX^ and OX^', and wdiere da = 0 for all i. 

16. If X^' and /F are unit vectors, and if 9 is the angle between them, show 

thatsin^'l? = ^ (gagntn ■” gim^ 3 n)X’'X 2 >«»iU”. 

, 17. Show that ei/...„ and are associated tensors. (Hint: In, three 

dimensions, gea^y = ^ e^^^gamjQyk.) 

ij,k 

18. Show^ that g^, g^^', and 5) are associate tensors. 
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19. Ill l.liree-dlnK'u.sioiui.1 space if F‘ is the associate of Fi, and G' that of Gi. 
and if = F'<V - FiG‘, show that is skew symmetric and that 

are the eovariant components of the vector product of Fi and Gi. 

20. (a) In threo-flimcnsioual space, _if F» is_a skew-symmetric contra- 
variant tensor, show thft VgF-\ VgF^\ VgF^^ are the components of 
the eovariant vector '^liijiiF’'‘. 


(b) If <Li is a skow-symnietric covariant tensor, show that (l/'\/g)Gi 3 . 
(1/a/ g)Cu, (l/\/ g)Gn are the components of a contravariant vector. 

(c) Jf Gij is skevv-syminetric, and if <p'^ = show that 

},k 


Gij 



eijk 


2,1. If X'^‘ is a unit vector, shox^tliat the cosines of the angles it makes with 
the pa.rainctric. lines ai'e (l/\/.<7)t)X,'. 

22. jin ti:re(‘ diiuensiotuil space, show that the element of volume in any 
coordina.te system is given liy 

dT' — \/ g d.c‘ dx^ dx'\ 

wlua’o 57 is given l>\' (Hi) with gij the fundamental metric tensor. 

20. The Covariant Derivative. It was shov;n in Example 4 of 
See. 18 that F, ^ dF/dx' are the components of a covariant 
tensor whc/ii F is a ])oint function. However, if Fi is an arbitrary 
eovariant xemsor of order one, it is not the case that the -?7“ func¬ 
tions SF,/dx^ are the components of a tensor, for 



Tlie |.u'<.\scnce of tlie last term shows that dFjJdx^ does not trans¬ 
form SIS a CO variant tensor. We shall now define a quantity 
Fij (in terms of dFi/dx^) which transforms according to the 
tensor law. Let (jij, g, and be the tensors in (16) of Sec. 19. 
The (|uairtities 

14 ‘1 - Ktf + t - i) { « } = 14 a P) 
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are called the Christoffel symbols of the first and second kinds. 
These quantities are evidently symmetric in i and j (since is 
S 3 mametric). From the relation 

2 dx' dx’ 

Sii „ ,/3’ 
dx' dx' 

with similar formulas for and g'gs, we have 

ax'* ^ bx’’ ax'* ax'“ ax'^ 

2 r av dx^ . ax‘ av 

ax'* ax'“ ax'** ax'“ ax'“ ax'^ ^ 

^ 3x> 3x‘ ax' 

^ ax>’ A-.'® 


dga 

dx^ 

ax' 

dx^' 

ax' 

ax'* 

5a:'“ 

dx'^ 





'dgn 

ax' 

dx^ 

dx^ 

1 ax> 

dx'^ 

dx 

dx'" 




+ . 

' Sgn 

dx^ 

dx^' 

dx^ 

idx^ 

dx'"^ 

ax'" 

dx'^ 


+ 2^'* 
u 


dx^ . dx^ d“X^ 
dx'^ dx'"^ dx'^ dx'^ dx'\ 


dh'J dx^- I d2'^ dV 

,a ,/3 ,5 ' ,;3 ,a ,5 

dx dx dx dx dx dx 


Since the second sum in each of these equations be w ritten 
wdth summation indices i and j, we may combine these equations 
to show that 

r n ^>1/ r.. -J-, dx^ dx^ dx^ d'^x^ dx^ 

[«i 3 , 5 ]' + --i- ( 3 ) 

dx dx dx .. dx dx dx 

^,3,1 

If we multiply both sides of (3) by dx^/dx''^ and sum over 
7 and b, w^e find that 


I'da:*’ _^^k\dx^ Bx^ u-j, 

^1-^1 ax'^ ^ I i3 /ax'“ ax'" ax'" ax'"’ ^ ^ 

since = g^\ and "5?</?''' = If we solve (4) 

7,5 
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for d-x'‘ldx'°' dx'^ and substitute the result in (1), we have 

^ ^ 

a ' ; 'f, .*/ (V B 

dx'^ T7" 3.r' dx' 


In the first t.orm we may change the summation index h to i. 
If we collect the first and last terms, and transpose the middle 
term, we have 


^ ^ ij J ^^ Jdx' dx' 


P = _ 'S? ^ \ 

dx> 


dx‘ 

Thus the quantity 


(5) 


( 6 ) 


transforms as a second order covariaiit tensor. We call the 
tensor Fi,j the covariant derivative of the tensor Fi with respect 
to the tensor gij. It may be shown in a similar manner that 


Fi 


•/ 



(7) 


is a mixed tensor. We call F\j the covariant derivative of F^ with 
respect to ga. Since 

Fi^j is symmetric if and only if dFijBx^ = dF^/dx^, i.e., when Fi is 
the gradient of a scalar point function F. By (8), 


F- • 
* 1,1 


p = 

dx^ ax® 


(9) 


We call this quantity the curl of the vector Fi. Since the differ¬ 
ence betAveen two tensors is a tensor, the quantity (9) is a tensor. 
In three-dimensional space the quantity 




( 10 ) 
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is a contravariant vector. In rectangular coordinates the compo¬ 
nents of reduce to the quantities given in ( 21 ) of Sec. 11 since 
V? =1. (In Part B of this chapter we omitted the lu'oof of 
the fact that <p^ were the components of a vector. We ha\'e now 
supplied this proof by tensor methods.) In general orthogonal 
coordinates (u, v, w)j gij have the values 

gii = el, g.2 = el g^z = el Qij = 0 when / 7^ j; 

ds^ = el du^ + c| dv^ + div-, ( J ] ) 

where ei, e^, 63 are functions of {u, v, vj). By ( 10 ) the components 
of <p^ are 

1 „ ^ 2 — ^ _ SFz 

^ '\/g\Fv dw J ^ 

^ ) 

(This relation holds for arbitrary coordinates.) Let ft, denote 
the magnitude of the component Fi, so that By 

Ex. XVII, 8 , Fi = If we denote the vector with conqx)- 
nents <p^ by curl F (not to be confused with the general conc'e])t 
of curl given above), and if we denote the magnitude of <p‘ l)y 
(curl Fy, so that (curl FY — e.icp^, we have 



(„„i Fy = J_/ ^ I, 

6263 i OV dw } 

(c„rl ft - - I 

6361 ( dw dll j 

(»rlF)--J-l l 

61621 du dv f 


(13) 


The divergence of the vector is taken to be By ( 6 ), 

Since gr„„ = '^'^g^\Bgii/diF) = '^^g^Kdgii/dx‘), and the 
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last two tcniis oi the last sum cancel out (after summation). 
Moreover, 

2 1 _ _!_^ /- 

2^ 2g 


( 14 ) rodiK'cs to 


±,^g 


Tims tlic elivorp;(,‘ii(*o of llu' A'(H‘tor F" is given by 

2 "''- - ( 16 , 

i i 

In any ■ .-'Kirdinaio sysUnn for which g i^s constant, this expression 
r(‘(Ui(‘('-s 'o tin' form giAam in (10) of Sec. 11. If P denotes the 

niagnip ho of lli(‘ componenl F\ so that by (11), tl' = —(16) 

rediici'^ ?or ort hogpiuil coordinates in 1 hree-dimensional space to 
tl'.e f(n':.,i 

di'V F ~ . . ^-(ctjCsfF]) +;^(WjjTd + — (ciCoiFs) . (17) 

da dv dw J 

1 SF 

SiiK'O t]:o magnitude of the fth component of grad U is - 


di\' grm.' IF = 


CiCoC^t da 


cl /Pipj ^ 1 , _d /^ dU \ 
d//\ Cl du dv\ Co dv / 

d (€162 dl 


^ div\ 6-3 dw ^ ^ 


Tins liulnces to the Laplacian when the c's are constants. 

EXERCISES XVIII 

1. Bhcw that in any orthogonal coordinate system, 

d(?i . d6i 

Iv, k] = 0 , [y, i] = -[n, Ji = 


/P. 0 

Pit 


/ i 1 _ fi !£i b" i = ^ 

) a t ” 7 ; Ax‘’ I ij) 


?: I d log Ci 


where J^^^d i J, h are distinct. 
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2. Compute the divergence, Laplacian, and curl in polar, cylindrical, 
and parabolic coordinates. 

3. Show that if is a contra variant vector, then F\j is a mixed tensor 
of order two. 


i h\ 

' r 


Show thatJ'ii,*, ^ 


are tensors. These quantities are called the covariant derivatives of Fiy, 

F) respectively. 

5. Write the formulas for the covariant derivatives of several higher 
order tensors. 

6. Show that ga^k = g^^\k = 5},* = 0, i.e., that the tensors ga, and 
8 ] behave like constants under covariant differentiation. 

7. Show that the rules for covariant differentiation of the sum, difference, 
outer and inner product of two tensors are the same as for ordinary differen¬ 
tiation of scalars. 

8. Show that F,ij - F,ji - 0. Find formulas ioTFi,jk and Fijk — Fi^kj. 

9. Show that if <pii - Fi,j — Fy.i, then 


d(pii dcpjk d<pki 

+ <P,Ki + <PU.i = -^ + -^ + -^ »■ 

What theorem of ordinary vector analysis is a special case of this result? 


10. Show that [y, k] = ij^’ 

I 

Show that the Laplacian ( 


11. Show that the Laplacian of U in general coordinates is given by 


12. Show that the divergence of the tensor is 

■ 2 “"- - 

3 3 j,k 

To what form does this reduce when the g^s are constants? 



CHAPTER VII 

PARTIAL DIFFERENTIAL EQUATIONS 


1. Introduction. A partial differential equation is an equation 
involving partial derivatives. Explicit solutions of such equa¬ 
tions can be written down in only a relatively few cases. The 
theoretical questions involved in the study of such equations 
are so great that we shall not undertake to do more than note 
certain equations of importance in applied mathematics and to 
indicate certain methods for their solution. We shall not con¬ 
sider the problems relating to the existence of solutions, or to 
the validity of the operations upon the series involved. 

The solution of a partial differential equation usually involves 
arbitrary functions, in much the same way that the solutions of 
ordinary differential equations involve arbitrary constants. 
In the applications of the theory to physical problems, the 
problem usually involves the determination of a particular func¬ 
tion which .satisfies the differential equation and which, at the 
same time, meets other conditions—frequently called boundary 
conditions —of the physical problem. 

2. A Simple Form of Partial Differential Equation. Euler’s 
Equation. We shall first consider the equation 

dh 


dx dy 

Integrating with respect to y, we have 

dz 


( 1 ) 


dx 


= <pi{x), 


where tpi is an arbitrary function of x. Integrating with respect 
to X, we find 

z = cp(x) + 1 ^( 2 /), 

where <p and are arbitrary functions of x and y, respectively. 
We shall now consider the general Euler equation, 


dx^ 


2b 


dh , ^ _ 0 

dx dy ' ''dy^ ’ 


( 2 ) 


where a, b, c are constants. 
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We shall change the independent variables by means of the 
linear transformations 


Evidently, 


dz 

dx 


^ = ax + py, 
7} ^ yx + by. 


dz dz drj _ dz dz 

d^ dx dr} dx ^d^ dri 


( 3 ) 


( 4 ) 


dxl^ 


- (4( + 4) 


Substituting these relations in Eq. (2), we have 




(aa^ + 2ha^ 4“ "h (^7^ + 2by8 + co-) 


d‘^z 

'1' tt^7“ 1- ^oyo -It co^) 

+ 2[aa:7 + b(a 8 + Py) + ciSo] 


dh 


d^ drj 


0 . ( 5 ) 


If we select a = 7 = 1 , ^ = Xi, S = Xj, where Xi and \« are the 
roots of the quadratic 


d 4" 2h\ 4" cX“ 


( 6 ) 


Eq. ( 5 ) reduces to 


[a+ h(\i 4 " ^2)+ CX1X2 


dh. 

d^ dr] 


= 0 , 


or 


2. d-z _ 

^ > 5Fsi = "■ 


( 7 ) 


If 6“ ac > 0, Eq, (2) is said to be hypej'bolic, if 6^ — ac ~ 0, 
Eq. ( 2 ) is said to be parabolic, and if b- — ac < 0 , Eq. (2) is 
said to be elliptic. If ac 9^ b^, then ( 7 ) reduces to 


d^-z 
dj dr) 


= 0 , 


which has the solution 

2 = <p(t) + lAW = <p(x + \iy) + xl/(x + X22/). (8) 

If ac = b\ then Xi = X,, and ^ = 7,. In Eq. ( 5 ), set « = 1, 
0 = \, y and 8 arbitrary, we find 
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S = + #(^) = + \y) + {yx + hy)- ^P(x + \y). (10) 

The method given above applies to the equation of a stretched 
string, 





( 11 ) 


Set ^ = X + Xit, y = X + Xit, with X- — = q, Xi = a, X 2 = -a. 

We then find 


1. Show that 


{x — at). 
EXERCISES I* 


( 12 ) 


2 = F„ + Fia; -I- Yox- -f • . . + -f Xo -f Xitj + 

+ • • • 4- Xn-iy^~^, 

whoro t iK' F’s are arlutrary functions of y and the X’s are arbitrary func¬ 
tions of :r, is a solution of — 0. 

2. Siienv that z = Ci sin wx + c- cos wx, whore Ci and C2 are arbitrary 
functions <?f ?/, is a solution of dh/dx“ — -a-z. 

3. Shr^v that z = vnOr -\r ay) -f- .^2(-c - ay), where and (p^ are arbi¬ 
trary ruin'’n<uis, is a solution of the equation {dh/dy-) — a^{0-z/dx-) ~ 0. 

4. hhnd a partial dirferential equation having the primitive 

(x — a)- -hi// — h)^ 4 - z- = 1 , 

and slieu' that z- — 1=0 is a singular solution. 

f). Mm! the partial ditlerential equation representing each of the following 
fainilit's: 


(a) ,r - <'x 4- «)(?/ 4- hh (b) — -f ^ — =0. 

n- 0^ c- 

(c ) •: = 4- 2bxy 4- cy^ +• dx + ey, 

(d) A family of conical surfaces with vertex at (a, 7). 

Ans. (:c - a) 4- (?/ - /?) “ =- z - y. 
dx ay 

((') A family of cylinders -where generators are parallel to the line x = az, 
y = p’.:. 

(f) A fa,mily of surfaces of revolution with OZ as axis. 

Ans. xq — yp 0. 

vg) A family of surfaces generateil by lines parallel to a fixed plane and 
intersecting a fixed normal to that plane. -4ns. xp yq = 0. 

We sliall frequently use the notation p — dzjdx^ q = dzjdy, r — 6-z/d;c^, 
S — d^'^z/bxdy. ( = d'Z, 
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6. Find partial differential equations for each of the following by eliminat¬ 
ing the arbitrary functions: 

(a) a: +■ 2 / + s = cp{x^ + 2/^ + 2 '). (b) <p{x^ + 2/^ 2 - ^ = 0. 

(c) <p{x/y, y/z, z/x) = 0. 

7, Let u{x, y, z) and v(x, y, z) be any two differentiable functions of 
X, y, and 2 . Show that if ^(v) be any arbitrary function of v, then this 
function may always be eliminated from u = ^{v). 

3. Linear Partial Differential Equations of the First Order. 

We shall consider equations of the form 

( 1 ) 

where P, Q, and R are any three continuous differentiable func¬ 
tions of {x, y, z) in a region D of space, and such that P and Q 
do not both vanish simultaneously. It can be shown that under 
quite general conditions (1) has a solution. We shall obtain a 
solution to (1) by constructing a family of solutions to the total 

differential equation (3) gi\'en below. 
Suppose 

2 = g{x, y) (2) 

is a solution of (1). To each point 
in D there corresponds a definite direc¬ 
tion whose direction numbers are P, Q, 
and R. The normal to the surface (2) 
at a point (P has direction compo¬ 
nents [dz/dx, —1]. Equation 

(1) indicates that the direction P, Q, R 
is orthogonal to the direction [dz/dx, dz/dy, —11. This means 
that at any point on the surface (2), [P, Q, P] determine a 
vector V in the tangent plane to (2). We seek a family iT of 
curves such that at each point CP of (2) each curve of ^ 
through (P is tangent to the vector V.at (P. This family is 

defined by the system of ordinary differential equations 

^ _ Q ^ -S 

dx dx 

or 



P Q 


(3) 
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Through each point (P of (2) there passes a curve of Let EF, the 
solution of (3), be given parametrically by 

X — flit, Xo, 2 / 0 , So), y = flit, xo, 2/0, So), s = fait, xa, y^, Sq), ( 4 ) 
or by 

uix, y, z) — Cl = in^Xo, 2 /o, So), vix, y, z) = — vixa, 2/0, So). (40 

Suppose C is any curve in D which does not coincide along 
any arc with any of the curves of IF. A curve of EF passes through 
each point (.ro, 2 / 0 , so) of C. We shall show that the one-param¬ 
eter family 9 of curves taken from £F in this manner forms a 
surface 


2 = 4>ix, y). (5) 

Suppose the solution (4) is WTitten in nonparametrie form 

y = gix, Xo, 2 / 0 , 2 o), z = Hx, xo, 2 / 0 , 20 ). ( 6 ) 

Now' suppose in (4) xo is fixed, and has the value xo = 0 . Then 
rewrite ( 6 ) as 

y = ^(x, 2/0, 2 o), 2 = y(x, 2/0, 2 o). ( 7 ) 

Since 2/0 = 0(0, 2/0, ^o), = y( 0 , 2/0, 20), 


dy 


= 1 , 


ay 


= 0 , 


dyo ’ dzo 
Let the equation of the curve C be 


dz 

dyo 


0 , 


dz 

dZo 


1 - 


( 8 ) 


zo = 5(2/0), a: = Xo = 0 , 


(9) 


where 6 has a continuous first derivative. Substitute (9) in (7). 
Since dy/dyo 0, the resulting expression may be solved for 2 / 0 , 
giving, say 

2/0 = mix, y), ( 10 ) 

where a> has a continuous first derivative. By means of (9) 
and ( 10 ) 2/0 and 20 may be eliminated from the second equation 
of (7), leading to an expression of the form given in (5). 

In equations (4), we may always regard (in the neighborhood 
of (xo, 2 / 0 , Zo)) the parameter t as x when P 9 ^ 0, and as y when 
Q 0 at that point (xo, yo, Zo). This shows that our proof is 
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general if P 0 at (xq, yo, zo), for otherwise, it is only necessary 
to interchange the role of x and y. 

The curves whose equations are (4) are called the charac¬ 
teristics of the diffeiential equation (1). 

The normal at any point (P of the 
surface (5) is perpendicular to the 
particular curve 7 p of (4) through (P. 
The direction numbers of yp are P, Q, 
R and those of the normal tt) yp at cP 
are (t>x, <l>y^ ““I- Hence the sirrface (5) 
is an integral surface of (1), since (1) 
is satisfied. 

If the curve C is given hy the 
Fig. 196. equations 



^ = IW, y = vO^)y ^ = fW; 


( 11 ) 


where X is a parameter, the equation for the surface (5) may be 
written [by substituting (11) in (4)] in the form 

a; = m Kx), ^(x), r(x)], y = Mt, m, v{\), r(X)], 


x4ny solution of (1) yields a surface 2 : == y) which is 
generated by a one-parameter family of curves (4). Tills fact 
follows immediately from the observation that througli eacli of 
the points of the surface passes a curve (4), and each curve of 
this sort lies entirely in the surface. 

It can be shown that ^;) = 0 is the general solution of 
equation (1), where is an arbitrary function and where 


u{x, y, z) = Cl, v{x, y, z) = ci 
is the general solution of equations (3). 


Example 1. Find a solution of x -h ( 2 / + — =0. Here 

Ox ^ dy 

P ^ X, Q = y A- E = 0. We suppose z = g{x, y) is a solution of 

the given equation. The family of characteristics of the given equation 
is defined by 


^ dz 

X 2 / + 0 
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A solution of this equation is 


u = —he® 


Hence the surface 2 = (x/i) -f e®’ is a particular solution of the given 
equation. 

The general solution of the given equation is 


v) = -h ^ = 0. 

Example 2. Solve p + q = 1. 

Here P = Q - R — 1, and dx/1 = dy/1 = dz/1 have the (characteristic) 
solution X — y " Ci^ X — z — C 2 . The characteristic through (a;o, 2 / 0 , 20 ) is 
X — y = Xii — 2 / 0 , X ~ z Xq — z^i. We select x = Q, z = e~y in the 
?/ 2 -plane for the curve < 7 . Pick a point, say (0, 2 / 0 , on C. The charac¬ 
teristic through this point k x — y = —yo, x — z - —e~yo. These are 
the equations of a surface S generated by the characteristics when yo is a 
parameter. The equation of the integral surface S is found, upon eliminat¬ 
ing the parameter 2 / 0 , to be 2 — a: = e^~^. The general soluuon of the given 
equation is ^{x — y, x — z) =0. 

Example 3. Solve (x- - - z^)p + {2xy)q = 2:^2. Here 


The solutions of 


->/- 

2^, 

Q = 2zy, 

(lx 

dy 

dz 

ir - 2^ 

2xy 

_ are 

2x2 

V 

- = Cl, 


+ + 


are the characteristics 


Consider the curve C with equations 3 ; = 0, s = in the yzrpkne. We 
select the characteristic through Xq == 0, 20 = vIj namely, 


y 

2 yl 


+y^ + z^ 


These are the parametric equations of a surface generated by the character¬ 
istics through curve C with 2/0 as the parameter. Upon eliminating 7/0, \ve 
have 

7/2 2*)^ 2(7/ +2-)^ = 0, 

which is a solution of the given equation. The general solution 13 


y A'y^ 
2 z 



754 


HIGHER MATHEMATICS 


[Chap. VII 


EXERCISES II 

1. (a) Show that the equation of the tangent plane to the surface 


(x - xo) + (2j - yo) - (2 - 2o) =: 0 . 

0 ^2/Jo 

(b) Show that the equation of the normal to the tangent plane at the 


= }{x, y) at (rco, 2/0) is 


point (a;o, 2/oj 2o) is 


X — 

Xq y - 

2/0 z — Zq 

dz 

dz 

-1 

dx _ 

0 dy^ 

0 


2 . Find the equations of the tangent plane and the normal to each of 
the following surfaces at the points indicated: 

(a) + 2/2 + = 14 at ( 1 , 3 , - 2 ). 

(b) z = log xy at (1, e, 1). 

(c) z = Tan"^ {y/^) at ( 2 , — 2 , —t/ 4 ). 

3 . Solve: dx/x == dy/y = dzjz. Ans. x = ciy, x ^ az. 


4 . Find a solution of 


which 


dx dy dz 

yh(z + 1) x^z(z -h 1) + z) 

passes through the point (1, 0, —2). Ans. = 1, — ^2 ~ _3^ 

0. Solve: dx/s - dy/t = dz/ 28 t = dt /0 = ds/0. 

Ans. s = Cl, i = C2, tx — sy = C3, 2 ix — z a. 

6 . Solve: yz dx -{-xzdy dz = 0. (Hint: set z == constant.) 

Ans. xy + log ciz = 0 . 

7 . Find a solution for {x A-z) dx y dy - z dz =0 on the surface 


32 = + i/2. 

8. (a) Find integral curves of 2 y dx x dy - dz -= H on the surface 
X y — z — 

(b) Also, on i/2 = x, 

9 . Solve: yz’^ + {xyz + l){dz/Bx) = 0 by assuming y - ijq is a constant. 

Ans. ze^^ = ^(y), where <p is an arbitrary function of y. 

10. Solve: (x ctn 0:2 ~ y){dz/dy) = Ans. log sin xz = 'yz + <f>{x). 

11. Find a particular integral of each of the following equations, using 
the method of Sec. 3 : 


(a) (cos a; + sin a;) — + (sin a: - cos a;) — == 0. 

dx dy 

Ans. z — y log (cos x + sin x). 

(b) xr^ -{- y{l — a;) ~ _ 0. Ans. 2: = log- x. 

,..dz dz 

(c; X log a:— 4 - (log ^ 2/) ^ '0. Aris. z — y log 

12. (a) Prove that if z = g{x^ y) is a solution ot (1) in Sec. 3, then 2 = ^{g) 
IS also a solution of ( 1 ), where $ is an arbitrary function of g. 
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dz dz 

Hint: P - h Q~- = P 

dx ay 


*'(») 


+ Q 






' p ^ + q £?].1 
dx %Jj 


It can be shown that (1) has no other solutions not contained in z = i(g) 
(b) Use (a) to find general solutions to the equations given in Ex. 11 
above. Thus the answer to part (b) is z = ^>[log (x/y) — x] 

13. Find a solution to Example 2 above when the curve C is taken to be 
y = X*, z = x^, and when the point P is taken to be (x 

Ans. {x~yY = {y 

Also find the general solution. 


’0) ^Jq). 


■ z){x -27/4- z). 


14. Solve XV -Pyq -z using i/ = 4a:, 2 = 1 , for the curve C, and 
(a:i, 7/1, zi) for the point P. Find the general solution. 

15. Prove the statement made at the end of Sec. 3 that a general solution 
of ( 1 ) is v) — 0 . 


16. (a) Prove: If J{x, y, z) = 0 is a solution of Pp -{-Qq == then 

g = fix, y, z) 

is a solution of Pix, y, z)idg/dx) 4- Qix, y, z)idg/dy) 4 - Rix, y, z)idg/dz) = 0, 
when X, y, z are independent variables. Show that the converse is also true. 

(b) Solve ixyz - x) idg/dx) 4- (?/ - xyz)idg/dy) 4- ixz - yz)idg/dz) = 0. 

Ans. g = 4 >(a; + 2 / + log z, log xy + z). 

17. Find an integral surface for p — q = 0 through the curve a; = s, 
y = z = where s is a parameter. 

18. Given xp yg — z. (a) Show that the parametric equations of the 
characteristics are log a: == ^ + ci, log 2 / = < 4 C 2 , log z = ^ + cz, where t is 
a parameter, (b) Find the characteristic at the point where t = 0 through 
the curve x — 6*-, y = 2s, z = 1, where sis a parameter, (c) By eliminating 
s and t from the result found in (b), show that y^ = 4a;z is an integral surface 
of the given equation. 

19. Solve each of the following equations. Interpret your solutions 
geometrically. 


(a) dp 4 5(7 = 0. 

(c) pix -3) A-gix -5) - z - 7. 
(e) py - qx = 1. 

(g) px A- gz y = 0. 

(i) xp 4 yg ” 7^z. 

(k) ix 4 y)p 4 ( 2 / ““ x)q = 0. 


(b) py = qx. 

(d) p +qz =0. 
(f) dip 4 g) = 


(h)S + ».i. 

X y z 

(j) x^p 4 y^q = 


Z2. 


20. Find integrals for each of the equations in Ex. 19 which pass through 
the curves: 


(a) 4 7/2 - 1 = 0, z = 0. (b) 7/ - 3a:, z = 1. 

(c) X ^ y, z ^ 0. (d) X ^ y ^ z. 

21 . Show that z = aa: 4 /S?/ 4 c, with a and jS subject to the relation 
GioL, jS) = 0 , is a solution of the differential equation Gip, q) = 0. 

22 . Find integrals for: 

(a) pq — I = 0 . 


(b) p 2 4 1 - ^ = 0 . 
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23 . Solve: 

(a) p — g + (a: — y)s — 0. (b) x{r — t) + 2 p 0. 

(c) r« + 2p + 3 = 0. (d) = 2/ + 2. 

(e) - 5 p + 62: = 0 . 

4. General First-order Partial Differential Equations. We 
now consider the partial differential equation 

( Sz dz \ 

Oix, y, z, p, q) = 0, ( 1 ) 

where the function G is assumed to have continuous first partial 
derivatives throughout a region D. We shall suppose that 
Gp and Gq do not both vanish at any point (rr, y, z) in D. We 

(p> 

sv 

<7 



Fig. 197. 


shall furthermore suppose that p and q can assume any values 
whatever within D. 

Select a fixed point (a:o, ^o; ^o) in D, and consider the lines ^ 
passing through this point with direction numbers [p, q, ~1], 
and which satisfy (1), so that G(a;o, 2 / 0 , p, q) = 0. [This 
relation shows that at (rro, 2/o, ^o) only certain directions are 
possible.] These lines £ generate a cone SHf, and their normal 
planes through {xq, 2 / 0 ; 2 : 0 ), represented by 

z - Zo = p(x - xo) + q{y ~ po), (2) 

envelope a cone 3. The rulings of 3 are determined by (2) 
and by 

0 = (y 2 / 0 ) + — xo)f (3) 




or by 


X — Zq 

Gd 


G, 


(4) 
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dGjxo, yo, Zo, p, q) _ dG{xo, yo, Zo, p, q) ^ 

^ - Tq - = 

Let a solution of (1) be the surface S with equation 

z = Hx, y). (5) 

At (xo, 2 / 0 , Zo), the tangent plane (P to S is given by (2). The 
ruling of cone 3 which lies in (P also lies in the plane (4). This 
shows that at every point of S a direction is determined. 

We shall show that the surface S may be generated by a one- 
parameter family of curves e, each curve of 6 being tangent at 
every one of its points to the direction associated with that point. 
The differential equation 


dx _ dy 

Gp Gf 


( 6 ) 


with z given by (5) has for a solution in the neighborhood of 
(xo, yo) a one-parameter family of curves ©2 which sweep out 
this neighborhood exactly once. The cylinders on ©2 as direc¬ 
trices, with elements parallel to the z-axis, cut from S the curves 
e, and these curves © sweep out that portion of S in the neighbor¬ 
hood of (a;o, 2 / 0 , Zo) exactly once. 

We shall introduce in (6) a parameter t: 


/nr 

vTjj O' q 


(7) 


Along the curves dz = p dx + g c?i/ = (pGp + qGq) dt. Hence 
(6) becomes 


dx _ dy _ dt 
Gp Gq pGp -{-qGq 


( 8 ) 


Along e, 

dp = r dx s dy^ dq = s dx + t dy^ (9) 

where 

dp dh _ dp _dg f ^ 

^ 3x2 « Qx dy dy dx dy^ dy 

Hence 

dp = (rGp + sGf) dt, dq = (sGp -t- tG,) dt. (11) 
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The function (5) satisfies Eq. (1) identically. By (1), 

Ox + pOz + tGp + sG, = Q,Oy + qGz + sGp + tG^ = 0, (12) 

where Gx = dG/dz, Gy = dG/dy, Gz = dG/dz. By (11) and (12), 

(13) 


Gx + pGz + ^ Gy + qGz + 0 . 


lit. (14) 


Equations (8) and (13) give 

dx _ dy _ dz _ —dp _ —d q 
'Gp~ 'Gy~ pGp-\r qGy Gx + pGz Gy + qG: 

This system (14) involving five dependent variables x, y, z, 
■p, q, and the independent variable t define a family of curves; 


X = flit; xo, 2 / 0 , Zo, Po, qo), 
y = hit; .To, 2 / 0 , 2o, Po, qo), 
z = hit', To, 2/0, 2 o, Po, qo), 
p = fiit; To, 2/0, Zq, Po, Qo), 
q = hit'. To, 2/0, Zo, Po, qo)- 


(15) 


Initial 

Strip' 


We shall assume that 2it t = 0, x — xo, y — yo, * * * , Q = 

These equations (15) define the 
family known as the characteristics 
of the given differential equation. 
The first three equations in (15) 
determine a curve 6 through 
{xqj yoy Zq), and the last two deter¬ 
mine for each point of C a definite 
normal having direction numbers 
[p, q, —1], and a tangent plane per¬ 
pendicular to this normal. We can 
think of 6 as being imbedded in a 
narrow strip of surface $ such that 
at each point of 6, the tangent plane 
to the surface has the position belonging to that point. Such a 
strip is known as a characteristic strip lying in the surface S. 
S can be thought of as being made up of a one parameter family 
of such characteristic strips. 



Fig. 198. 


Example 1. Given G = xp^ -i- yq — xz — 0. 

The normal planes (2) at (xo, yo, zq) are given by 

z - Zo = p(x - Xo) + q{y - yc 


(20 
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The rulings of cone 3 are determined-by (20 and (4). 
Since P ^ Gp ^ 2pxoj and Q = Gq = 2 / 0 , Eq. (4) is 

— 3:0 ^ y — Vq 

2pxQ yo 
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The planes (2 ) through (aio, 20 ) envelope the cone 3 whose rulings are 
given by (20 and (40- Eliminating p and q from (40, (20 and 

G{xq, IJQ, zq, Pj q) S xqP^ -h 2 /og - 2 : 02:0 = 0, (10 

we may obtain the equation of the cone 5. 

Example 2. Given G{x, y, s, p, q) ^ pq + z{p -f ?) = 0. Find the equa¬ 
tion of the cone 3 through ( 2 : 0 , ?/o, 2 : 0 ). 

The normal planes (2) at ( 2 : 0 , 2 / 0 , 2 : 0 ) are given by 

z - zo p(x - xo) H- q{y - yo), (2") 

and the rulings of 3 are given by (2'0 and 


where 


X — Xo _y ~~ yo 
q -Pzo p -\-zo 


(4'0 


G{xo, yo, zo, p, q) ^ pq^ zo{p + g) ~ 0. (I'O 

Eliminating p and q from (2'0 and (4'Oj and substituting in (I'O, we have 
the equation of the cone 3, the envelope of the family of planes (2'0 subject 
to the restriction (I'O- 

The rulings of the cone 3 are found from (2"), (4"), i.e., 

p{x - 2 : 0 ) + q{y ~ yo) - (z ~ zo) = 0, (2"0 

and 

(p -f 2 o)( 2 ; - 2 : 0 ) ~ (g + zo)(y - yo) = 0, (4'") 

to be 


x — Xo _ y — _ — gp 

g -f 2:0 p -pzo 2 pg + zo{p + g) 

By (1 'Oj g = -^op/{v + Zo), so that the equations for the rulings on the 
cone may be written 

X •— Xq - So 

zl' (p -f zo)^ ~ -zop^ 

Example 3- Find the characteristic strips for G = pg 2 : == 0. 
Equations (14) are 

dx dy ^ dp _ dq _ dt^ 

q p 2pq P g g 


(14') 
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where the parameter t has been introduced. The characteristics of the 
given equation through (xoy 2 / 0 , ^0) are the solutions to (14'), namely, [recall¬ 
ing that at i = 0 , (x, y, z) — {xq, yo, 20 )], 

Vo 

Cl — —J PoQo — 

Qo 

pq - Cl — Za — po^o, 

p = ca = 2/0 - Po, 
y yoQo 

— ~ a — Xq - J 

Cl po 

t ~ Cs ”* Xq, 

EXERCISES III 

1 . Show that the family of planes z — Zq - a(x — .To) -f h{y — ?/„) 
envelope a cone with vertex (to, 2 / 0 ? ^ 0 ), where a and b are dependent parain- 
eters subject to the relation ola, b) = 0 , and where G its a suitable arbi¬ 
trary function. Show that the rulings of the cone are detenuiiuul by the 

given family of planes and = —• 

2 . Find the envelope of the family of ellipses (t^/u^) + (y'^/b-) = 1 of 

constant area Tzah = k. Ans. xy == ±/c/27r. 

3. Find the envelope of the family of circles having their contoi's on the 
line y — Zx and tangent to the 2 /-axis. 

4. (a) Find the envelope of or 4* = 1* 

(b) Find the envelope in case (a) if a = — jS. 

5. (a) Find the characteristic strips for Tp + P^ — 9 = 

Ans. q = Ciy y — —t C 2 , log p == —2 4 - cs, xp 4“ P^ “ Ca, 

z = (ci - C4) log p — ^ 4 - C5. 

(b) Using ToPo 4 - Po “ 5 o = 0, eliminate To from the equations of the 
characteristic strips in (a), thus leaving four initial constants, v/o, 20 , po, go. 

6 . Find characteristic strips for pg = 1 . 

7. Show that in case G(x, y, 2 , p, g) =0 is linear, the cone 5 degenerates 
to a line. 

8 . From equations ( 2 ) and (4) of Sec. 4 show that the solutions of 

dx dy dz 

Gv Gq pGpd” qGq 

are curves Q in space having the direction of some ruling on the cone 5 . 

9. Show that if we demand that the curves 6 in Ex. 8 lie on the surface 
z — \p{Xy y)y then dp/By = dq/dx. If we further require that the curves 6 
also satisfy G{x, y, 2 , p, g) = 0, show that Q satisfy Eq. (14). 

5. The Method of Characteristics. Throughout Sec. 4 we 
have assumed a definite solution (5) of (1), In this section we 
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shall discuss methods of constructing general solutions of type 
(5), Sec. 4, by means of characteristic strips. 

We shall suppose that G{x, y, z, p, q) is continuous and has 
continuous first and second order derivatives throughout a 
neighborhood g of the point (a, 6, c, a, p) in the space R of the 
variables (x, y, z, p, q), whore {x, y, z) is a point interior to the 
region D of Sec. 4. We shall furthermore suppose that 

G{a, b, c, a, /3) = 0, 

and that in g, Gp and G', arc not both simultaneously zero. Let 
(a:o, yo, Zo, Po, qn) be an arbitrary point of g. The system (14) of 
Sec. 4 defines a four-parameter family of curves (15) which 
sweep out g exactly once. 

The first three equations of (14) define a family of curves Q. 
Let Cl be the curve of e passing through {a, b, c, a, /9). Any 
solution of 

;v, z, P, (?) = 0, (1) 

say 

z = 4>(x, y), (2) 

with c = 4>(a, h), a = 'I>j;(a, b), and |8 = %{a, b), where ^ is 
continuous and has continuous first-order partial derivatives 
throughout a neighborhood of (a, b), must contain the curve Ci 
and the corresponding characteristic strip. This result follows 
from the fact that Cj and its characteristic strip are uniquely 
determined by the initial values corresponding to (a, b, c, a, /3). 

The curve Ci is tangent at (a, b, c) to a plane Ti through 

(a, b, c, a, /3) whose normal has direction numbers [a, p, —1]. 

Let r be any curve not tangent to Ci but tangent to Ti at 
(a, h, c). Suppose the eqtiations of F are 

X - COi(w), y = 03i{u), Z = C03(U), (3) 

where Wi(w) and its first derivative are both continuous, 

i = 1, 2, 3. We suppose that at (a, h, c), u = 0; and that 
wj(0), W 2 ( 0 ), ^,(0) do not all vanish together. From the third 
equation of (3), we find upon differentiating that 

co'(O) = aa,((0) -t- j3o)'2(0). f4) 

[Evidently co[(0) and 6 ) 2 ( 0 ) are not both zero, for if they were, we 
see from (4) that 0 ) 3 ( 0 ) would also vanish, contrary to hypothesis.] 
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We shall indicate the proof of 

Theorem 5.1. The equation G(x, y, z , p, q) = 0 has exactly one 
solution satisfying the conditions placed upon $ in (2), and this 
solution is such that the curve F lies on the surface z = 2/). 

We shall select from (15) of Sec. 4 by means of F a one-para- 
meter family of characteristic strips which sweep out the solution 
of (1). We require a solution such that the values of p and g 
on F, say po, go, satisfy the restrictions 

G[o}i{u), o>i{u), a^iu), po, go] = 0, (5) 

o>i.(.u)po 4 " oi'^iu)qii ■— ( 6 ) 

The latter condition follows from the fact that (2) must be 
satisfied identically along F, and that at any point on F, 

<E>ia)i(u), W2 (m)] = Po, “2(m)] = go. 

It can be shown (see Ex. IV, 4), that Eqs. (5) and (6) can be 
solved for po, go. Suppose these solutions are 

Po = ouiu), go = uoiu). (7) 

Thenwi(u), W 2 (u), • • • ■, co8(m) are the values which a:n, po, • • • , 
go have in (15) of Sec. 4. The functions wi, 0 ) 2 , ws depend on the 
selection of F, while W 4 , cos depend directly on wi, W 2 , m- In 
other words, the first three equations of (15) in Sec. 4 determine 
a surface which represents an integral solution (2) of (1). 

We shall restate Theorem 5.1 in a form independent of the 
curve F. Let 

a;o = wi(w), yo = o> 2 {u), zo = o^siu), 

Po = cci(u), go = coo{u) 

be each continuous with continuous first derivatives in the 
neighborhood of m = 0 , and suppose that 

a= «i(0), b = 032 ( 0 ), c = 033 ( 0 ), a = 034 ( 0 ), ^ = 035 ( 0 ). (9) 

Furthermore, suppose that 

G{xq, yo, Zo, Po, go) =0, at m = 0, (10) 

I" = P^ + at ^ = 0, u = 0, (11) 

du du du 

% ^ ^ ^ 

du du 
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Then x, y, ' • ' , g are given by (15) in Sec. 4^ th6 functions 
• • • , co 5 (^^) replacing the functions Xo, yo, • • * , go in 
fi,h • • • ,U 

Theorem 5.2. If conditions (8), (9), (10), (11), and (12) hold, 
the first three equations of (15) in Sec. 4 define a surface z = ^{x, y) 
which is a solution of (1). 


By Eqs. (14) of Sec. 4 and (8), 

, we find 


dx 

^ dy ^ 

dz 



dt 



= pGp + qGq, 


dp 

It ~~ 

-((?x + p<7.), 

11 

(Gy + qGz), 

(13) 

to 

dv At- 

= 

= 0 

dq 

' du\t= 

= 

= 0 

(14) 


By (13), (12) gives 


Gn 

G, 


dx 

dy 

^ p 



dt 

dt 

dx 

dy 


dx 

dy 

du 

du 


du 

du 


u = 0. 


By Sec. 20, Chap. I, the first two equations of (15), Sec. 4 can be 
solved for t and u in terms of x and y, so that the first three equa¬ 
tions of (15), Sec. 4 are the equations of a surface S, 

z = ci^{x,y), ( 16 ) 

where is continuous with continuous first partial derivatives. 
This surface S c.ontains both the curves Ci and r. By Lemma 
5.2 below <h(:r, y) satisfies the given differential equation (1). 

For a more thorough treatment the reader is referred to Horn, 
^4\artiale Differentialgleichungen''; Bieberbach, ''Differential- 
gleichungen”; or the works of Goursat, "Cours d’analyse,^’ 
Tome II, and "D6riv6es partielles du premier ordre.” 

Lemma 5.1. In the preceding notation, 

dz dx , dy 

¥ ■ 

dz dz , dy 

55 

Equation (17) is an immediate consequence of equation (15) 
of Sec. 4. 
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Consider the function 


Wit, u) - 


dx dy 
^du ^dll 


By (11), W == Owhenf = u = 0. Now from (19) and (17), we find 

dW _ d‘^z dH dp dx _ dq dy^ _ 

IT ~ dt du ^dt du ^dt du dt du dt du 

0 ■ ■ d^-x d^-y dp dx dq dy 

du dt ^du dt ^du dt du dt du dt ^ ^ 

Subtracting (21) from (20) and using (13), we obtain 

^ = ((?* + pG.) ^ + iGy + qG.) ^+G f£ + G,^^. (22) 

Differentiating (1) with respect to u, we have 

'’-s = ®-s + <» + «-r. + ®»l + <*' (23) 


Subtracting (23) from (22), we find 


Let u be fixed, though arbitrary. Then integrating with 
respect to t, we have 

W = (25) 

Since Wo = W(0, u) = 0, we see that W = 0. Equation (18) 
now follows from (19). 

Lemma 5.2. The function z = ^(x, y), where $ and its first 
‘partial derivatives are continuous, satisfies the equation 

G{x, y, z, p, q) = 0. 

By Sec. 20 of Chap. I, 

S(z, y) d(x, z) 

*'("' ♦>(’^' !') = (2®) 

m) d{t, u) 

Substituting (17) and (18) in (26) expanded, we find that 

4 >«, = p, «■» = q. 


(27) 
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This shows that $ satisfies the differential equation (1). 

Example 1. Given xp + p’‘- q = 0. (a) Using for the initial curve 
r, Xt, = 0, 2/0 = U, Zo = u, compute p and q for the initial strip. Here 
G = xp p^ <7, coi(m) = 0, « 2 (u) = u, (i>z{u) = u. (b) Find an integral 
surface for the given equation. 

Solution. In Ex. Ill, 5, we found the strip through (xo, yo, ao, po, ?o) to be 

X = —6'^ “ ■poe’"S y = ?/o - t, ^0 4- ^(1 “ e~2f) 

Pq 2 ’ 

P = Poe-*, qo. 

From (5), we find 

0 • pi) ~h pI — qa 0, 0 • po -f 1 • ^0 = 1, 

so that p and q for the initial strip arc po = 1, (/o = 1. Hence, the initial 
characteristic strip ivS 

0, ;//o = Zq u, po 1, ^0 = 1. 

The first thre(‘ (‘quations of (15) in Sec. 4 give the parametric equations of 
a surface whicdi is an integral solution of the given equation, namely, 

X = y = u - t, S =: W -h ^(1 - 


Eliminating u and i, we have the integral surface z ^ q?{x, y), i.e., 


2 == ?/ + log 


X 4- 


2 


■f 

X 


4“ + 4 


Evidently the curve r lies on this surface. 


EXERCISES IV 

1. Solve Example 1 above if r is the curve xa — u, y^ = 0, zo 

Ans, z 

3e-*' - 

2. Find integral surfaces for cacli of t.lu* following equations, using the 
indicated initial curve F: 

(a) pq — 1 = 0, r*^a;o = 0, po = e'*, Zo = u. 

(b) 2 phj = <7, r: ato == u, po = 0, zo == wl 

(c) pq = z, r: Xo ™ u, ?/o == 3 — u, zo = 1. Ans. 4z == (1 4" 2 ; 4* 2/)^. 

3. Find int.egral surfaces, selecting your own curve T, for: 

(a) zp{x 4- y) 4* pisi ” V) - ^ 0, (b) pq - px ^ qy. 

4. Show that Eq. (5) in Sec. 5 can be solved for po and ^ 0 . 

Hint: (a) when « 0, and po = a, g'o == Eqs. ( 5 ) hold by hypothesis. 

(b) The Jacobian JoiG and L s a>J - powj — with respect to po and go 
does not vanish, for if / « 0, then the projections of Ci and T on the xy-plane 
would be tangent at (a, 6). Recall Eq. (4). 

5. Prove Eqs, (27). 
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6. The Principal Equations of Mathematical Physics. The 

chief partial differential equations of classical mathematical 
physics are, with a few exceptions, included in the general second 
order partial differential equation 





C(p = F, 


( 1 ) 


r = l s = l »* = X 

where all the a’s, Vs, c, and F are functions of 7 i independent 
variables Xi, x^, rrs, * • ' , Xn. 

Included in this class of differential equations are the following 
important types: 


VV - ^ ^ ^ (Laplace’s equation) (2) 
VV = —e, (Poisson’s equation) (3) 


^-«-vv = o, 

(4) 

^ VV = ah, 

(5) 


(6) 

- a® VV = ah, 

(7) 

^ + a^VV = 0, 

(8) 

^ VV = ah. 

(9) 


In all of these equations, e, a, t, and (p denote the measures of 
certain physical quantities. 

Equations (2), (3), • • * , (7) are all examples of 

(Telegraph equation) (10) 


7. Laplace’s Equation in Two Variables. 

of the Laplace equation 

ay ^ n 

dx^ dy^ 

is of the form 


The general solution 


( 1 ) 


(p = /i(r + iy) +/ 2 (x - iy). 




(2) 
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wliere/i and/a arc arbiti’aiy functions. In practice this solution 
has been found to be too general, because of the difficulty of 
determining the iunctions so as to satisfy given boundary 
conditions. 

A number of methods have been found useful for solving (1), 
but in many of them a general solution is not found, but rather 
a particular solution which may satisfy the given conditions. 

A method which has bc-en found quite useful depends upon 
assuming tlu' solution to be a product of functions each of which 
contains only one' of tlu; variables. Such a solution is only a 
particular solution, but the combination of a number of such 
particular solutions often n'sults in a sufficiently general solution. 

For instance, supposes we assume 


^ = X(x) • Y{y), 


(3) 


where A' is a function of x only and F is a function of y only. 
We wish to det.ermine X and Y in such a manner that <p will 
satisfy equation (1). 

Substituting (3) in (1), we find 


\i’ yn 

-L Z_ = 0 
A ^ Y 


(4) 


Now this equality cannot hold unless each fraction in (4) is 
equal to a constant, for X"/X is a function of x only and Y"fY 
is a function of y only, and such a function of x cannot equal such 
a function of y unle.ss the functions are both constant and of the 
same value. Thus 


1 d-X IdW 

X "dx- “ Y dy‘ ~ ■ 


(5) 


These, eqiiations arc ordinary differential equations. Their 
solutions arc; 


X = Cl (a)s ^^)x + C 2 sin wx, Y = Csc”’' + (6) 

We thus conclude that 

(p = (ci cos wx + C2 sin ■u)ar)(c3e"» + CjC"®’') ( 7 ) 

= cos wx + B sin wx) + cos wre + D sin wx), 

whore ci, ca, Cz, Ci, A, B, C, and D are arbitrary constants, is a 
solution of (1). 
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SiMe w may be assigned any value, it follows that there are 
infinitely many solutions of the type (7). In particular, the 
solutions for = 0, 1, 2, • • • , n are, respectively, 

<pq = Ao Cq, 

<Pi=:ey{AiQOSx+Bismx)+e~y(Cicosx+Di^mx), • * * , ( 8 ) 

(Pn = e'^^iAn cos nx + Bn sin nx) + e”"^(Cn cos nx + Dn sin nx). 

It is evident from the linearity of (1) that the sum of any finite 
number of solutions of (1) is a solution of (1). Thus, 

^ = <P0 + + ' ' * + (9) 

is a solution of (1). .We shall assume this to be true when we 
let n —> + 00 . (This of course needs proof, and by no means 
necessarily follows from the assumptions made.) We thus 
assume 


<P — ^ cos wx + B^o sin wx) 

«j = 0 

+ e“^2/(Cw; cos wx + Dw sin tcx)] (10) 

as a solution of (1). 

We must now determine the constants in (10) so that (10) will 
satisfy the given (boundary) conditions of the particular problem 
at hand. To illustrate the application of such boundary condi¬ 
tions we shall consider the following example: 

The fundamental equation for the conduction of heat through 
a substance in w^hich the quantity of heat created (or destroyed) 
per second per unit of volume is A has been shown to be (see 
Sec. 20, equation (20), Chap. II) 



dV dV , dV _ 7 odv? 

da;2 




( 11 ) 


where h and ju are constants. * 

If the flow is steady, that is, independent 
of time, then d(p/dt = 0. If we further 
suppose that A = 0 and the flow of heat 


is in planes parallel to the oiy-plane, <p is 
independent of z, so that d V/= 0. Equation (11) then reduces 
to Eq. (1). 


* - cp/K, where p is the density of the body, c its specific heat and 

M = l/iT, where K is conductivity of the substance. 
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We now seek a solution of (1) for the case when the heat flows 
in a re(*t angular plate of breadth t and of infinite length, the 
end b(ang maintained at unit temperature, and the long edges 
at zero tcnnperature. We consider the case when no heat is 
allow(‘d to escape from either surface of the plate. 

For convenience, we locate the end of the plate on the x-a>xis, 
and one of the long edges on the y-axis. The problem now con¬ 
sists of sohdng Eq. (1) subject to the boundary conditions 


= 0 where a; = 0, (12) 

9 ? = 0 where rr = tt, (13) 

iP = 1 where = 0 for 0 < rr < tt, (14) 

= 0 where y = +^, (15) 


wIku-c' the last: condition arises from the nature of the physical 
problem. 

W(‘ sliall attempt to make (10) a solution of our problem. 
The boundary condition (15) shows that (10) must not contain 
terms in so that Aw = 0, = 0 for w; = 1, 2, * • • . 

From (12), we see 

0=2 ^..6—» (16) 

to = 0 

for all values of y. Hence for all values of w, Cw = 0. Solution 
(10) is now reduced to the form 

<P = ^ sin lox, (17) 

w=0 

which satisfies conditions (12), (13) and (15). In order that 
condition (14) be satisfied, we must determine (if possible) the 
DJs so that 

1 = ^ Dw sin wx, for 0 < x Kir. (18) 

This is a Fourier series for the expansion of 1. From Chap. IV, 
Sec. 26, Example 1, we have 

1 = "(sin a: + | sin 3a: + | sin 5a: + • • • 


0 < a: < T. (19) 
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By comparison of (18) and (19), we see that 


Dw — — for w odd, 


WK 


Du 


0 for w even. 


We have now shown (subject to questions of convergence, etc.) 
that 


<P 


4/ 

= -ie-^ SI 


sin X + sin Zx + \e sin bx + 
6 5 


( 20 ) 


is a solution of (1) which satisfies boundary conditions (12), 
• • • , (15). (This does not, however, show that the solution 
is unique.) 

8. Laplace’s Equation in Three Variables. We cousicku- the 
equation 


dx^ dy- dz^ 


( 1 ) 


This equation becomes, when (x, y, z) are replaced by cylindrical 
coordinates, x = r cos 6, y = r sin 


d‘^(p 1 d<p 1 d^<p _ A 

r dr 36^ dz^ 


( 2 ) 


We shall attempt to find a particular solution of (2) by assuming 
<P - ROZ, (3) 

where E is a function of r only, 0 is a function of 6 only, and Z is 
a function of z only. Substituting (3) in (2), we find 

1 ^ = _T ^ ^ _ J_ 

Z dz^ R dr^ rR dr r-0 dd- 


(4) 


Since the right-hand term in equation (4) does not change 
when ^ varies, it follows that (XlZ){dP‘Zldz^) does not change 
with z. Hence 


_ 2 
Zdz^~^ ^ 

where zy is a constant. A solution of (5) is 
Z = 

From (4) and (5) we find 

T^d‘^R .r dR . _ 1 d20 


(5) 

( 6 ) 


(7) 
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from which wo conclude that both the right and left-hand mem- 
bora of (7) are constant. Let this constant be Then 


dd- 


-Fe, 


( 8 ) 


so that 


0 — Cz cos kd + (74 sill kd. (9) 

From (7) and (8), we conclude that 


d-R dR , . o 
‘■-r-o + r— + (P r- 


di- 


dr 


- 0. 


( 10 ) 


Substituting wr — x in (10), we find (10) reduces to a Bessel 
equation 


If k is fractional, a solution of (11) is 

R = Cr,Jf,{x) + CaJ^icix) = C^Jkiwr) + C^J^k{wr)] (12) 
if k is an integer, 

R = C,Jk{wr) + C,Kkiwr). (13) 

The various values of R, 0, and Z found above when substituted 
in (3) give a solution <p of (2). The sum of any finite number of 
such solutions is also a solution of (2). A particular solution of 
importance occurs when ic is a fixed constant and k assumes 
positive integral values. In this case, the sum of a finite number 
of terms of 


_j_ go 

^ [6*''’“(Aa: cos kd + Bje sin kd) 

+ cos kd + Dfc sin kd)]Jk{wz) (14) 

is a solution of (2). We shall assume that the limit of this sum 
as n + CO is also a solution of (2), 

If Eq. (1) be written in spherical coordinates re = r cos 0 sin <l>, 
y ~ T sin B sin <!>, z = r cos <#>, (1) becomes 
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We shall consider the special case when <p is independent of d, 
and hence d<p/d6 = 0. Equation (15) may then be reduced to 


.2^ 

dr^ 




= 0 . 


We seek a particular solution of (16) by setting 

<p = m, 


(16) 

(17) 


where 22 is a function of r only and $ is a function of 4> only. 
Following the procedure used above, we find 


J‘^R 


dR 


+ 2r^ - w’^R = 0, 


dr^ 


M 




(18) 

(19) 


where w is any constant. 

Solving (18) by the method of Sec. 19, Chap. Ill, we find 


R = c.r^ + ( 20 ) 

where 


+1- 

Equation (19) can be written in the form 

+ ctn + Hk + 1)# = 0. (21) 

If in (21), we set u = cos <^>, we obtain a Legendre equation 

S - + 1)^ = 0- (22) 

A particular solution of importance occurs when k is taken as a 
positive integer, in which case a solution of (22) is the Legendre 
polynomial 

# = Pk{u) = Pkicos <f>). (23) 

Combining the various solutions obtained, we find 

+ ^ 

= 2 + jSi)p*(cos .^.) (24) 

ifc-0 ^ ^ 

for a solution of (16), provided of course that the series converges. 
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EXERCISES V 

1. Solve the problem given in Sec. 7 for the case where condition (14) is 
replaced by the condition <^ = sin a; when ^ = 0, 0 < a; < t. 

2. (a) Show^ that Laplace's equation (1) becomes 


^ 4- L ^ 1 

dO'^ r dr 


( 21 ) 


when X and ?/ are replaced by polar coordinates (r, 6). 

(b) By means of the method given above and placing cp = i2e, where R 
is a function of r only and 0 is a function of 6 only, show that equation (21) 
leads to 


d-R dR d20 

r— + r- - w^R =0, — = ~ (22) 

dr~ dr ' dd^ ^ ^ 

(c) From (22) show that 

R = + C2r”" 

0 = Ca cos wd + Ca sin wd. 

(d) Show that 

+ 00 

^ cos %vB -f Dw sin wB)] 

U '» 0 


is a solution of (21). 

3. Give examples from the theory of heat, sound, light, electricity, 
• , to illustrate the importance of the equations (1) to (10) given in Sec. 6. 


If r 2 -r\ 

i - j -: J satisfies 

r \ c X — lyj 


V2F 


1 dH 


light and sound. 


c2 dt^ 

Here + 2/^ -b 


an equa- 

= - 1 , 


4. Show that T' = 

tion fundamental in 
and g is arbitrary. 

5. Write the equation of continuity for the conduction of heat, Sec. 7, 
Eq. (11), in cylindrical coordinates, in spherical coordinates. 

6. Solve the equation of continuity (11) in Sec. 7, assuming that the 
flow of h(‘at is steady and takes place radially outward from the axis of a 
cylinder. Assume that ipi and <p 2 are the temperatures of the cylindrical 
isothermjils of radius a and 5, respectively. Find the quantity of heat 
crossin^in isotluermal per unit of length per unit of time. 

{<Pi •“ <Pi) log r -f {<p 2 log a — ipi log h) 


Am. 


<p - ■ 


log a — log h 

^ 7. (rt) Solve Eq. (11), Sec. 7 in the case of steady flow of heat in the 
direction of the x-axis, with the temperature being given as ^ = <po at a; = 0, 

, ^ (‘PX — <Po) , 

V? = at a; = o. Am. (p =- - - x + 
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(6) Find the quantity of heat that flows across an area S of any isothermal 

. ^ C C 5^3 ,n _ — <pl)St 

in time t. Ans. Q ’”11^ ~ 

(c) Find the quantity of heat contained in the slab boxinded by the planes 
a; — 0 and x — d, Ans. Jo cpS<pdx = 5cp^SVi(<^i) + <p]). 

8. (a) Solve Eq. (11), Sec. 7 in the case of steady flow of heat flowing 
out from a point, assuming the temperature <p ^ ipa for r — a, anti <p ~ iph 
for r = 6, for all time, {b > a). 

^ ab 1 ^ iphh — (Pad 

Ans. <p = {(Pa — <pb) r: -r—h — - 

(o — a) r {h — a) 

(b) Find the quantity of heat that flows across any isothermal in time L 

Ans. 4:Trkt{cpa — --* 

[h - a) 

(c) Find the quantity of heat contained between the isothcaanals r — a 
and r = 6. 

; ,ah{a + h) (+ ah + lA \ 

Ans. 47rpc^ {(pa — + {b(ph — ~ J j * 

9. Consider a thin plate bounded by the lines 

ic=0, X ^ I, y = 0, 2/==+=^. 

Suppose that the temperature on the edge y = 0 is given by f{x), whore / is 
independent of the time; and suppose that on the other edges of tiie plate, 
it is always 0. Suppose that the heat cannot escape from eitlun* surface' 
of the plate, and that the effect of initial conditions has vanished, so that the 
temperature everywhere is independent of the time. Find an o.xpiaissioii 
for the temperature at any point {x, 2 /)* of the plate. 

10. Consider a rectangular plate bounded by 

X = 0, X = Ij =0, h 

under steady-state conditions and suppose that the boundary (umditions 
are as indicated below: 

^ = 0 for a; = 0, ^ = 0 for x - I, 

(P = Q for 2/ = 0, <p ^ f{x) for y = h. 

Find the temperature at any point (rr, y) in the plate. [Hint: Try 

2 . niry . mrx 

bn smh -J- sin -y— 

11. Consider the rectangular plate in Ex. 10, but subject to the boundary 
conditions: 


0 for a; == 0, ^ = 0 for x - I 

^{x) for y - 0, (p — f{x) for y ~ h. 

Find the steady-state solution for the temperature at any point in this plate. 
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12 . Given a thin bar of length I, of uniform cross section whose surface is 

impervious to heat and from which no radiation occurs. Let one end of the 
bar be ttiken as the origin and let distances along the bar be denoted bv x. 
Suppose that the temperature <p satisfies the following conditions: (a) 
^ = 0 for a; = 0 and x = I for all values of time t] (b) ip = f(x) for t = 0 , 

tp ^ CO at j? = 00 . ^Hint: <p = 

13. Solve Ex. 12 when the initial temperature is given by <p = 

P 

14. Solve Ex. 12 if the ends of the bar are impervious to heat. The 

boundary conditions a,re: (a) d<p/dx = 0 for a: = 0 and x == lior all values 

of t; (b) ip = f{x) for i = 0 , ^ oo for t ~ oo, (Hint: 


ip — aQ -p 




15. Solve Ex. 12 for the case when the ends are maintained at different 
temperatures. Suppose: (a) For all values oi t, p ^ pi for .r = 0 and 
p = for X = 1 ; (b) p = f{x) for < = 0 , ^ oo at ^ = oo. 

(p2 — pi) 


Ans. 


I 


“^ + + 




I 


where 


[/(X) 


(pi — pi) 


. nirx , 
sm —^ ax. 


16. A rod of length I radiates heat according to the law 


dp d^p 

— = K — — hp, 
dt dx^ 


Both ends of the rod arc maintained at temperature zero, and the initial 
temperature distribution is given. Find p. Here (a) ^ = 0 when a: = 0 
and X — 1; (h) p ~ fix) at f = 0 , 5 ^ «> at i = = 0 . (Hint; Let p = e~^^u.) 

S TITT'V 

^,^^^-U+fc(n7r/Z)2]i gj^ _Y-. 

17. Find an expression for the steady-state temperature over a semi¬ 
circular plate of radius a if the circumference of the plate is maintained at 
50°C. and the boundary diameter is kept at 0 °C. (Hint; Use Laplace's 
equation in polar coordinates.) 

18. By means of the transformation 

dy/dx = dy/dt = g, u ^ px + (it - y, 

show that the equation of propagation of plane waves of sound, 
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a2 


dx- 


can be written d^ufdp^ = d^ufdq^. 

19. Show that F[a; - alogg, y - h log g] 0 is a solution of 



where a and h are constants, and where F and g are arbitrary 1 unctions of 
Xj and z. Is g{x, y, z) = 0 a solution? 

20. Show that y ^ fi{x - ct) +/ 2 (rc+d) is a solution of the wave 

equation d'^yldx^. Show that when plotted,/i(.iO iuu\J\{x ~ ct) 

are exactly the same shape, but taken as a whole fi(x — ct) is (lisj)bi(‘ed by 
a distance ct to the right of/i(a;). This shows that/j(:c - ct) is an irregular 
wave traveling to the right with uniform velocity c. State a similar result 
with regard to f^ix + ci), a wave which travels to the left. 

27r/ X 

21. (a) Show that y == cos — \t — - 

(b) By plotting this solution for successive values of the tinu^ i show that 
y represents an infinite train of progressive harmonic waves. The veuac 
length is given by \ = cr, where r is the period (the time taken for a complete 
wave to pass a fixed point) and where c is the velocity of the wav(‘. 

22. A string of length I and density p is under tension 7\ Its initial 
velocity and position are given. Find its position at any time. (See ('hap. 
VIII, Sec. 7, Example 3.) In other words, solve dhj/dt‘^ = c- d-y/dx^ 

— Tip, with 2 / == 0 at x == 0 and at a; == ?; y — fix)y dy/dt = (i>(x) at 
t = 0 . 

00 00 


I is a solution of 






dx^ 


^ ^ . mrx rnrct . . mr 

Ans. y = hn sin — cos -h sin — 


7l7rX . 7nrCi 

sm - ) 

I 


where 


I Jo 


n = l 


Six) sin dx and h\ 


n = l 


'=-f‘ 

nircjo 


. . . nirx , 
<l>ix) sm -y~ dx. 


23. Solve Ex. 22 for the case when damping is taken into account and 
d^y/dt^ - c2 d^y/dx^ ~ 2k dy/dt. 


Ans. y “ sin ^ cos fxt + ^6n + —sin 

^ ^^ /(^) dx, and 


sin pt, 


where 
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24. (a) Solve Ex. 22 for the case when dy/dt = 0. Find an expression 
for the kinetic energy. (Hint: K.E. ^ J/q pi/S dx.) 


.dm. K. 


T' 


(b) Show that the potential energy of the string is given by 


-r(s)-=s 


^... mrc \ “ rnrct 
hi\ cos2—. 


25. Show that for a string of unlimited length with 

// = <p{x) and y = at / = 0, 

1 1 

y = - cl) + v(r + cO] + — I 1 /-(J) dj. 

^ 2cja,_c( 

26. Solve Ex. 25 when (p{x) = 0 and \p{x) = 5x. 

27. Show that for a seiniinfinite string, stretching from (0, 0) to (+ oo, 0), 
with y = 0 at a: = 0 for all values of t, y = f{ct — x) — f{ct + 

28. (a) Solve d^y/dt- = c^d^y/dx^j by assuming a solution of the form, 
y = ./(/) • A'(x) as in Sees. 7 and 8. 

(h) Express .your solution in the form 


''^ 1 1 ^ nirct _ . nweix 

= ^(^C„cos —+D„sm—j 

ri = l 

(c) Show that if the string starts from rest, all the Dn vanish. 

(d) Show that if the string starts from the equilibrium position with given 
velocities, every Cn vanishes. 

(c) Show that the sum of the potential and kinetic energies is 

(fyi«?+«». 

n = 1 


where P = pc^ is the tension. _ 

(f) Show that the fundamental pitch has frequency c/2l — (1/2Z)\/ P/p. 

(g) From (f), deduce methods for varying the fundamental pitch of a 
string, 

29. Harp String. A harp string is set into motion by plucking. Suppose 
its initial position is given by 


y = 


h{l - x) 
(I -a)' 


iox a ^ X 


^ I 


y = ih/a)x iorOSx^ a; 
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(a) Assuming the string is at rest at this initial position, find the position 

of the string at any later instant. Use Ex. 28 (b). 

00 


Ans. y = 


7r^a{l — a) 


1 


Sin ■ 


(b) Show that the harmonic of order n is absent when the string is 
plucked at one of its nodes (if sin mra/l = 0). 

(c) Prove that all even harmonics disappear when the string is pluckcul 
at its mid-point. 

(d) Show that the motion of the string is the resultant of two ecpial Wiives, 
moving with velocity c in opposite directions. [Hint; In the answer to (a) 


. mrx mrct . Utt 
set 2 sin -j- cos -y- ■ sin y- {x 


ct) + sin —(a; + ct). 


. Show that w — sin 

m,n = 1 
/ d^W 

m and n j 


mry 

T) 


cos {pet + a) is a 


solution of 


d^w 

dt^ 


Show that w = 0 when = 0, // = 0, 


a; — a, and y - h, where m and n are positive integers satisfying 


Here w is one solution of the equation for a vibrating membrane of fixed 
rectangular boundary. 

31. The equation for a vibrating membrane with a fixed boundary is 

d^w ( 

- = cH 

BP- \ 

(a) Show that w = AJo(wr) cos {net + a) is a solution of this ecpiation. 

(b) Solve the equation for a vibrating membrane, assuming a solution 

of the form w — T{t) • R{r). 

00 

(c) Show that ty = cos X* at -b 6* sin X* at)Jx){\k:r) is also a solution, 

. A ;-0 

where Xo, Xi, • - • are the positive roots of Jq{x). 

32. In Ex. 30, suppose the vibrating membrane is started with the shape 
2 — f{Xj y). Show that 


1 

dr^ r dr ) 


Am,n — . I 


. mirx . mry ^ ^ 

f{x, y) sm — sm —- By dx. 
0 a 


33. Show that 2 (an cos n<f> -j- bn sin n<^)/„(r) is a solution of 
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34. Show that r 0)[aT cos + bn,m sin m<l>] satisfies 

[d-V/dx-] 4" (d“V /c 57/“) -j- + V 0, where is given in Chap 

III, Sec. 32, Eq. (23). 

35. Show that Laplace’s equation in polar coordinates has a solution of 
the form 


^ 2) COS md -|- hm sin m0)PJ(cos 4>). 

)t =0 m ~ 0 

3(). A tilin bar of uniform section is bent into a circular ring of radius a 
One normal socdioii N of the ring is maintained at constant temperature 
Heat radiates from tlie ring. Show that the temperature is given by 

(Pi) cosh \(x — ira) ep 

ip — — , \ ^ ^ , 

cosh X7ra ho- 


where a is the cross-sectional area, k is the conductivity, e is its emissivity, 
p the perimeter, x represents arc length from the section iV", and cp^ is the 
temperature at N. (Hint: d^ipldx"^ = XV; <p - cpo for x 0, dip/Ox = 0 
for .-r = ±7rn.) 

37. A stoiim pipe 20 cm. in diameter is insulated by a layer of asbestos 
of conductivity 0.0008 and 3 cm. thick. If the outer surface is at 20°C. 
and the inmir surface is at 250°C., find the heat loss in calories per day for 
1 rn. of pipe. 

9. Harmonic Functions. Let ^(Xj y) be a function which 
over a r(\gion (R is continuous and has continuous derivatives of 
the first and second ordens, except perhaps at certain definite 
points called singular points. If 


dx- dy^ 


(1) 


then is called a plane harmonic function. A function V{x, y, z), 
which over a region !D of space is continuous and has continuous 
derivatives of the first and second orders (except at perhaps 
certain definite points, called singular points), and which satisfies 


aw ^ aw 

dy'^ dz^ 


( 2 ) 


is called a space harmonic function. 

Harmonic functions have been studied in various places in this 
book. We shall now state a few of the theorems concerning such 
functions. 
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Theoeem 9.1. Let (Si {or 30) be a region hounded by a simple 
closed curve C {or surface S), (I) If upon and wiihm (R {or SD) 

the harmonic function V{x, y), [or V{Xj y^ z)], has no singularities^ 
the line integral of the normal derivative"^ of V along C {or over S) 
vanishes. (II) If V{x, y), [or V{x, y, z)]j has continuous first 
and second partial derivatives, and if the line {or surface) integral 
along every closed curve {surface) in a region (R {or [D) vayiishcs, then 
V is harmonic. 

In the case of V{x, y), by Green’s theorem, (Chap. II, S(‘c. 18) 

If V is harmonic, vW — 0 and part I of Theorem 9.1 follows. 
If the left member of (3) vanishes for all closed curves, th(‘ right 
member must vanish for every region, and conseqiKHitly v “ T = 0, 
or that V is harmonic. We leave the space case to Ex. 1 IxRow. 

Theoeem 9.2. The average value of a harmonic function C over 
a circle {or sphere) in which V has no singularities is equal to 
the value of V at the center of the circle. 

Proof. Translate the coordinate axes so that the center of 
the circle is at the origin 0. Assume the radius of the circle to 
be a. Then 


dV {r, 6) ^ dV{r, 6) 
dn dr ^ 


ds = a do, 


and by (3) we may write 


Jo 


dV 

dr 


dd - 0. 


Hence (Theorem 17.2 in Chap. II) 

X“X“'?“-=X7.»- 

=x 


[F(a, e) - 7(0, 0)] dd = 0, 


where 7(0, 9) = 7(0, 0) = 7o. 
It follows that 


1 


(4) 


By normal derivative we here mean the directional derivative in the 
direction normal to C at any point on C. 
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Corollary 9.21. A harmonic function having no singularities 
within a region cannot have a maximum or minimum at any point 
within the region. 

We .shall prove this for the case of V{x, y). Suppose the func¬ 
tion had a maximum (or minimum) at a point P in the region. 
Then this point may be inclosed in a circle with center P and 
radius sufficiently small that on the boundary the value of the 
function is always less (greater) than its value at P. This 
contradicts the assertion of the preceding theorem. 

Corollary 9.22. A harmonic function having no singularities 
within a region (R, and having a constant value on the boundary 
of the region 61, is constant throughout 61. 

Th(^ maximum and minimum values of the function must occur 
on the boundary of the region. If the function is constant, these 
maximum and minimum values are equal, and the function is a 
constant throughout the region. 

Corollary 9.23. Two harmonic functions having identical 
values upon a closed contour C and having no singularities within C 
are identical throughout the region hounded by C. 

The difference between the two functions is harmonic with the 
constant value zero on the boundary. By the preceding corol¬ 
lary, tlK‘ difference has the value zero within the entire region 
bounded by C. 

Th(^ theorems given above remain true when the region is 
allowc'd to become infinite, provided proper account of the 
behavior of the function at infinity is taken into consideration. 

Theorem 9.3. If the normal derivative of a real harmonic 
function V {having no singularities on or within a given contour C) 
vanishes identically along C, then Y is a constant. 

By Greenes theorem (see Ex. XIV, 10, of Chap. II) 



If along C, dV/dn — 0, then dVfdx = 0, dYjdy — 0, so that Y 
is a constant. 

Corollary 9.31. Two harmonic functions Yi and Y% having 
identically equal normal derivatives along a closed contour {within 
which they have no singularities) differ at most by an additive 
constant. 

This is proved in much the same manner as Corollary 9.23. 
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The above theorems s^e of great importance in mathoinatieal 
physics, Thus, the problem of finding the potential distribution 
in a body in which a steady flow of electricity exists is the problem 
of solving Laplace's equation; the problem of finding the distribu¬ 
tion of temperature in a body supporting a steady flow of heat 
involves the solving of Laplace's equation. Many other examples 
of this type have been mentioned throughout the t(‘xt. A 
particularly notable case occurs in the study of irrotational 
motion of incompressible fluids. 

As examples of the physical interpretation of the theorems 
given above, Corollary 9.23 applied to the steady flow of heat 
states that the temperature within a closed region is fully deter¬ 
mined by the temperatures on the boundary; Corollary 9.31 
states that except for an additive constant the temp(u*ature 
distribution inside a region is determined by the rate of flow 
of heat across the boundary. 

Potential Integrals, Let p{x, y, z) be a function defined over a 
region 3D of space. By the potential of p at (^, r}, f) is iiK^ant the 
integral 




y, z) dx dij dz 


J) V(x - k)- + {y -yji + {z -tY 
pdV 
a) r 


It is possible to prove 

Theoeem 9.4. The potential integral 4^ satisfies Laplace's or 
Poisson's equationj 


^ ^ ^ 
£2 “1“ ^^2 


ee ^ 7^2 




according as the point (^, f) lies outside or inside the body of 
density p{x, y, z). 

An extended treatment of the potential integral and its 
application to electricity, magnetism, and other fields of i)hysics 
will not be undertaken here. (See 0. D. Kellogg, ^^Foundations 
of Potential Theory.") 


EXERCISES VI 

1. Complete the proof of Theorem 9.1. 

2. Complete the proof of Theorem 9.2. 
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3. Complete the proof of Corollary 9.21. 

4. Prove Corollary 9.22 for the space case. 

5. Under what conditions are each of the following functions harmonic: 

(a) ax by -{- C2 + d. 

(b) ax'^ + 2bxy + cip. 

(c) The sum (or difference) of two harmonic functions. 

(d) The product of two harmonic functions. 

(e) sin X cosh y. 

(f) f(ax -h by + C 2 ). Ans. If A- b^ + = 0. 

(g) {z A- ix cos a + iy sin a)^. 

6 . A space harmonic function Vn which is homogeneous of degree n is 
called a solid spherical harmonic of degree n. Show that the following are 
harmonics of degrees —1, 0, 1, 2, n, respectively; r~h U ax A-by A- oz, 
x" - y- A- yz, (z + ixy\ 

7. A function Un related to F„ in Ex, 6 by Un = is called a surface 

spherical harmonic of degree n. 

Show' that a necessary and sufficient condition that a function Un{9, <f>), 
in polar coordinates, should be a surface spherical harmonic of degree n is 


that Un satisfy n(/t -f l)Un + 


1 a /. du\ 

- -I sin 0 --I 

sm d de\ dd / 


+ 


1 d^Un 
sin^ d 


= 0 . 


8. Show' that if is a solid spherical harmonic of degree ri, then n 

is a solid spherical harmonic of degree (—n — 1). 

9. Show that is a solid spherical harmonic if w = 0, or if 

m = — 2n — 1. 

10. Prove that the Legendre coefficient Pn(cos 6) is a surface spherical 
harmonic of degree n. 

11. Show that [cos 6 A- i sin 6 cos ((^ — a)]” is a surface harmonic of 
degree n. 

12. Show' that U = fix + i<l>) + P(x — i<t>) is a surface spherical har¬ 
monic of degree zero, where / and F are arbitrary functions .and 
X = log tan 

13. Prove Theorem 9.4. (See Kellogg, “Potential Theory.’') 



CHAPTER VIII 

CAICTJLUS OF VARIATIONS. DYNAMICS 

PART A. CALCULUS OF VARLATIONS 

1. Introduction. It is well known that many physical plic- 
nomeha are governed by laws which state, in effect, that the 
phenomena occur in such a manner that some jffiysical or 
geometrical quantity has a maximum or minimum valiK'. For 
example: 

(a) When a ray of light travels through a sul)stanc(', the 
velocity of the ray at any point P depends on tin' iinh-x of 
refraction of the substance at P. If the ind(>x of rc'fraction 
varies from point to point in the substance, but is the sanu' in all 
directions at any one point, then the ray follows that i)a.rl icular 
path from point A to point B for which the time roquin'd to go 
from A to P is a minimum. 

(b) If a soap-bubble film is stretcln'd ox-cr a 
twisted loop of wire, the film assunu's siich a 
shape that it forms a surface of minimum area. 

(c) The distribution of electron charges within an atom in its 
lowest “state” of excitation is such that the interna! energy of 
the atom is a minimum. 

(d) If a metallic object A and a needle B are charged (dec- 
trically until a spark jumps between them, the path of th(> spark 
is such that the “resistance” along it is a minimum, ddus path 
may not be along the line of shortest distance from B to .1, 
for the conductivity of air is greater in the neighborhood of sharp 
points or corners on A. 

Again, many physical problems arise in which we must, design 
something so as to make some physical quantity a minimum. 
Thus: 

(e) The longitudinal section of a dirigible or bulh't must bo 
determined so that the air resistance to it in flight is a minimum. 

Certain purely geometric problems are of interest; in 
particular. 
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(f) Determine the shortest curve lying on a given warped 
surface -S and passing through two given points A and B on S. 

In all the above examples the quantity to be minimized may 
be reprt^sented by a line or surface integral, and the minimization 
is to be cfff'cted by proper choice of the curve or surface along 
which the integral is evaluat(>d. Thus, in (a) the time t required 

Ijy the ray to go along the path C from d. to 5 is < = f — — , 

Ja v{x, y, z) 

where v is tlu' velocity of the ray at (x, y, z) (as determined by 
the indc'x of ri'fruction) and where s denotes arc length along C; 
the actual path followed by the ray is the one along which this 
integral takes on its minimum value. Again, in (b) the surface 
area is JJk "v/i + {zx)' + (zj/)" dy, and this integral is to be 
minimized by proper choice of the surface z = f(x, y),zoi course 
being subject (o the condition that it represent a surface bounded 
by the given twisted loop. These, and many other physical and 
geometrical (pu'stious lead us to the following fundamental 
problem of the calculus of variations: 

Given a line or surface integral J. To determine the curve C or 
s%uface S (subject to given initial or boundary conditions) along 
ivhieh J must be taken so that the value of J is a maximum or 
minimum. 

2. Euler’s Equation. We shall first consider the problem of 
determining y as such a function f(x) that 

y = ?/„ at X = a, y = yi at z = b, (1) 
and such that, of all* functions y meeting (1), 

J = F(x, y, p) dx (2) 

is minimized by y = f(x), where p = y' = dy/dx. [We need 

consider only the case of a minimum, for (2) is maximized by 
minimizing /J y, p) dx.] In geometric language, we are 

to determine the curve y = fix) joining the given points (a, ^/o) 
and (6, yi) along which the line integral (2) is a minimum. 

For simpli(;ity, we shall not, itemize obvious technical conditions, such 
as that ?/ must be differentiable and that ?/ must be such that the point 

ir, ?/, z) remains in the domain of definition of F; nor shall we try to list the 

loss obvious eondititins, for the analysis of these conditions is a long and 
Ihirhly technical nroblem. 
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It must be carefully observed in (2) that y is not a parameter 
in the way that a is a parameter in the integral 7 = J o a) dx 
(see Part E of Chap. II). Since I has a definite value for each 
value of a, it may be possible to compute dijda, and to minimize 
I by setting dl/da = 0. On the other hand, if we write y = f{x) 
in J, we see that the value of J depends upon the form of the 

function y = /(x) as a whole. Since 
the form of y may vary in an arbitrary 
manner, and since the value of J may 
vary much or little, depending on the 
exact way the form of y changes, J may 
not have a derivative with respect to y, 
in which case we cannot minimize J by 
setting dJ jdy = 0. 

We shall avoid this difficulty by representing y in a specific 
way as a variable function of x, so that we may minimize J by 
the method indicated above for 1. To construct this representa¬ 
tion of y, let us suppose that the integral (2) is minimized by the 
particular function 

y = /(^), (3) 

where = /(a), yi = /(6), and where we consider the value of J 
only for functions y which meet condition (1). Moreover, let 
7 ]{x) be an arbitrary function such that 

riia ) = 77(6) = 0, (4) 

and let ahe sl real parameter. Then 

y = /(^) + « * (5) 

represents a variable function of x such that, for each value of a, 
the graph of (5) goes through the point (a, 2 / 0 ) and (6, 2 / 1 ) (see 
Fig. 201). We speak of the function (5) as a variation of the 
function (3). If we substitute (5) in (2), the value of the result¬ 
ing integral is a function of a, i.e. 

/(^) + ^ * 'nix), fix) + a: • 77'(rr)] dx. (6) 

By the definition of fx) in (3), J(a) has a minimum at a = 0. 
Hence 



dJja) ^ Q dUja) 

da _i«=o ' da^ 


^ 0 . 


| a <»0 


(7) 
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dJ(‘ 


«)= f 

^ Ja 

-i: 


da 


dx 


{r}Fy[x, f{x) + a • rj(x)j fix) + a • rj'ix)] 

+ri'Fp[{x, Six) + a • r,i:x), fix) + a • rj'ix)]] dx, (8) 
. By (7) and (8), 


I -Li \ dF 

where Jr y — “r 3)11(1 Jr p — --— , 

}x.p ^ d-p\ 


dJ(a) 1 ^ p 
da J„=o Jo 


[’ 7 ^’ ui^, y, p) + v'Fpix, y, Tp)] dx = 0, (9) 


where y = fix) of (3). Integrating the last term of (9) by parts, 
we have; 




Fpix, y, p) dx = [■tiiz)Fpix, y, p)]J 


XT’ 


dFpjx, y, p) 
dx 


dx. 

( 10 ) 


By (4), the first term of the right member of (10) is zero, so that 
(9) becomes 



dFp 

dx 


dx = 0. 


( 11 ) 


Since rjix) is arbitrary in (11) (except for condition (4)), it follows 
that 


Fvi^, y, p) 


dFpjx, y, p) _ . 
dx 


( 12 ) 


where y is the function/(a:) in (3). To show this, suppose there 
were a point a; = c in the interval a ^ x Sb which 

Fy - idFp/dx) > 0. 

In view of the continuity of Fy and idFp/dx)^ Fy — (dFp/dx) > 0 
over some interval d about x = c; rjix) being arbitrary, we may 
take Tjix) as a function which is positive in 8 and zero elsewhere. 
It is apparent that 
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in contradiction with ( 11 ). Hence the point = c does not 
exist. It may be shown in the same way that Fy — {dF^/dx) 
is never negative. 

Equation (12) is known as EuleFs equation, and a solution 
of (12) is called an extremal of (2). Equation (12) may be 
expanded into the form 

+ + = (13) 

Since (13) is of the second order, its solution involves two 
arbitrary constants. These constants are just suffieicmt to 
determine a particular solution satisfying ( 1 ); in other words, 
there is general) exactly one solution of EulvFs equation mvding 
condition (1), and it is this solution which gives us f(x) in (3). 

So far all we have proved is this: If there exists a fuin'tion 
y = f(x) which minimizes ( 2 ), then this function is iho solution 
of (13) meeting condition ( 1 ). We have roa(‘hed no conclusion 
in regard to the case where the integral ( 2 ) is such that, thcu-ci 
exists no function (3) which minimizes it. Sinc^e wc^ do not y(‘t 
know how to tell whether or not a given integral ( 2 ) ha,s a 
minimizing function (3), we do not yet know if tlu^ solution of 
(13) meeting ( 1 ) actually minimizes ( 2 ). Now to show that, this 
solution does minimize ( 2 ) it might be thought sufficient to show 

T(ni) 

that - . y-— > 0 for every function r}{x) in ( 6 ). Unfortu- 

ax^ 

dKf 

nately, this is not the case, for proving that > 0 for every 

Ctoi J oc =10 

function 77 in ( 6 ) would show at best merely that f{x) minimize^s 
( 2 ) with respect to variations of the particular typ(^ ( 5 ); since 
it is possible to construct variations of (3) in infinitely many other 
ways, we would not know that f{x) minimizes ( 2 ) with respeu^t 
to every possible kind of variation. To obtain a condition 
which insures that f{x) minimizes ( 2 ) is a long and difficult 
problem.* In what follows we must rely on geometric or 
physical evidence to decide whether or not/(a:) minimizes ( 2 ). 

It often happens in the applications of this subject that we 
desire, not a function which minimizes ( 2 ), but merely a function 

which makes = 0 . Such a function is said to make 

da Ja: = 0 

Bolza, Calculus of Variations.*' 
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the integral (2) stationary and is readily obtained as the proper 
solution of (13). 

In many books on mathematics and physics a notation is 
u.sed somewhat different from the one which we have introduced. 
I’he function a • r)(;r) in (5) is denoted by dy and a • y'ix) by 8y'. 
Consequently, 

OL ■ ri(x) = 8y, a - rj'(x) m dy', 

dj r*’ r'’ 

j^8a = 8.! = 8F dx = (FySy + Fy'8y') dx. 

'Fhe use t)f Ibis notation is dropping out since the representation 
of variations by differentials is unsuited to the more exacting 
iiK'thods of in()(l(‘rii analysis. 

EXERCISES I 

1. Sliow that, th(‘ I0ul(‘r (!<iua.ti()n.s for J = //, y\ z') dx an* 

- -f= 0 , 1<\ ~ 0 . (14) 

dx dx 

[Hint: Vary /y =/(/) by tht* function a'■nix) and vary z - g(x) by the 
function a • ^{x).] Generalize this result. 

2. Show that the Kuler equation for J ~ SlF{x, ?y, y', y") dx is 

u — 7“^%' H“ u” =0- (15) 

ax ax'- 

[Hint: In addition to (4) require that 77 '(a) = vW = 0.] Generalize this 
r(‘sult. (See Bolza, “ Calculus of Variations.”) 

3. If th<‘ intej>;rand F in ( 2 ) doe^s not contain x explicitly, show that a 
first int(‘gra,l of lOuler's equation ( 12 ) is 

F - y'F, = C, (16) 

[Hint: If F does not contain x explicitly, then 

4. Show that the hluler equation for J ijKF{x, y, u, p, q) dx dy is 



where p = Ou/dx^ q == dujdy. 
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Hint: Vary u{x, y) by the function a • vix, y) under the condition that 
ri{x, 2 /) = 0 along the boundary of K, Since 


dx 


i-nF,) 


— vxFp 'i- v 


aFp 

dx 


it follows by Green’s theorem that 



yx Fp dx dy 





dx dy, 


where the line integral is zero by the definition of 77 ( 0 *, y). 

5. Generalize the result of Ex. 4 to 

(a) The integral J = ^IrF{x, y, z, u, Ux, Uy, Uz) dV. 

(b) The integral J = ^iKF{x, y, u, v, Ux, Uy, Vx, Vy) dA. 

(c) The integral J = S!kF(x, y, u, Ux, Uy, Uxx, Uxy, Uyy) dA. 

6 . Show that Euler’s equation for the integral 



■f 


V1 


+ y'' 


v{x, y) 


dx 


is 


-2 “ Vxy' A-Vy = 0 , 
1 + 2 /' 

and integrate it when v{x, y) ~ kx (see Sec. 1). 

7. Show that Euler’s equation for the integral 


is 


0, 


where S represents the area of a surface of revolution, and integrate this 
equation. [Hint: Write d/dx — p{d/dy),] 

8. If F is a particle falling along a curved path in a vertical plane;, then 
the speed of P is t? == \/ 2gy, where y is the vertical distance fallen from rest. 
Hence the total time t of travel along the path is 



Find the Euler equation for this integral, and solve it, showing that the 
solution represents a cycloid. (Note hint in Ex. 7.) 
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This is called the problem of the hrachystochrone, i.e., the problem of 
finding the path of quickest descent from a point A to a point B below A, 
but not on the vertical line through A. Compare this problem with Ex. 6 
as to physical significance. 

9. Show that the Euler equation for the integral 


/X[(s) +fe) 


dx dy 


dhi. dht 
dx^ dy^ ^ 


and for the integral 


J/X [(£)■-©’-(£)■] 


dV 


^ dhi _ 
dx^ “ ■ 

10. Show that the Euler equation for the integral 

^ SSk + 4 ^2/ 


(1 + - 2Z^ZyZ^y H- (1 


I ^xl^VV 


11. Find the Euler equation for the integral 


"I + + '^(1) 


du 


for arc length on a surface. Using this result, find the shortest curve between 
two given points on: 

(a) A sphere. (b) A cylinder of revolution. 

(c) A cone of revolution. (d) Any surface of revolution. 

(e) The helicoid x = r cos 6, y — r sin 9, z = kd. 

12. Show that the solution of the Euler equation for the integral 

J ^ y'\y' + ly dx, (18) 

which passes through the points A and B is the straight line 

y = mx + w (19) 


joining A and B. 
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Suppose that A and B are such that — 1 < m. < 0, so that ./ > 0 along 
(19). Then A and B may be joined by a broken line segment C siudi that 
each part of C has slope m = 0 or —1; moi’cover, C may l)e constructed 
so that the maximum distance from C to the line 
(19) is arbitrarily small. It is seen tliat the 
value of J along C is 0. Thmcc' th(' line (19) 
does not minimize J. 

The broken line C is caJIcti a (/iscontinuoiis 
solution for J since if along C is discontinuous. 
A continuous solution is one along which //' is 
continuous at every point, v^how that, by 
properly rounding the corners of ( \ a path C may 
be obtained along which y' is continuous and such that J lias a value 
as close to zero as we please. Show that there exists no continuous solution 
which gives J its minimum value 0. Define the sp(‘cifi(^ (‘la.ss of pat hs from 
A to B with respect to which / is minimized by tlie line (19). 



3. Conditions of Constraint. It soinotinu's lhat= an 

integral J = ilF{x, y, p) dx has no minimnm wlitm // = /(.r) is 
restricted merely by the condition that y = ?yo \vh(‘ii x = a and 
y — yi when x = h. For example, y dx has no miuiinuin, and 
the Euler equation for this integral has no soluliou. In such a 
case, we are at liberty to impose an extra condition, or con.strai.Nt, 
on y — f(x). This condition may assume many forms, hut we 
shall consider only the one in which y = /(^O is nHiuin^l to make 
a second integral 


■X = T y> y'> 


( 1 ) 


have a specified constant value Kq. 

To obtain the Euler equation for J under thc^ condition that 
K — Kq, suppose 


y = fisc) 


( 2 ) 


minimizes J, where 2/0 = /(a), — fib), and K = K„ for this 

function. Let tj(x) and ^ix) be arbitrary functions siudi tliat 


via) = vib) = Ka) = ^ib) = 0, (3) 

and let a and j8 be real parameters. Construed the variation 

y = fi^) + “ • via) + d ■ iix). (4) 

By the condition K = K^, we must have 

4>io‘, d) = £ Gix, f^av+ f + ay' + /S?') dx - s 0. (5) 
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By Sec. 20 of Chap. I, ( 5 ) determines (3 as a single-valued function 
of a in the neighborhood of a = 0, ,8 = 0 if [cf. (11) of Sec. 2] 

<#>^(0, 0) = r [^Gy{x, f, n + f, /')] dx 

J a 

Unless Gy — (dGp/dx) = 0, f may be determined so that (6) 
is met. Assuming (6) to hold, we have 


d./(«)j ^ r[(^+ ++ (7) 

_ a = 0 ,7 a 

= r (77/^ y V P'p) P' r + ^'Fp) dx = 0, 

« Ja 

_ <^>a(0, 0) 


da 


where 


= 


da 


Ja = 0 


^«(o, 0) 


r (vGy -|- r]'Gp) dx 
f (^y + dx 

Ja 


Hence ( 7 ) may be written in the form 


{^Fy + ri'Fi) dx + pj^ (rjGy + 'n'Gp) dx = 0, (8) 

where 

fa 

f (^Gy -}- ^'Gp) dx 

Since p is a constant, we may write (8) in the form 
[v{Fy + pGy) + v^Fp + pGp)] dx = 0 , 


from which we obtain the Euler equation 


(Fy + pGy) - ~(Fp -h pGp) = 0, ( 9 ) 


wliere p may be regarded as a parameter, since its value depends 
upon the choice of 

EXERCISES II 

1. Show that fly dx is maximized by a circle when the total arc length 
of the curve y ^ fix) from x ^ a to x = 6 is to have a given value 
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2. Generalize Ex. I, 4, in the manner suggested by the discussion in Sec. 3 
showing that the Euler equation is 

(n + pGu) - + pG^) - + pG,) = 0. 

dx dtj 

3. Let A and B be two given points (xqj yo) and {xu ?/i), with yo > 0, 
2/1 > 0. Find the curve C of length I joining A and B such that 

(a) C generates a surface of revolution of minimum area through A and B 
when revolved about the rc-axis. 

(b) C bounds with the lines y — Oj x — xqj x = Xi, b. region of maximum 
area. 

4. Variable End Points. Let us now minimize 

J ^ F(x, y, p) dx, (1) 

where y = f{x) is subject to the condition 


y 


at 


X - a, y - yi at x ^ Xi, (2) 


and where the point (xi, yi) is free to 
move along the curve 

y = (3) 

Suppose (1) is minimized by y =fix), 
and that this curve meets the curve 
(3) at X = h. It is evident that 
y — f(^) must satisfy Euler’s equation 
(12) of Sec. 2, for ii y = f(x) minimizes (1) under the conditions 
(2), then a fortiori, y = f(x) minimizes (1) when the curve (3) is 
replaced by the fixed point (&, <i>Q})). To determine further the 
nature ol y = f(x), let us construct the variation 
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y = fix) + cc • v(x), 


(4) 


where 


rj(a) = 0, r!(b) 5^ 0. (5) 

Then 

^(x, fix) + a • 7](x), fix) + a ■ rfix)) dx, ( 6 ) 

vrhere the upper limit xi is a function of a, so that dJia)/d<x 
involves the factor dxi/da. To avoid this factor, let us change 
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the independent parameter in ( 6 ) from a to A as follows: Let 
xi = 6 + A. Then by (2), (3), (4), 

fib +■ A) + a • Tiih + A) = <ii(b + A). (7) 

Since 97 ( 6 ) 0, 97(6 h) 0 for suf5.ciently small A. By (7), 

a is determined as a function of A: 

“ - .(s) 

Since a;i = 6 when a == 0 , A = 0 when a = 0, i.e., a( 0 ) = 0 , 
and by ( 8 ) 

0 ( 6 ) - fib) = 0. (9) 

Hence 


(a!'( 0 ) = lim 

i ->0 


^jb + h) -fjb + h) - [ 0(6) - /(6)j 
97(6 “b A) • A 

<l>'ih) - fib) 

9 ,( 6 ) 


( 10 ) 


It follows by ( 6 ) and See. 33 of Chap. II that 
an jA-o Ja 


'i0)r,Fy + a'(0)9,'Fd dx + F[b, fib), fib)], 


a'i0)vF, ‘ + «'( 0 )„ Fy-^\dx 


+ m/(&),/'(6)] = 0. (11) 


Since y = f{x) satisfies Euler^s equation, the last integral van¬ 
ishes. By ( 10 ), ( 11 ) reduces to 

[<^>'(&) - rm F,[b, /(&), rm + Fib, mj'm = o. (12) 

Equation (12) is referred to as a iransversality condition. It 
serves to determine a particular solution of Euler^s equation in 
the following way: One of the two constants of integration in the 
general solution of Euler’s equation is determined by the condi¬ 
tion that /(a) == t/o; the other constant is determined by the 
condition that the equations 


<t>{x) — f{x) = 0, (<!>' - f)F p + F = 0 


have a common solution a; = &, so that (9) and (12) hold. 
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It is evident that a condition similar to (12) may be obtained 
for the ease where the left end point is variable, and that both 
of these conditions hold when both end points are variable. 

A physical interpretation of this discussion is given by (d) in 
Sec. 1. 


EXERCISES III 

1. Show that if the right end point of Ex. I, 7 is free to move along (3) 
of Sec. 4, then the minimizing solution of Ex. I, 7, is norunil to (3). 

2. Extend the discussion of Sec. 3 to the case of a variable' (uid point, 
showing that the transversality condition is obtained from (12) by rephunng 
y by (E 4- pG) in (12). 

3. Let Cl and C 2 be two nonintersecting curves in the .Tv/-plntio or in space. 
Show that the curve C of shortest length from Ci to Co iy a straight lino 
normal to Ci and C 2 . 


PART B. ANALYTICAL DYNAMICS *' 

6. Laws of Classical Mechanics. We shall consider a system 
S of n point particles of masses mi, m2, ‘ , mn with position 

vectors ri, r2, • * * , fn) respectively. Suppose 
that the particles of this system are a(d,(‘d on by 
impressed forces Fi, F'2, * • * , F^, r(‘spectively 
(the superscript i denotes ^^impressed’’), and 
suppose that the particles arc given arbitrary 
{virtual) displacements 5 ri, 5r2, * * • > 
respectively, subject of course to consistenc^y witJi 
the constraints of the system. 

The 'princi'ple of virtual dis'placcmmts or virtual 
work (first given by John Bernoulli in 1717 ) states that the condi¬ 
tion for equilibrium of the system under the action of the forces is 



Fig. 204. 


Fi • 6xi + F 2 • ars + + FI. 8Xn = 0. (1) 

UAlemhert^s Principle. This principle was first given by 
D^Alembert in his ^'Traite de dynamique,^^ published in 1743 . 
It is “a general principle for finding the motions of several bodies 
which react on each other in any fashion.^^ We shall give Mach's 
statement of the principle. (See Mach, ''Mechanics.") 

Let S be the system of n particles given above. If the particles 
were perfectly free to move, the forces FI, F^, • • • , FI, would 
give them accelerations ai = Fi/mi, • • • , = Fl/m^. How- 

*See Webster, “Dynamics of Particles”; Whittaker, “Analytical 
Dynamics”; Lindsey and Morgbnact, “Foundations of Physics.” 
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ever, owing to the constraints of the system, the actual accelera¬ 
tions are such as would be produced in free particles by the 
forces Ff, F2, • • • , F®. The vector differences 

F* - Ff = Vi, • • • , F,; - F;? = V„, ( 2 ) 

are thought of as the portions of the impressed forces which are 
“not effective.” This system of forces Vj, • • • , V„ must be 
such that the system S of •particles must remain in equilibrium. 
(The V’s are sometimes called “lost forces.”) In other words, 

n 

the prin(di)l(' slates that 2) V,- • 5r,- = 0 where the 6r, are subject 

to the constraints on the system S. The effective forces F^, 
Fj, F;; are considered to be mir'i, 772212, 

respectiv(‘ly. fry = dxf/dt, r'y = dhf/dt-, * ‘ 

D'Aleinhert’s ])rinciple provides a single fundamental formula 
from which all other laws of classical mechanics may be derived. 
Lagrange in his ''M 6 cauique analytique'' ( 1788 ) used this 
})rineiple as the starting point for the developments of his very 
general and powerful methods, 

6 . Hamilton’s Principle. We consider the system S of Sec. 5 
acted upon by a system of impressed forces Fi, • • • , Fn. We 
shall asvsume that the classical laws of mechanics are valid. By 
D’Alembert’s principle and the principle of virtual displacements 
(see Sec. 5 ), the motion of the system S is given by 


2) (m/fy - F,) • Sr,- = 0, (1) 

J =1 

where 5ry is the ^‘virtual displacement” of the jth particle. 
Since 


~(r,- • Sr,-) = ij ■ Sr,- + ^5 («;?), 

j^l 3=1 


where ■ r,- = vf, (2) 

5ry + 2f^^^')- (3) 

3 = 1 


Integrating (3) with respect to time from t = to tot = ti, we have 




3 = 1 


3=1 


3=1 
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and 


3=1 “ i=i ° y=i 

We shall now consider the class of all motions of the system S 
in which the path of rrij begins at a given fixed point Py and ends 
at a given point Q,-, 0' = 1, • • * , n) in other words, the class of 
motions for which the bXj are all zero at times U and h. Then 
( 5 ) shows that 



where P — 2) known as the kinetic energy of the sys- 

3=1 

tern. From (1) 


2 ) Fj • 3 r,- = nyii • 5 r,-. ( 7 ) 

3=1 3~1 

If there exists a function F(ri, 12, * • * , Xn) of the position 
vectors of the n particles of S which has the property that: 

-57= ( 8 ) 

3 = 1 

then the system S is said to be conservative. In this case (6) may 
be written 

{T -V)dt = 0 ( 9 ) 

If no such function F exists, the system § is said to be 7ion- 
conservative. We have shown 

Hamilton's Principle. 7/ we compare a dynamical"^ path 
with varied paths which have the same termini and which are 
described in the same time, then the time integral (6), [or (9)], has 
a stationary value for the dynamical path. 

* A dynamical noth may be thought of as a path actually followed by the 
moving system t. 
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This principle may be taken as a fundamental postulate from 
which all the forms of classical dynamics may be deduced. 

7. Lagrange’s Equations. We return to the consideration 
of the system S, constrained or not. Suppose that the coordi¬ 
nates Xj, yj, Zj of the jth. particle are functions of m independent 
real parameters qi, ^2, • • * , q^, 

Xi = xMh ^2, • • • , yj = yj{qi, g2, • • , qm), ( 1 ) 

^ 2 , • * • , qm), 

or in the vector notation, r,- = r,(gi, ^2, * * * , gm). 

By Sec. 6 , the kinetic energy of the^system is 

T = + yf + i?) = (2) 

i-l r=la=l 

where 



k’=>i = i 


The g* used here are known as generalized coordinates and the 
([k are called generalized velocities. We have shown that the 
kinetic energy of S is a homogeneous quadratic form in the generalized 
velocities qu, the coefficients Tts being functions of only the general¬ 
ized coordinates g^. The are such that for all assignable values 
of qk and qk, T shall be positive. 

n 

We define hW, the element of work, to be 5 W = 2 )^/ * 

i=*i 

By means of ( 1 .) and ( 4 ), we find 

n m n 

The term Q, is called the generalized force for the jth particle due 

m 

to the fact that represents the total work done on S by 

y«i s 
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the actual external forces Fi, • , incident to the displace¬ 
ments 5 ri, * • • , dXn. 

We shall now apply Hamilton’s principle to this system S 
in order to deduce the equations of moiion in terms of the 
generalized coordinates Qk. 

From ( 6 ) of Sec. 6 , 


£ idT + SW) dt = £i ST + XQ/%) dt = (>• (6) 

Now 


m 

Jc = l 

Substitute ( 7 ) in ( 6 ) and integrate by parts the sc'cond t(‘rms in 
each set of BT. Since each = 0 , s = 1 , • • * , -ni at- t = C) 
and at t = ti, the integrated part vanishes, and \v(‘ ha^ai 


m 



d (dT\ 


dl = 0 . 


( 8 ) 


Now if each Sqi, is arbitrary, k = 1 , ■ ■ • , m, the int('j>:ral (S) 
vanishes only if the coefficient of every Sqk is ociiial to zc'ro, so 
that 


A 

dt 



dqk 


= Qk. -00 = 1, 


, m) 


(«) 


If the system S is conservative, there exists a function 
^(Qii ■ ■ ■ > Qm)i known as the potential energy, such that 

dV = -dW, and Qk = (fc = 1 , ■ • • , m) ( 10 ) 

In this case, the equations ( 9 ) of motions for S may be written 


A 

dt 



dqk 


-AA. 

dQh 


(Jc — 1 , 


, m) 


Equation (11) is sometimes written 


( 11 ) 


A 

dt 



Ak 

dQh 


0, (fc 


m) 


( 12 ) 
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where L = 2 y is known as the kinetic 'potential or Lagrangian 

fimction, 

ijqiiations (9) are known as Lagra7ige’s equations of motion for 
the system S. .Equations (9) are of the second order and hence 
their solution in\^olv('s 2m arbitrary constants. The solution of 
(9) will express each qk as a function of the time and the 2m 
constants whi(‘h must be fixed by the initial conditions of the 
particles in system S. 

If N ol the coordinates * * • , qm are essential to fix the 
confirm rjition ol a system at a given instant, the system S is said 
to liave N degrees of freedom. 

If we multiply each of the equations (9) by the corresponding 
velo(‘ity qj,, and tlum add the results for = 1, • • • , m, we 
obtain 


m 







r — 

j 





2 ( 34 ,, 




(13) 


The right imunlxu’ of (13) is the time rate at which the applied 
forces do work on the system, h^quation (13) is called the equa¬ 
tion of activity in gc'iu'ralizicd coordinates. 

We shall illustrat(‘ the use of Lagrange’s equations. 


Example 1. A particle of mass ni moves freely in a plane. Show from 
Lagrange’s equations that the equations of motion of the particle are 

t- \ dt / 

where R is the component of the force F impressed on the particle along the 
radius vector, is the component of F normal to the radius vector, and 
where x = r cos 0, y == r sin 0. 

Solution, The scpuire of the speed of the particle is 

V“ = + ?/" ■■ r- 

Hence the kinetic energy is 


- /f, 


r dt\ dt) 


9') 


T = 

By (9) of Sec. 7, we obtain (90* 

Example 2, Suppose a particle P of mass m is moving about a fixed 
point 0 in such a manner that the potential energy Y of P is a function of r 
alone. It follows that P is acted on by a force which is always directed 
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toward 0, and such a force is called a central force. We shall find the equa¬ 
tions of motion of P. 

The Lagrangian function for P is 

L ^T - V 

= im(x^ 4- 2 /^ + ““ = imlr^ 4- r^6^ 4- r-fsin- 6 '')<^-] - V{r). 

Let qi = r^Qi =- 6, qz <f>. Then the Lagrangian equations ( 12 ) of Sw. 7 a.r(‘ 

— (mf) — mr[6^ 4 - (sin^ d)4>^ ^— 7 - 0 , (M) 

dt dr 


^ (mr 2 6) — (sin 6 cos == 0 , 


do) 


~ [mr2(sin2 0)4] =0. (Id) 

dt 

By (16), we have 

(17) 

mr^ sin 2 d 

where (7 is a constant. Substitution of (17) in (14) and (15) leads to two 
equations which do not involve <i> in any way. Hence the motion is in a 
plane. Let us choose the coordinate axes so that this plane is tlu* plane 
= 0, Then (7=0 and (14), (15) reduce to 

j /7Ty 

-(mf) - mrd^ + — = 0, (mr^) = 0. (18) 

dt dr dt 


Integration of this latter equation leads to KeplePs law of 7noiion: 

mr^6 — const., 


i.e., radial area is swept out at a constant rate. 

Example 3. Find the differential equation for a vibrating string with 
fixed ends I units apart. 

Solution. We assume that the string vibrates in a fixed plain*, that the 
displacement from its position of equilibrium is always small, that the direc¬ 
tion of the tangent at any point P varies by only a small amount. More¬ 
over, we neglect the component of motion parallel to the a:-axis. The 
kinetic energy is then given by 



where p is the mass per unit length of the string. We assume p constant. 
If the stretching is uniform and if the potential energy is proportional to 
the square of the amount of stretching, and ii <r — V — I, where V is the 
length of the string at any instant, then 
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By hypothesis, dijjdx is small, and "V^l + (dy/dx)^ is approximately 
1 ”f" Ucuoe the potential energy V is approximately 




whore p is a constant of proportionality. Thus Hamilton’s integral takes 

the form 




d'X dt. 


By Mx. 1, 4, in which x = x, y t, and u = y, the Euler equation is 


p dhj p dhj 

2 2 a(2 


or if we write c- ~ p/p, 


^ = 2 ^. 
dl^ 

EXERCISES IV 

1 . i^y Hamilton’s principle find the equations of motion of a projectile 
whose trnj(^ctory lies in a vertical plane. 

Ans. d’^xjdi^ — 0, {d’^yldt’^) — g = 0. 

2 . By Hamilton’s principle find the equations of motion of a particle 
acted on by a force with components X, F, Z parallel respectiveh^ to the 
a*-, ?/-, 2 -axes. 

3. ' (a) By Hamilton’s principle find the equations of motion for a simple 

pendulum. Ans. {d^d/dt^) -f- (g/a) sin 0 — 0 . 

(b) fiiul the tension in the pendulum string. 

Ans. R = m[g cos 0 -|- a{d6/dt)^]. 

4. Suppose a particle of mass m is constrained to move on a rough hori¬ 
zontal circle of radius a by a force R directed toward the center of the path. 
Let the initial velocity be vq and let the particle be resisted by the air with 
a force proportional to the square of its velocity. Suppose the resisting 
force chie to the roughness of the path is Rpj where y is the coefficient of 
friction, l^ind the equations of motion. 

[Hint: 5W = Rdr - k{T^6^)r6e - t^RrdS.] 

Am. 0 ,, , I , log I 1 + ("— + m')—1- 

(jea/m) -b /i \m / «J 

5. (a) A particle of mass m moves freely in space. Show that the 
equations of motion are 
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in cylindrical coordinates, where R is the component of the for(‘e F inipn^ssed 
on the particle along the radius vector, is the component ol F normal to 
the radius vector and to the 0 -axis, and Z is the coinponent of F paralk'l to 
the 0 -axis. 

(b) Show that in spherical coordinates these equations l)(HH)me 



where 0 is the component of F normal to the radius vector and in t lu' {)lane 
of this vector and the 0 -axis, and $ is the component normal to R and (>. 

6 . A mass of four units is supported by a string passing ovt'r a wiaghtless 
smooth pulley with rigid axis. The other end of Hh; string is atta,cluHl to 
the axis of a smooth pulley of mass one unit. Over this pulley tlaua' passers a 
string at whose ends are masses of one and two units. Find the (‘qua!ions 
of motion of each of the moving parts if the system starts from r(‘st. 

4ns. X — <7/23 for mass 4. 

7. Find the equations of motion of a string vibrating in thna' dinuujsions. 

Ans. d^yfdt^ = dh/dtr = Cr{ 0 “ 2 /()X-). 

8 . A string vibrates longitudinally (i.e.., along its own linv). If u(x) 
is the displacement of the particle originally at show that 

d^u 

Find the equation of motion of a vibrating drum hea,d. (Ili.v'r: The 
potential energy is approximately (p/2)ffl(dz/dx)“ + dS.) 



10 . Find the equation of motion of a uniform straight rod which \'ibrates 
in a plane. Assume that the potential energy of the rod is proportional 
to the integral of the square of the curvature dhi/dx^ (approximatdy ). 

Ans. (dVdr-) + -= 0. 

11 . Find the equations of motion for the propagation of sound wa,v<;s. 
Hint: Let cp be the velocity potential. The potential energy of the 

medium under disturbance is approximately proportional to 

The kinetic energy is the volume integral of grad^ </>. 

Ans. a^/dt.^ ^c*VV- 
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12. A imiform flexible cord of fixed length is supported from two fixed 
points. Find the shape assumed by the cord when its center of gravity is 
as low as possible. 

13. Tlie ends of a uniform flexible cord of fixed length slide freely on 
fixed wires in a vertical plane. Show that the cord meets the wires at 
right angles when the cord is in equilibrium. 

8. Hamilton’s Canonical Equations. Consider the dynamical 
system S of 7 i degrees of freedom whose configuration is described 
by the generalized coordinates gi, ' - • , By the generalized 
7 nommtu:m pk associated with the coordinate qjc we shall mean the 
quantity pk = dL/dqk, where L is the Lagrangian function. 
(Thus for a single particle, if q = x, and L = ^mx-, then 
p = (iL/dx = 7 nx.) For certain purposes it is often useful to 
express the dynamical equations in terms of the g^s and the p’s 
rat lier than the g’s and the g’s. By the Hamiltonian function H 
we shall mean the function 

H = X - L. (1) 

k = l 

The total differential of H is 


dll = (2) 

/; = 1 = l = l fc = l 

Since pk = dL/dqjc, we have 

= 2 9/^ “ 2 

J: = l J: = l 

Sill CO dH depends only upon the differentials dqh and dpk, but 
not df'ik, H = Hip, q) is a function of the g-’s and p’s alone. 
Hence we may write 
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That dLfdqk = Pk follows directly from Eqs. (12) of Sec. 7 and 
Pk = dLfdqk. The 2n partial differential equations (5) are 
known as the Hamilton canonical equations of motion. 

From (4), we find 

-^dH. , ^dH. ... 

k=i 

Substituting (5) in (6), we see that 

H = 0 or H = const. (7) 

If we assume that the potential energy is not an explicit func- 
tion of qk, then ^ (1) 

gives 

(«, 

Since T is a homogeneous quadratic form in the we know by 
Euler^s formula (Chap. I, Ex. XIX, 38) that 

- 2I&‘- ® 

From (8) and (9), we find 

H = 2T - L = T + V. (10) 

This shows that the Hamiltonian function is the total energy of 
the system S. 

If Lj and hence are explicit functions of the tiin(‘ it (!an be 
shown that Hamilton's equations (5) still hold. However, 
H = L rather than H = Q. 

Example 1. For a free particle of mass m, L — p ~ wi*, q = z. 

By (1), H = pq L ~ m{zy — |m(a:)2 = im{x)^, or H == p^/2nL Thus 
equations (5) take the form 
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EXERCISES V 

1. Show that BjCjs. (5) still hold when L is an explicit function of time. 

2. Derive Hamilton’s equations (5) by applying Hamilton’s principle to 

n 

3. Show that', for a simple harmonic oscillator of one degree of freedom, 
H = (■})'■. 2tn) -f- (k.q-/2), where k is the stiffness of the system. Also, show 
that p ~ —kq, q = p/m. 

4. From t he Lagraiigian function for a simple pendulum, with q the angle 
0 made by t Ik' pendulum with the vertical, show that p is the angular momen¬ 
tum 77il-6. and iumcc that H = {p^/^mP) - mgl cos q. Show that HamiltoiFs 
equations (o) reduce in this case to the well-known forms. 

5. From the Lagrangian function for planetary motion with potential 
function V{r), verify that pr = mr, pe = and that H in (1) gives the 
total energy of the moving body. Express H in terms of pr and p^, and 
show that (5) reduces to 

0 _ — 

•mr^ ’ dt dt ' m mr‘^ 

Give the physical interpretation of the first two of these equations, noting 
that p^/mr^ = •mv'^/r and that —dvldr is the gravitational force. 

6 . Derive Lagrange’s and Hamilton's equations in spherical coordinates 
(r, 0, 4>). Develop and interpret physically the formulas for generalized 
forces and momenta in the directions of r, 6, and 4>. 

9. Holonomic and Nonholonomic Systems. We return to the 
argument in Sec. 7 where we assumed that the 8qk are completely 
arbitrary in the time interval between to and ^i, the dqk all vanish¬ 
ing at to and ti. It sometimes happens that these variations are 
subject to certain constraints owing to the fact that (1) the 
(Jh ' ' ’ j Qn are dependent, or (2) that the restrictions on the 
8qk are expressible only between and not between the q’s. 
In case (1), the difficulty is due to the fact that too many coor¬ 
dinates are used and that the number of degrees of freedom is 
less than the number of coordinates used; we accordingly decrease 
the number of coordinates and proceed with the Lagrangian 
method as before. In case (2), when the relations connecting 
the are expressible only in terms of the the relations are 
rionintegmhU, and it is impossible to obtain the appropriate 
relations among the g’s. A system in which the nonintegrable 
case (2) appears is said to be novholonomic. If such noninteg¬ 
rable relations do ^ • system is termed holonomic. 
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Considering the nonholonomic case (wiili ii — »i), supixj.se 
that there are |3 (< n) relations connecting the 5q'fi, of the I'oi'm 

n n 

'^aih Hk = 0, ^aik Sqic = 0, • • ‘ % = h. (1) 

when the Urk are functions of the Qk- Referring to (S) of Sc-c. 7, 
we can be sure only that 


2[i 



( 2 ) 


subject to the conditions (1). Assuming th(i oxistnnc(' of a 
potential function, Qk = - dVJdqk, we may write (2) in the form 


dqk 



SQk = 0. 


(d) 


Multiplying relations (1) by Xi, Xs, • • ■ , X^, rc'speetively, and 
adding to (3), we have 


2 ~ dL 
dqk 



+ Xiaift + • • ■ + X^rtjs;, 


dqk = 0. 


(4) 


(See Exs. XXX^I, 26 and 27 of Chap. I). In (4) sot t h(> coofficionts 
of dqi, ‘ , dq^ successively equal to zero. We oljtaiu 


dL df dL\ 
dqi dt\dqij 

dL d/dL\ 
dq0 dt\dq^J 


+ Xlttu + 


+ Xiaijj + 


+ X/sO/si = 0, 


+ = 0 . 


(5) 


Since there are only yS restrictions upon the S^’s, the remaining 
(n — /3) of these dq’s are arbitrary. So we can write 


dL 


_ d( dL \ 
dt\dq^+i/ 

^ _ d(, 

dqn dt\i 


+ Xiai,p+i + • • • + Xj3a|9,(3+i = 0, 

+ Xittin + ■ ■ - X^O/Jn = 0. 


(15) 
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Tlu' valiK's ot \i, • • • , and the n expressions 
dQk dt\dqij' 

k — j n may be calculated from the equations (1), 

(b) liud (b). Thus for a nonhoionomic system, the Lagrangian 
e(lua.{ions an‘ of th(‘ form 


d / dL\ __ dL _ 

diXjhh) ^ 

r = l 


(A: = 1, • • ■ , n). 


(7) 


hor a (l(‘1a.il(‘d trcainuait of further topics in dynamics, such as 
(‘ontaei transformations, s(‘e Whittaker, ‘^Analytical Dynamics”; 
W(‘})st(‘r, “Dynamics”; Kemble, ‘^Quantum Mechanics.” 

10. Theory of Small Oscillations. We shall now study the 
probk.an of small vibrations of any system S of n particles about 
a configuration of (‘(luilibrium. 

As })(‘f()r(‘ l(‘t tli(‘ system 8 be defined by m parameters 
(ju • • * Suppose that the i)ot(‘ntial energy F(gi, * • • , 

of iho syst(mi (l(‘p(m(ls only on th(^ coordinates * * * , Qmj 

and thai T is (l(‘\n‘lop!il.)le by Taylor’s theorem into 


tt) m tn 



/.• =1 r = I s = 1 


wIk'H* tin* siiflix z(M’o d(*n()t(‘s the value at 


r/i = ^2 = * * * = dm = 0 

of th(' (nu‘intity to which the suffix is attached. 

Supp(js<' that th(‘ motions of the particles are all small enough 
that th(‘ terms in V of higher order may be neglected. Since the 
vsyst(‘m .S is in (‘(juilibriurn at qi = • • * = Qm = 0, so that V 
is a minimum (or maximum), {dV/dqk)Q = 0 for each k. Then 
Uk‘ approximate value of V — Fo is 

m m 

F - Fo = (2) 

r=ls=l 

a (piadratic form in the g’s. [Here Vrs.'=idW/dqrdqa)Q.] 
Su})pose that V = 0 when gi = g 2 = * ‘ = 0. Then 

F(, = 0. 
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If F is a minimum the equilibrium is stable so that the terms 
Vrs will be such that V is positive for all positive values of the 
variables gi, ‘ 

As before, the kinetic energy is 

r=ls=l 

where the are functions of Qk alone. 

If we assume Trs to be developable, then 


ra = + (r, 5 — 1, • • • , m) (4) 

Furthermore, if we assume that the QkB are small at the sanu^ t ime 
as g&, we may approximate Tra by the value of Tra at time to. 
Suppose that besides the conservative forces of restitution 
arising from the potential energy F, there exist nonconservat iv(^ 
resistances which are linear functions of velocities. Denote tii(^ 
dissipation force of this character corresponding to r//, by 
— dR/dqrj where 

m m 

i (5) 

r=l 

is a quadratic form which we assume to be non-negative. 

Thus we deal with a set of three homogeneous quadratic forms 
with constant coefficients. 


^ “ 2 ^ TrsQTqa, R — ^ Rra(lrq»i 

r = la=sl r = la=>=l 

m m 

v=h%XVrm.- 

r=l «=1 


( 6 ) 


Each of these forms must be nonnegative for all possible vahu's 
of the variables of which it is a function. The numbers r,, ar(^ 
called the coefficients of inertia, the Fr, coefficients of stiffness, and 
the Rrs coefficients of viscosity or resistance. 

From Eqs. (9) of Sec. 7, we find Lagrange’s equation.s for our 
system to be 



dVdR ,, 

dQk dik + • • • > 


(7) 
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whore 6/; is the total impressed force acting on the fcth particle. 
This is a system of linear differential equations of the second 
order, which, by means of (6), may be written in the form 

(r„p- + + Vra)qs = er, p = A (r = 1, • • • , m) (8) 

«-1 

From her(‘ on the theory proceeds as indicated in Chap. Ill, 
S(a*s. 25 to 28. 



CHAPTER IX 

INTRODUCTION TO REAL VARIABLE THEORY 

1. lutroduction. Throughout the earlier chapters of this 
book, frequent reference has been made to theorems demandiiqv 
a greater degree of rigor than it seemed advisal)le to iinoke at 
the time. In the present chapter we shall prove some of llu'sc; 
theorems. At the close of the chapter will bo found a bibliog¬ 
raphy which the student may find useful if he continues the 
studies initiated in the present work. 

2. Theory of Real Numbers. The structure of analysis rests 
upon the theory of real numbers as a foundation. H('nc(>, any 
rigorous treatment of calculus and related subject,s must st,ai't 
■with real number theory. Liebnitz and Newton, tin; ei'(>ators of 
infinitesimal calculus, did not realize the necr'ssity for this to 
insure the security of the foundations of their work. It was not 
until the beginning of the eighteenth century that serious studies 
were undertaken—under the influence of Gauss—to examim^ the 
fundamental concepts underlsdng the calculus. Noteworthy 
advances were made during the last century, the work of Weier- 
strass, Cantor, and Dedekind being of great importance in l,he 
development of the theory. 

3. The Rational Numbers, It is assumed that the natural 
numbers (the positive integers 1, 2, 3, 4, • • ■ ) hav(> Ixsm 
defined and that the arithmetic of positive integers is known. 
The positive integers are closed under addition and multiplica,- 
tion, for if a and b are any two positive integers, a + b = r. and 
a • 6 = d are positive integers. However, in thc^ domain of 
positive integers, there exist equations, such as a; -f 3 = 1 and 
a: + 5 = 5, which have no solution, so one is led to adjoin the 
negative integers and zero. Likewise, equations of tin' type 
ax + b = 0, a and b being integers, lead one to adjoin further 
the set of rational numbers, i.e., numbers which are ratios of 
integers. The set of rational numbers is closed under addition, 
subtraction, multiplication, and division (except by zero). 

But the rationals are not clo.sed under algebraic Tjroccsses. 
For example, x^ - 2 = 0 has no rational solution; likewise, 

812 
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[V2 + is not a rational number. Evidently there are 
still gaps in a number system built in this way on the set of 
rational numbers. 

In 1825, Abel discovered that a solution of 

aox” + = 0, ao 0, (1) 

where at are rational numbers and n is a positive integer, is not 
always possible in terms of radicals. It was this discovery that 
lead to Galois^ theory of equations which, among other things, 
uncovered other types of irrationalities. 

In 1844, Liouville proved the existence of transcendental nnm- 
hers, i.e., numbers not roots of an equation of type (1). In 
particular, the number e was shown to be transcendental by 
Hermite in 1873; and in 1882, Ludermann showed that t is also 
transcendental. 

Thus, mathematicians came to realize that algebraic processes 
are insufficient to produce all irrational numbers and that some 
other method must be invoked to round out the complete struc¬ 
ture' of real numbers. Moreover, this method must not appeal 
to geometric or other types of intuition. 

Three' important theories of real numbers have been developed, 
the theories being named after their founders: (1) Weierstrass 
(1860), (2) Cantor (1871), and (3) Dedehind (1872). We shall 
here consider only this last theory. 

4. The Dedekind Theory. The Dedekind theory of real 
numbers had its origin in a course in calculus given by Dedekind 
in 1858. Dedekind was deeply troubled by the lack of rigor’’ 
in the development of calculus and he traced the trouble largely 
to the lack of a clear-cut conception of number. The results 
of his efforts appeared in 1872 in his Stetigkeit und Irrationale 
Zahle.n, a book every serious student of mathematics should read. 

In this section we shall give an introduction to Dedekind’s 
theory, developing it sufficiently far to be able to use it as a tool 
in later work. 

We consider the set of all rational numbers as known. A 
Dedekind cut (Schnitt) in the domain of all rational numbers is a 
'partition of all the rationals into two classes A and B such that: 
(1) every rational a of A is less than every rational b of B; (2) 
the sets A and B must contain elements (rationals). We denote 
such a partition by [A, B], 
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(a) A Dedekind real number is a symbol attached to a cut 
[A, B] in the domain of all rational numbers. 

(b) A Dedekind rational number (in the new sense) is a symbol 
attached to a cut [A, B] of all rational numbers in whicli cather 
A has a greatest rational or jB a least rational. 

(c) A Dedekind irrational number is a symbol attached to a cut 
[A, J5] in the domain of rational numbers in which neither A has 
a greatest rational nor B a least rational. 

The real continuum is the aggregate of all cuts in the domain of 
all rational numbers. 

Example 1. If A is the set of all rationals a such that a < J, and if B 
is the set of all other rationals, then [A, B] is a Dcdekind rational real 
number, B having a least element f. 

If the real number [A, 5] is such that A has a greatest ehuiKuit 
r, and if the real number [A', jB'] is such that B' has r for a. I(‘ast 
element, it can be shown that we can regard [A, B] and B'] 
as the same Dedekind rational number. 

Example 2. If A is the set of all rationals a such t.ha,t a- < 2, and if B 
is the set of all other rationals, then [A, B] is a Dcdekind irra1i<»nal r(‘a.l 
number, for A has no greatest element and B has no least eleiiHait (th(*r(^ 
being no rational r such that ~ 2). The symbol '\/2 is usually at t ached 
to this partition. 

(d) Ordering the Real Numbers. Let 

Cl ^ [Ai, Bi], C 2 ^ [Ao, B 2 ] 

denote two real numbers defined by the partitions in(li(‘ated. 
The number Ci is said to precede C 2 , i.e., Ci < C 2 , if A 1 is 
included in A 2 (that is, every ai of Ai is in A 2 ), and if tluu-c exist 
at least two distinct elements in A 2 not in A 1 . Similar defiiiitions 
can be given for Ci = C 2 and Ci > C 2 . 

(e) The sum of two real numbers, 

Cl = [Ai, 5i] and C 2 ^ [A 2 , B,] 

is the cut C = [A, 5] where A is the set of all sums ai + a 2 , ai 
ranging through Ai, and a^ through A 2 , and where B is thc^ set 
of all rationals not in A. That this C is a Dedekind cut follows 
from the fact that (I) there exist a’s in A, and 6\s in B, (2) if 
a == ai + a 2 and if r is any rational less than a, then r belongs 
to A, for 

r = a — d = ^ai “ 2 ^ d" ^<^2 2 ^ = ctj + oj 
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where a[ belongs to and aj belongs to A 2 - Hence every a is 
less than every h. 

Subtraction, multiplication, division, powers, and roots of 
positive numbers, and other operations may be defined in a 
similar manner. Thus the domain of all real numbers is closed 
under these operations. All the well-known properties of real 
numbers may be proved from these definitions. 

If in the definition of a Dedekind cut we replace the word 

rational’’ by “real,” then this definition defines a cut of real 
numbers. From this definition it is possible to prove 

Fundamental Theorem 4.1. Let C ^ [A, B] he a Dedekind 
cMt in the domain of real numbers (^.c., A and B form the class of all 
real numbers). Then either A has a greatest element or B has a 
least element. 

It follows from this theorem that no new numbers are obtained 
by partitioning the set of all real numbers. 

6. Axiom of Continuity. Heretofore, we have carefully 
avoided any reference to geometry. It is occasionally convenient 
to use a geometric language. Accordingly, while we emphasize 
the strictly numerical character of our definitions and treatment 
of real numbers, we shall now set up a correspondence between 
the real numbers and the points on a line by means of the 

Cantor-Dedekind Postulate. There exists a one-to-one corre¬ 
spondence between the real arithmetic continuum and the points 
on a straight line. (Note, points and lines are undefined.) 

We shall frequently use the term point (on a line) and real 
number interchangeably, the real line continuum being by defini¬ 
tion the real arithmetic continuum. 

The fundamental theorem states that “all holes in the line are 
filled up.” This theorem is essential in analytical geometry. 
It is sometimes called the fundamental axiom of continuity. 

6, Linear Sets. A real linear set is an aggregate of real 
numbers (points). The theory of linear sets originated in the 
discussion of questions connected with the theory of Fourier 
series and of functions which can be represented by such a 
series. 

We shall study a few of those elementary properties of linear 
sets as we shall have need. We must bear in mind that the 
entire theory of sets of is essentially an arithmetical theory, 

the geom^ ' ’re and representatA '^jg a con- 
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venience, not a necessity. We shall use word sd to moan 
real linear set unless otherwise specified. 

A set >S is a 'proper part of a set S' if each elcMnent of S is an 
element of but some element of S' is not in /S. 

A set S is infinite if it can be put into onc-to'-onc' (‘orrospondcnice 
with a proper part of itself. 


Thus the set of all positive integers is infinite, for tlu' e()n’espondi‘ne<‘ 


1, 2, 

3, 

4, 

5. ■ • 


$ 

$ 

0 

$ 

(I) 

2, 22, 

22, 

22, 

2', • 


or the correspondence 





1, 2, 

3, 

4, 

5, ■ ■ 


$ $ 

$ 


$ 

(2) 

1!, 2!, 

3!, 

4!, 

5!, • 


or the correspondence with the prime numbers 


1, 2, 3, 4, 

5, 

6. 

7, 8, 0, • 


1 0 f $ 


$ 

^ ^ t 

(3) 

2, 3, 5, 7, 

11, 

13, 

17, 19, 23, • 



establishes a one-to-one mapping of the set of ail positive iiUegers upon a, 
proper part of this set. Again, the set of all n'al nuinhers in I ho (‘los(*(i 
interval [0, 1] is infinite, for the relation x' ~ ix maps this int(‘r\'ai upon a, 
proper part of itself. On the other hand, the s(‘t (Vi, 6, c, d, r) (cannot. 
put into one-to-one correspondence with a proper part of itself, and such a, 
set is finite. 

A set 5^ is denumerably infinite if it can be put into on(‘-to-on(^ 
correspondence with the set of all positive integers. It is (u-ident, 
for example, that the sets in (1), (2), (3) are denumerably infinite. 

Theorem 6.1. The set of all rational 7inmbcrs is dcnumcrahly 
infinite. 

A one-to-one correspondence between the rational numl)ers 
and the positive integers is indicated in the following scheme: 



A iK A ^ A A ^ A A A 

V vv vvvv yvy y 

1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 


(i Z 2 1 - 1-2 -3 - 4 \ 

KT 2' 3 ? T’T’T’T/ ■ ■ ■ 

$ 

12, 13, 14, 15, 16, 17, 18, 19, • • , 
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where in each parenthesis the sum of numerator and denominator 
oi each fraction is constant, and where repetitions have been 
omitted. 

Fheorem 6.2. The set of all real ^lumbers in the interval 
[0, 1] is nondemimerdbly infinite. 

Let us r^ipresent every number in [0, 1] as an ordinary decimal, 
where we write, for f^xampie, 0.62500000 - • • if the decimal 
is finite, and where we write 0.62500000 • • • instead of 
0.62499999 ■ * * . Suppose all numbers in [0, 1] could be 
put into a one-to-one correspondence with the positive integers, 
then: 

1 'e. O.ai a2 0-3 a4 * • • , 

2 o O.bi bz bs b^ ■ * • , 

3 ^ O.ci C2 C3 C4 * • * , (4) 

4 <-^ O.rfi ^2 ds ^4 * • ‘ , 


where Oi, Oa, * * * , fci, ‘ * are the digits of the respective 

(locimals. Let R be any number 

R = O.a'i 1^2 7z j 

where ai 9^ Oi, ?>2, 73 C3, • * • , and where the digits of 

R are not all 9's after some digit Vn. It is evident that is a 
real number in [0, 1] and that R is distinct from each of the num¬ 
bers in (4). Hence R was not included in the correspondence 
(4). It follows that all real numbers in [0, 1] cannot be put into 
a one-to-one correspondence with the set of positive integers. 

EXERCISES I 

1 . Define the following real numbers by means of a Dedeldnd cut: 
3, 0 , e, 7 / 3 , sin 3 , t . 

2 . (a) Prove that — 2 - 0 has no rational solution and hence that 
\/2 is irrational. 

(b) Prove that *’'^2 + ^/d is irrational. 

(c) Can "v/S be represented by a repeating infinite decimal? Why not? 

3 . Show that the real numbers defined by (a) in Sec. 4 obey the properties 
of simple order. 

4. (a) When is the real number ci said to be gi’eater than the real Ci? 

(b) When is the real number ci said to equal the real C 2 ? 

5 . Define the difference, product, and quotient of two real numbers iii a 
manner suggested by (e) in Sec. 4. 
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6. Show that the two rationals mentioned in the parngniph following; 
Example 1 are essentially the same. 

7. Prove Theorem 4.1. (Hint: Consider the eul of nitionals <l(‘t<‘rniin<nl 
by the given cut of reals.) 

7. Properties of Sets. We shall now fonnulat(' (Hu-tain prop¬ 
erties of point sets which we have frequently used in an intuitive 
manner in the preceding chapters. 

An upper hound of a linear set S is a nuinlxn* u (if it (exists) 
such that u'^ a for every number a in S, and a lower bound 
of S is a number I (if it exists) such that I ^ a for (nany nuinIxM’ 
am S. A set S is hounded if it has an upper I)ound and a Iowan* 
bound. For example, 7, tt, and 2 are upper hounds of t.lu' s(‘t 
of all numbers less than 2; likewise, 1.5, 1.42, and 1.415 mv 
upper bounds of the set of all positive mnnbers ksss than V^; 
2, Q-iid 1 are upper bounds of the set of al! value's of th(‘ 
function A function/(x) is bounded (over tin intcawal) if 

the set of all its values (in this interval) is boundc'd. 

Theorem 7.1. Every bounded set S has a least upper bound r 
and a greatest lower hound L. 

Partition all real numbers into two classes A and A consist ing 
of all numbers x such that x is less than some ehanent of aS', tind 
B consisting of all numbers x which are greater t.luxn or c'qiml to 
every element of S. Since S is bounded, A and H have' ede'menit s. 
By Theorem 4.1, either A has a greatest edeunent e)r B a hxist 
element. Suppose A had a greatest element X. By dedinition 
of Aj X is less than some element s of S. It is e'vide'ut that 
X < |(X + s) < s. Hence i(Z + s) would be in A a-nd X 
is not the greatest element in A. Thus B has a h'ast ek'im'nt 
[/, and U is the least upper bound of /S. Tlu' exmUmee of L is 
proved in a similar manner, 

A set aSi contains a set if each element of is in 8u 

Let aSi, a 82, >83, * * • be sets (finite or infinites in number). 
The sum of S2J * • * , denoted by d" S2 d" * * * , is tlie 
set consisting of all those elements which are in at kmst one of 
the sets Si, 82, * * * .. The product of aSi, 82^ * * * ? denoted 
by a 8 i • A 82 * ' • • , is the set consisting of all those el(nnents which 
are common to the sets Sx, 82, ' ' ' . For example, considta- 
the sets (a, 6, c), (a, d),-{a, e), (a), and (a, c, d, e), where a, 6, c, d, e 
are all distinct. The sum of these sets is the set (a, b, c, d, e) and 
the product is the single element (a). 
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A dosed interval is a set of real numbers x such that a ^ x ^ 
or a ^ Xj OT X b. An open interval is a set of real numbers x 
such that a < X < b, 01 a < Xj or X > b. 

A point P is a limit (accumulation) point of a set S if every open 
interval I containing P also contains at least one point of S other 
than P. It is immaterial whether or not P is an element of S. 
For example, 0 is a limit point of the set of ail numbers l/n^ 
where n is a positive integer; again, every real number from 0 
to 1 is a limit point of the set of all proper rational fractions. 

A set S is closed if it contains all its limit points. Thus, every 
closed interval is a closed set; the set of numbers 1 /n is not 
closed, but if 0 is adjoined to the set it is then closed; the set of 
all rational numbers is not closed. 

A set S is open if each point P oi S can be inclosed by an open 
interval which lies entirely in S. Thus, every open interval is 
an open set. The sum of any finite number of open intervals is 
an open set. 

An interior point P of a set ^ is a point which can be inclosed 
by an open interval which lies entirely in S. Thus an open set 
is one such that every point of it is an interior point. 

A neighborhood of a point P is any open set containing P. 
Thus, an open interval containing P is a special kind of neighbor¬ 
hood of P. 

An element P of a set S which is not an accumulation point of 
S is an isolated point of S. Thus, if P is an isolated point of S, 
there exists a neighborhood of P which contains no element of S 
other than P. 

The closure S of a set S is the set consisting of S together with 
all its limit points. Thus, the closure of a closed set is the set 
itself. The closure of the set of all rational numbers is the set 
of all real numbers. 

The complement of a set S, denoted by C(S)y is the set of all 
points not in S. It is seen that the complement of a closed (open) 
set is open (closed). 

A point P is an exterior point of a set 5 ^ if it is an interior point 
of C(S), Thus, P is exterior to >S if P is not an element of 

The boundary B of a set S is the set of points common to the 
closure of S and the closure of C(S). Thus B is given by the 
formula B = S • C(S). It may be .shown that the boundary 
of a set S consists of all those points which are not interior points 
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of either S or C{S), A closed set contains its boundary, and an 
open set contains none of its boundary points. 

EXERCISES II 

1. Show that the isolated points of a linear set are always (i(imiinera,hle. 

2. Show that every element of the set S of all rational mnnhors is a bound¬ 
ary point of S. 

3. Prove: The set of all rational numbers is neithcu- (‘los(‘(l nor open. 

4. Prove: Every neighborhood of a boundary point of a. s(‘t S eorPains 
poults of jS and points of C{S). 

5. Extend all the definitions following Theorem 7.1 to s(d.s of points in th(^ 
a;2/-plane; to sets of points in space. Illustrate with examples. 

6- Prove all the comments made in Sec. 7. 

8 . Certain Theorems on Functions of a Real Variable. Wo 
are now in a position to prove certain theorems quoted in ihe 
earlier chapters of this book. 

Theorem 8.1 (Heine-Borel Theorem). If every point of a cloned 
interval (a, b) is interior to at least one interval of a given net S of 
intervalsj there exists a finite set F of intervals of Sj ILi, ' * * , Iu, 
such that every point of (a, b) is interior to at least one interval of F. 

Divide all real numbers x into two classes A and B a,s follows; 
A point X belongs to class A ii x S a, or if we can cover* tlu^ ])oints 
of the interval (a, x)j where a < a; ^ 6 , by a finite set of int(u*vals 
of S; the number x belongs to class Bj if x > bj or if we cannot, 
cover the points of the interval (a, x) by a finit,(‘ numlxu- of 
intervals of S. Evidently every Xa precedes every Xu. Consider 
the Dedekind cut | = [A, £]. Now ^ must be for suppose f 
precedes 6 . Then an interval 7 of S covers ^ is an interior 
point of I, and in I there are numbers of both classc's A and B^ 
say xa and Xb> There are a finite number of int.(jrva.Ls of S 
covering (a, xa)^ To these intervals adjoin 7 . Then tlnuT^ are 
a finite number of intervals covering (a, Xn). But this is con¬ 
trary to our hypothesis. Thus we conclude that ^ = 6 . 

Theorem 8.2. Let (a, b) be a closed interval containing points 
of the domain of definition of a bounded real function f of a iral 
variable x. There exists in (a, 6 ) at least one point which has the 
property that in any arbitrarily small neighborhood of that point, 
the least upper bound of f is the same as the least upper bound M 
of f in the whole interval (a, b). 

* To cover a point P is to select an interval I such that P is an interior 
point of I. 
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Divide the real numbers x into two classes A and B as follows: 
The number x is to belong to class A if x < a, or if in the interval 
(a, .r) the least upper bound of / is less than M; x is to belong to 
class B if X > h, or if in (a, x) the least upper bound of / is M. 
There exist numbers xa in A and in B^ and every xa precedes 
every Xb. This partition defines a Dedekind cut ^ ^ [A, B], 
su(‘h that in every neighborhood of there are numbers Xa and Xb 
and thus any arbitrarily small neighborhood of f has the same 
least upper bound ilf as / has in (a, h). 

Proof hy the Heinc-Borcl Theorem. We shall assume that there 
('xists no point p such that, in an arbitrarily small neighborhood 
of p (lie h^ast upper bound of / is equal to M. Cover every point 
X of (a, h) by an interval. Denote by S the set of intervals used 
to (*ov('r the points :r of (a, b). Then, by the Heine-Borel theorem, 
tluTe is a finite number of intervals in the set S such that the 
k^ast u]:)p(‘r bound of / in all the intervals is different from M, 
ajul siK*h that every point x of (a, b) is interior to at least one 
intervtil of the finite set. We conclude that the least upper 
bound of / is different from M. - 

A similar theorem holds witli regard to the greatest lower 
bound of /. 

dhrnoKKM 8 . 3 . If a function f{x) is continuous on the closed 
interval {a, b), the least upper bound M and the greatest lower howid 
m of f in (a, b) are both finite^ and these bounds are actually attained 
in each case at least once within the interval (a, b). 

Pick a positive number €. Since/is continuous on (a, 6 ), we 
can cover each x in (a, b) by an interval Ix such that 

l/(a:) -/(xi)! < e 

when X\ is in h. By the Heinc-Borel theorem, there is a finite 
set F of t,h('se intervals Ix such that every point in (a, 6 ) is 
interior to at least one of the intervals of F. If the number of 
F's is Pj tlH'u the greatest variation of / in (a, 6 ) cannot exceed 
the finite number 2 pe. 

Let f 1)0 the point discussed in the first proof of Theorem 8 . 2 , 
and (consider the interval (f — ? + e) in which / has a least 

upper bound equal to M. Then points can be found in this 
interval for which the function / differs from M by an amount 
k^ss than €. Sin(‘e the interval ^ 5 , ^ + 6 ) can be taken 
^rbiti-arily small, and since / is continuous at ?,/(?) — M. 
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A similar argument may be given in the ease of the greatc^st 
lower bound. 

Theorem 8 . 4 . If f(x) be continuous on the closed interval 
(a, h) and if f{a) and f(b) have op'posite signs^ then there exists at 
least one value of x in (a, b) for which f(x) va?iishes. 

Assume there exists no number a; such that/(a;) = 0 . Since/is 
continuous at every point x in (a, 6 ), there exists a lunghborhood 
of X such that/ is either negative (or positive) in that neighbor¬ 
hood. For each x of (a, h) select such an interval, in which / has 
the same sign for all points interior to it. By the Heino-Borcd 
theorem, there exists a finite set F of these intervals such that 
every x of (a, b) is in the interior of at least one of the intervals 
of the set F and having the property that in any one of th('S(^ 
intervals, / has the same sign throughout. Let the intervals of F 
be ordered according to the positions of their left end points. 
It is evident that successive intervals of F must overlap. 

Since, by hypothesis, /(a) and /( 6 ) have opposite signs, we 
know that there exists at least one interval over which / is always 
positive and at least one interval over which / is always negative'.. 
Hence, there is one pair of successive overlapping intervals ov(‘r 
one of which / is positive and over the other of which / is ncgativ(\ 
Then the points q common to both intervals are such that f{q) is 
both positive and negative. This is impossible since / is singh'- 
valued. Thus f(q) = 0 , contrary to hypothesis. 

Theorem 8 . 5 . If f(x) is continuous on the closed interval (a, h) 
and if C is any real number between f (a) and fQf)^ there exists oti 
(a, h) at least one value of x for which f{x) is equal to C. 

Let = f{x) — C. Then 

^(a) - /(a) - C and cp{h) .= /(&) - C 

have opposite signs. From Theorem 8 . 4 , we know tliai. thor(' 
exists some value of x in (a, 6 ), say for which <p{i) = 0 , licit 
is, for which 0 = /($) - C = ^(J). Hence/(Q = C. 

Theorem 8.6 (RollFs Theorem), If fix) is continuous on the 
closed interval (a, 6 ), if f (a) ==/( 6 ) = 0 , and if fix) exists every¬ 
where in the open interval (a, 6 ), then there exists a point f, 

a < f < 6 , 

such thatfi^) = 0 . 

Since fix) is continuous, it follows by Theorem 8.3 that fix) 
actually attains its maximum and its minimum somewhere 
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within [a, b]. Suppose that f(x) has a maximum point at ^ 
somewhere within [a, 6], Then if A > 0, 

is negative or zero; and if ii < 0, <p{h) is positive or zero. Since 
f'{x) exists at each point of (a, b), lim <p(h) exists at in the first 

h—*0 

case this limit is less than or equal to zero, and in the second case 
this limit is greater than or equal to zero. Since the derivative is 
assumed to exist, the two limits must be equal. Hence 

lim Ah) = no = 0. 

h-~^0 

A function f{x) is said to be uniformly continuous on (a, b) if, 
for every positive number e, there exists a positive number 8 such 
that \f(xi) — f(x 2 )\ < e for every pair of numbers riu, ^’ 2 , on 
(a, b) closed for which \xi — .^ 2 ! < 8 . 

Theorem 8.7, If f(x) is continuous on the closed interval 
(a, 6), it is uniformly continuous on (a, b). 

Let e be an arbitrar^^ positive number. Since / is continuous 
for every point p in (a, b) a neighborhood of p can be determined, 
such that the oscillation of / in this neighborhood is less than e/2. 
Determine such a neighborhood for every point in (a, b). By 
the Heine-Borel theorem, a finite number of intervals can be 
(‘hosen such that every point in (a, b) is interior to one (at least) 
of the intervals. The end points of these intervals form a finite 
set of points in (a, b). Let 8 be the smallest distance between 
consecutive points of this finite set. Any interval whatever in 
(a, b) of length less than or equal to 8 is within at most two of this 
finite set of nonoverlapping intervals formed by the consecutive 
points. Hence, in sucli intervals, the oscillation is at most e. 

Let f( 2 .) be a function of x defined over the interval (a, b) 
closed. Suppose this interval be subdivided by the points 
a == xo < X\ < • ' * < < Xn = b. The total variation of 

f{x) over (a, b) is the least upper bound of the quantity 

i=«0 


for all choices of the points Xi and for all finite values of n. If 
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the total variation of /(a:) over {a, b) is finite, f{x) is said to be oi 
hounded variation over (a, &). 

Theokem 8.8. 7/ j{x) is of hounded variation over (a, b) then 

fix) may be represented in the form <pix) — “^ix), where <pix) and 
\j/{x) are monotonically increasing hounded functions of x. 

Construct the sum V(x) in (1) for the interval (a, x) where 
a g X ^ 5. Let S(x) be the sum of the quantities/(x,‘+i) - fix,-) 
which are positive, and —a(x) the sum of these quantities which 
are negative. Then V(x) = S(x) + (r(x) and 

f(x) - fid) = SW - ^(x). 


Hence, 


V{x) = 2S(x) +fia) - fix) = 2 aix) + fix) - /(a) (2) 

Let (fix) and '^(x) be the least upper bounds of Six) and cr(x) 
for each x. Hence fix) =/(a) + (pix) - ^(x). Since ipix) 
and \^(x) are monotonically increasing, we have the theorem. 

Theorem 8.9 iTheorem of Bolzano-Weiersirass). An infmiiv 
set S of real numbers in a finite interval (a, b) has at least one limit 
point. 

Suppose S has no limit point. Then for every real miinbei’ j\ 
there exist a neighborhood of x containing only a finite nunib(‘r oi' 
points of S. Let N denote the set of all such neighborhoods. 
By the Heine-Borel theorem, there exists a finite nuinlxu* I 
of the intervals of iV, having the same property that the AT’s 
have and such that every point of (a, b) is interior to at h^ast 
one interval of 7. Since every point of (a, h) is covered and since* 
this covering can be done by a finite number of intervals 7, each 
containing but a finite number of points of aS, it follows that S is a 
finite set. This shows that our assumption of the nonexistemv^ 
of a limit point to S is incorrect. 

EXERCISES m 

1. Pxove: If a variable is monotonically increasing, it either ho<‘otm‘s 
infinite or approaches a limit. 

2. Show that every bounded sequence has a least (greatest) point of 
accumulation. Does ever>^ bounded sequence have a unique limit? 

3. Illustrate the fact that Theorem 8.3 is false if the function is not 
everywhere continuous or if the interval is not closed. Construct a bounde<l 
function which has neither a maximum nor a minimum. 
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4. Prove; If f(x) is positive fo7' every value of x on [a, 6], an interval for 
which f{x) is defined, and if xo and xi, xi > xoj are any two values of x in [a, 6], 
ihenfixi) > fixii); while if fix) is negative throughout [a, 6], thenf(xi) < f(xo). 

5. Complete the proofs of Theorems 4.1, 4.2, and 5.1 of Chap. IV. 

6. Show that ii f{x) is monotonic in [a, h] closed, it is bounded. 

7. Prove Theorem 12.1 of Chap. IV (recall Theorems 12.2 and 12.3 of 
Chap. IV). 
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A))ers limit theorem, 494 
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Acceleration vector, 58, 710 
AccAimiilation point, 35, 457, 819 
Addition theorem, for Bessel func¬ 
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for elliptic functions, 632 

for hyperbolic functions, 176, 585 
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for trigonometric functions, 582 

for vectors, 683 

Algebra, fundamental theorem of, 
182, 003 

Alg(‘l)raic function, 569 
Alternating function, 651 
Alternating seri(\s, 473 
am, 630 

Amplitude, of (;omplex numbers, 562 
of elliptic functions, 630 
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Analytic continuation, 615-616 
Analytical dynamics, 796-811 
Analytic function, 573-577,595,597, 
602, 604, 611, 618 
poles of, 607-608 
residues of, 611-612 
singularities of, 607-610 
zeros of, 603-604 

Angle, between curve and radius 
vector, 51 

of complex numbers, 562 
phase, 355 

between tangents, 129, 184 


Angle, between two curves on 
surface, 714, 735 
Angular acceleration, 58 
Angular momentum, 705 
Angular velocity, 58 
Approach, 9 

Approximation, of definite integrals, 
314-321 

of functions, by polynomials, 
74-83, 160, 548, 599 
by trigononuitric polynomials, 
537 

Are length, 217-218, 222, 791 
differential of, 714, 733, 740, 744 
of ellipse, 222, 641 
of hyperbola, 641 
ill parametric coordinates, 221, 222 
in polar coordinates, 221 
Area, 208, 212, 220, 238-239, 262 
in polar coordinates, 214, 263 
of surface, 248, 715 
of surface of revolution, 252, 716 
Areal velocity, 704 
Array, 644 

Associated Legendre polynomials, 
429 

Associated tensors, 736 
Asymptotic expansion (see Develop¬ 
ment) 

Asymptotically equal (proportioiial), 

' 447 

Attraction, force of, 222, 224, 269- 
270 

Average value, of function, 224 
of harmonic functions, 780 
Axial region, 195 
Axiom of continuity, 815 

B 

Beam, flexure of, 376-378 
Bernoulli equatiom, 339 
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Bernoulli polynomials, 317 
Bessel equation, 425, 430'-442, 771 
Bessel functions, 432-442 
first kind, 432-435 
representation of, 438-440 
second kind, 435-438 
zeros of, 440-442 
Bessel’s inequality, 530w., 555 
Beta function, 311-312 
Bibliography, 827-830 
Bilinear forms, 670-671 
Binomial coefficients, 495, 648n. 
Binomial series, 85, 601 
Binorinai, 711 

Bolzano-Weierstrass theorem, 824 
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upper, 274:71. j 818 
lower and upper, 818 
Boundary, 819 

Boundary conditions, 328, 767-709 
Bounded function, 572, 818 
Bounded sequence, 446 
Bounded set, 572 
Brachystochrone, 791 

C 

e-discriminant, 399 
Cable, suspended, 378 
Calculus of variations, 784-796 
Cardioid, 221 

Cauchy-Riemann conditions, 575 
Cauchy^s inequality, 600 
Cauchy’s integral formula, 596 
Cauchy’s product, 482 
Cauchy’s theorem, for integrals, 591 
on mean value, 68 
for sequences, 451 
Center of gravity, 252, 253, 706 
Central force, motion under, 392, 
704, 801-802, 807 
Cesaro means, 507 
Change of variable, for derivatives, 
41, 48, 101, 103 

for integrals, 167, 168, 194, 198, 
199, 262, 265 


Characteristii* equation, 349, 350, 
676 

Characteristic si,rip, 758 
Characteristics, 752, 758 
method of, 7G0~-7(>5 
ChristolTel symbols, 742 
Circle, of convergence, 595 
of curvature, 62 
Circulation, 23(), 273, 708 
Clairaut’s equation, 315 
Closed curve, tirea }M)undiNl j)y (,ser 
Area) 

integral arouiul, 254, 256, 271. 

591, 596 
simple, 572, 590 
Closed interval, 819 
Closed set, 819 
Closure, of a S(it, 819 
cn, 630 
Cofactor, 649 

Comparison test, for integrals, 288 
for series, 463 
Complement, of a set, 819 
Complementary fuiu^tion, 348, 352, 
368-369 

Complete solution (xce General 
solution) 

Complex function, 568-572 
Complex numbers, 558-566 
absolute value, 562, 5()t) 
algebra of, 558^-561 
amplitude, 562 
conjugate, 560 
DeMoivre’s theorem, 564 
parallelogram law of addition, 563 
representation of, 561-504 
roots of, 564-5t)0 
Complex variable, 5t)8 
Components, of mauderation, 58-59, 
710 

of a tensor, 726, 727, 731 
of a vector, 682 
of velocity, 57 

Conditional convergence, 477-479 
Conformal mapping, 616-621, 723- 
725 

at infinity, 621 

Conjugate complex numbers, 560 
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Conjugate harmonic functions, 577 
Conservative force, 273, 70S 
Conservative system, 798 
Constant of integration, 166, 329- 
330 

CV)iitinued fractions, 461 
Continuity, axiom of, 815 
of derivatives, 125, 131, 132 
(•((nation of, 268, 707 
of functions represented by series, 
491, 514 
of integrals, 285 
\miform, 572, 823 

Continuous functions, 22-26, 29, 38, 
91, 123, 130, 132, 491, 514, 
571-572, 821-823 
Contour, 89, 590 

Contour integration, 613-614, 635- 
638 

Contraction (of tensors), 733 
Clontra-variant tensor, 726 
(\)nvergence, absolute (see Absolute 
(^oiu'ergence) 
circle of, 595 
conditional, 477-479 
of Fourier series, 528, 532-539 
of integrals, 286-296, 301-305 
interval of, 484-486, 508 
of power series, 483-486 
of products, 503-505 
radius of, 484 
n^gion of, 483, 595 
of sequences, 446-450, 456, 508- 
509 

of series, 460, 463-473, 508-509 
unconditional, 477-479, 505 
uniform (sec Uniform conver¬ 
gence) 

Coordinates, curvilinear, 713 
eyiindrical, 216, 740 
generalized, 799 
orthogonal, 740, 744 
parabolic, 107, 263, 731, 740 
parametric, 107, 136, 713 
of plane, 730 
polar, 107, 135, 740 
transformation of, 133, 675 
Coriolis’ force, 706 


Coriolis’ theorem, 705 
cosh, 176 

Cosine amplitude (see cn) 

Covariant derivative, 743, 746 
Co variant tensor, 727 
Cramer’s rule, 662 
Cross ratio, 578 
Curl, 271-272, 698, 743-744 
Cur vulture, circle of, 62 
of a curve, 62, 710 
first (mean), 720 
line of, 719 
normal, 718, 722 
radius of, 62, 377, 709 
second (Gauss, specific, total), 720 
of a surface, 720 

Curve, area bounded by (see Anui) 
intrinsic equations of, 713 
length of, 217-218, 221-222, 791 
parametric, 134, 713 
simple closed, 572, 590 
Curvilinear coordinates, 713 
Cusp locus, 399 
Cycloid, 61, 220, 222 
Cylinder functions (see Bessel func¬ 
tions) 

Cylindrical coordinates, 216, 740 
D 

D, 37, 366 

D’Alembert’s principle, 796 
Damped motion, 357-358 
Darboux’s tlicorem, 276 
Dedekind cut, 813 
Definite integral, applications of, 
214-226, 233-240, 248-253, 

265-270, 273, 621-628, 640, 
704-708, 782, 796-811 
conditions for existence, 208, 278- 
280 

containing parameter, 298-305, 
611 

convergence of, 286-296, 301-305 
definition of, 207, 227, 240, 252, 
277, 587-588, 703 
derivative of, 285, 298-300, 611 
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Definite integral, double (surface), 
198, 240-252, 254, 271, 704 
evaluation of, 209, 213, 229-232, 
242, 244-248, 251, 252, 254, 
264-265, 271 

as a function of its upper limit, 
258, 284-285, 298-301, 593 
geometric representation of, 208, 
228, 241 

improper, 213-214, 286-296, 301- 
305 

integral of, 300-301 
line, 226-239, 254, 271, 587-593, 
■635-638, 703 

numerical approximation of, 314- 
321 

properties of, 212, 281-283, 588 
theorem of the mean for, 214, 283, 
285 

transformation of, 260-263 
triple (volume), 252, 264-265 
Degree (of differential equation), 323 
Delta amplitude (see dn) 

DeMoivre’s theorem, 564 
Denumerably infinite set, 2S0n., 816 
Dependence, of constants, 32J 
functional, 140-142 
linear, 666-668, 692 
Derivative, applications of, 49-62, 
104-113, 147-152, 355-360, 

376-380, 392-393, 403-416, 

704-708, 766-779, 796-811 
change of variable, 41,48,101,103 
computation of, 37-45, 93 
covariant, 743, 746 
definition of, 36, 93, 154, 573-574, 
702-703 

directional, 144, 260, 695 
invariance of, 155, 156 
in polar coordinates, 150 
higher, 45, 95-98 
implicit, see Implicit functions 
normal. 111, 112, 143-152, 156, 
260, 695 

partial, 92-98, 103 
second, 45, 95-98 
table of, 37, 176, 177 
theorem of the mean for, 65, 113 


Derivative, total, 98-101, U)6-]0.S 
second, 110-111 
Deterniiiuints, 644-650 
cofactor of, 649 
definition of, 615 
functional (see Jacobian) 

Laplace expansion of, 6-1H 
minor of, 648 

Development (of a. function), 005 
Differences (first, second, etc.), 421, 
501 

Differential, 63-"64, 156-158, 726 
of arc length, 714, 733, 740, 744 
exact, 200-205 
higher, 158 

Differential ecpiations, ordinary, 
322-445 

applications of, 325, 335, 340 
341, 355-31)0, 376 380, 392 
393, 403-416 
Bernoulli equation, 339 
characteristic (upiallon, 349, 350 
Clairaut ecpiation, 345 
complementary funetiou for, 
348, 352, 368-369 
degree of, 323 
exact, 333 

first orchn’, first degr(‘(% 332-343 
nth degree, 344—346 
general solution of, 328, 318,350 
homogeneous, 335-337, 343, 374 
initial conditions for, 328 
integrating factors for, 341-343 
linear (see linear differential 
equations) 

methods for solving, operator, 
366-375 

reducing to exa<‘.t, 332-3-1-3 
series, 365, 425-427 
undetermined coefficients, 
351-353 

variation of constants, 360- 
362 

numerical solution of, 417-423 
order of, 323 

particular integral of, 328, 348, 
351-354, 370-374 
primitive of, 326-328 
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Differential equations, ordinary, 
second order, 363“364 
series solution, 365, 425-427 
solutions of, 323-326, 347 
fundamental set of, 348 
singular, 328, 398-401 
steady state, 359, 405 
transient, 359, 407 
varial:>les separable, 334 
partial, 323, 747-779 
applications of, 773-779 
p]uler’s equation, 747-749 
first order, general, 756-765 
linear, 750-753 
of physics, 766-779 
systems of, 387-396 
total, 380-386, 393-396 
integral )le, 381-384 
lumintegriihle, 38*1-386 
systems of, 393-396 
Differential operator, first, 694 
second, 697 

Difi’erentiation, elementary rules for, 
37-48 

graphical, 50 
of power series, 491-492 
of series of fiinctions, 517 
Dini^s rule, 534, 537 
Direction cosines, 112, 678, 689 
Directional derivative, 144, 260, 695 
invariance of, 155, 156 
in polar coordinates, 150 
Diriehlet integral, 313, 525-529 
Di rich let's conditions, 539 
Diricblet’s rule, 533, 536 
Discontinuous function, 26, 571 
Divergence, 265-269, 696, 1f44, 

746 

of integrals, 286, 294 
of sequences, 446, 507-508 
of series, 460, 507-508 
dn, 630 

Domain of definition, 2, 86 
Double integral, 198, 240-252, 254, 
271, 704 

transformation of, 260-263 
Doublet, 626 

Dynamics, analytical, 796-811 


E 

e, 31-34, 813 
Elastic curve, 377 
Electrical networks, 403-416 
energy relations, 410 
equivalent networks, 412 
steady state solution, 405 
transient solution, 407 
Ellipse, arc of, 222, 641 
area of, 213 

Elliptic functions, 630-635 
addition formulas for, 632 
derivatives of, 631 
periods of, 632-f534 
Weierstrass, 638-639 
Elliptic integrals, 628-630, 635-641 
amplitude, 630 
associated, 630 
modulus, 630 
normal forms, 629, 638 
Entroj)y, 238 
Envelope, 398 

Equation of continuity, 268, 707 
Equation of motion, 358, 392, 803- 
804, 806 

Essential singularity, 608 
Euler-Maclaiirin formula, 319 
Euler’s constant, 310, 311 
Euler’s equation, 747, 785-789 
Euler’s formula, for Fourier cocfli- 
cients, 522 

for Gamma function, 310 
for normal curvature, 722 
Euler’s numbers, 499 
Euler’s theorem, on homogeneous 
functions, 113 

Euler’s transformation, of series, 
500-502 

Even function, 496, 539 
Evolute, 401 

Exact differential, 200-205, 256-259, 
272 

Exact differential equation, 333 
Exponential function, 34, 580-581, 
584 

Exterior point, 819 
Extremal, 788 
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F 

Factor tLeorem, 181 
Factorial function (see Gamma func¬ 
tion) 

Fejer's theorem, 545 
Field, 663 

of force, 270, 273, 708 
conservative, 273, 708 
solenoidal, 270 
of vectors, 250, 693-701 
First curvature, 720 
First differential operator, 694 
First fundamental magnitudes, 714 
Fluid flow, 235-236, 249, 265-269 
circulation, 236, 273, 708 
equation of continuity, 268, 707 
irrotational, 273, 707 
stream function, 622 
stream lines, 622, 707 
velocity potential, 273, 621, 707 
vorticity, 627 
Fluid force, 219 
Forms, bilinear, 670-671 
indeterminate, 30, 67-72 
linear, 660-668 
quadratic, 671 
quadratic differential, 714 
Fourier coefficients, 524 
Fourier integral formula, 548-550 
Fourier series, 521-548 
Bessel’s inequality, 530n., 555 
convergence of, 528, 532-543 
Dini’s rule, 534, 537 
Dirichlet’s conditions, 539 
Dirichlet’s integral, 525-529 
Dirichlet’s rule, 533, 536 
Euler’s formula, 522 
. Fejer’s theorem, 545 
Fourier coefficients, 524 
Gibbs phenomenon, 552-553 
Jordan’s test, 538 
Lipschitz’s rule, 535, 537 
Parseval’s equation, 530n.. 
summable, 545-547 
Fractions (see Rational functions) 
Friction, coefficient of, 379 
' Fubini’s theorem, 245 


Function, abstract, 115;/. 
algebraic, 569 
alternating, 651 

analytic (see Analytic function) 
average value of, 22-^1 
Bessel (see B/'ssel functionn) 

Beta, 311-312 
biunique, 616 
bounded, 572, 818 
of boiimled variation, 824 
complex, 568-572 
contiriiioiis, 22-26, 29, 38, 91, 123, 
130, 132, 491, 514, 571-572, 
821-823 
decreasing, 51 

derivative of (see Ihu’ivative) 
differential of (see Differential) 
discontiiuiouK, 26, 571 
elliptic, 630-635 
even, 496, 539 

exponential, 34, 580-581, 584 
Gamma, 307-313 
harmonic, 576, 779-783 
homogeneous, 113, 335 
hyperbolic, 175-180, 584-585 
implicit, 4, 47-48, 113-132 
increasing, 51 

integral of (see integral; 

Indefinite integral; lnt.<^gral) 
inverse, 34, 44, 133, 616 
irrational, 568 

limit of, 8, 12, 16, 20, 26, 28, 29. 

35, 91, 570-571 
logarithmic, 25, 43, 582-583 
maxima and minima of, 52-54, 

161-162, 601 
monotone, 279w. 
multiple valued, 4, 568 
odd, 496, 540 
orthogonal, 553-557 
oscillation of, 279 
point, 152-155 
rational, 183, 568, 610 
real variable, 812-826 
root-mean-squarc value of, 224- 

225 

of several variables, 85-91 
single valued, 2, 86, 568 
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Function, total variation of, 823 
transcendental, 569 
trigonometric, 25, 42, 44, 46, 178, 
582 

unbounded, 214 
uniformly continuous, 572, 823 
Functional dependence, 140-'142 
Functional detenniiiant (see Jacob¬ 
ian ) 

Functional notation, 2-4, 86-87 
Fundamental magnitudes, first, 714 
second, 716 

Fundamental metric tensor, 734 
Fundamental H(‘t of solutions, 348 
F^indamental theorem, of algebra, 
182, 603 

of integral calculus, 209 
G 

Gamma function, 307-313 
Gausses equation, 425 
Gauss’s law, 270, 704 
General potential function, 622 
General solution, 328, 348, 350, 752 
Generalized coordinates, 799 
Generalized momentum, 805 
Geodesic, 721, 722, 791 
Geometric series, 464 
Gibbs phenomenon, 552-553 
Gradient, 147, 151, 269, 694, 728, 
745 

in polar coordinates, 111, 150, 702 
temperature, 150 
Graph of function, 5, 87 
Graphical diiferentiatioii, 50 
Graphical integration, 211 
Gr(‘atest lower bound, 274n., 818 
Green’s tlieorem, 254, 260 
corollaries of, 256-259 
in space, 265 
Gudermannian, 180 

H 

Hamiltonian function, 805-806 
Hamilton’s equations, 805-806 
Hamilton’s principle, 797-798 


Harmonic analysis, 550-552 
Harmonic conjugate, 577 
Harmonic functions, 576, 779-782 
solid, 783 
surface, 783 
Harmonic series, 465 
Heat equation, 269, 768-772 
Heine-Borel theorem, 820 
Helix, 712 

Hermite equation, 425 
Hermite polynomials, 430, 557 
Higher derivatives, 45, 95-98 
Higher differentials, 158 
Holonomic systems, 807-809 
Homogeneous differential equations, 
335-337, 343, 374 
Homogeneous functions, 113, 335 
Hyperbolic functions, 175-180, 584- 
585 

geometric interpretation, 179 
inverse, 177 
Hypoc 3 ^cloid, 220, 221 

1 

I, Ix, 164, 193 
Imaginary, 558 
Implicit functions, 4, 113-132 
derivative of, 47-48, 118-120, 125, 
131, 132 

Improper integrals, 213-214, 286- 
296, 301-305 

absolutely convergent, 289, 294 
convergent, 286, 294 
integrand infinite, 293-296 
interval infinite, 286-292 
parametric, 301-305 
Indefinite integral, 164, 194-198, 
586, 593, 706 

properties of, 166-170, 586 
Independence, linear, 348, 666-668, 
692 

of path, 256, 272, 592 
Indeterminate forms, 30, 67-72 
Induction, mathematical, 46 
Inertia, coefficient of, 810 
moment of, 248 
Inferior limit, 458 
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Infinite continued fractions, 461 
Infinite integrals {see Improper 
integrals) 

Infinite products, 460, 502-505 
Infinite sequencCvS {see Sequences) 
Infinite series (see Fourier series; 

Power series; Series) 

Infinite sets, 816-817 
Infinitesimal, 73 
Inflection point, 55 
Initial conditions, 328 
Inner product, 553, 733 
Integrability, condition of, .278- 
280, 383 

Integral, 163, 194, 586 

containing a parameter, 298-305, 
611 

definite {see Definite integral) 
double (surface), 198, 240-252, 
254, 260-263, 271 
elliptic {see Elliptic integral) 
improper (infinite) (see Improper 
integral) 

indefinite {see Indefinite integral) 
line, 226-239, 254, 271, 587-593, 
635-638 , 

particular, 328, 348, 351-354, 
370-374 
Stieltjes, 231 
table of, 172 

theorem of the mean for, 214, 
283, 285 

tiple (volume), 252, 264-265 
Integrand, 166 

Integrating factor, 341-343, 381 
Integration, constant of, 166, 329- 
330 

contour, 613-614, 635-638 
elementary, 170-171, 173 
graphical, 211 
numerical, 314-321 
by partial fractions, 184-190 
by parts, 169, 180 
of power series, 493 
of rational fractions, 181-190 
of series of functions, 516 
by substitution, 167-169, 190-192 
by tables, 193 


Interior point, 819 
Interval (closed, open), 819 
of convergeiu^e, 484-"4S(>, 508 
Intrinsic ecpiations of a curve, 713 
Invariant, 155, 682, 694, 728 
Invariant point, 578 
Inverse function, 34, 44, 133, 616 
hyperbola;, 177 
Inversion {see H,eversion ) 

Involute, 402 
Irrational function, 568 
Irrational number, 814 
Irrotational flow, 273, 707 
Isogonal map, 618 
Isolated point, 819 
Isoperinietrie. problem, 793 

J 

Jacobian, 129, 133, 138-142, 262, 
265, 266, 617 

geometric interpretation, 134-135 
Jordan's test, 538 
Joukowsky aerofoil theory, 628 

K 

Kepler's law, 802 
Kinetic energy, 705, 798 
KirchholT's laws, 403 
Kronecker delta, 653, 728, 732 

L 

Lagrange's equations, 799-801 
Lagrange's multipliers, 162 
Lagrangian function, 801 
Laguerre equation, 425 
Laguerre polynotnials, <130, 557 
Lamd's equation, 424 
Laplace expansion (of a dciternii- 
naut), 648 

Laplace's equation, 576, 766, 770, 
782, 791 

Laplacian, 260, 697, 746 
in polar coordinates, 111-112 
Laurent's series, 604-606 
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Least Tipper bound, 274'n., 81S 
Legendre 424-429, 772 

TiCgeudre j)olyiioinials, 427-428, 557, 
772 

associated, 429 
l^eibnitz’s theorem, 47 
I^ength of arc (see Arc length) 
L’KopitaPs rule, 68, 70, 72 
Limit, lower (inferior), 458 
of a fraction, 30, 67-72 
of a function, 8, 12, 16, 26, 28, 20, 
35,91,570-571 
properties of, 20 
of a sequence, 206, 446 
ui)per (superior), 458 
Limit point, 35, 819 
Limiting point, 457 
Line integral, 226-239, 254, 271, 
587-593, 635-638 
Line of curvature, 719 
Linear differential equations, 338- 
339, 347-380 

characteristic equation of, 349, 
350 

complementary function for, 348, 
352, 368-369 

with constant coefficients, 348- 
359, 366-374 

fundamental set of solutions of, 
348 

with general coefficients, 338-339, 
360-364, 374 

general solution of, 348, 350 
particular integral of, 351-354, 
370-374 

Linear forms, 660-668 
la’near independence, 348, 666-668, 
692 

Linear transformations, 578, 620- 
621, 660-668 
product of, 663 
Liouville^s theorem, 602 
Lipschit/Zs nil(‘, 535, 537 
Logarithmic function, 25, 43, 582- 
583 

Lower bound, 818 
Lower limit, 458 


M 

Maclaurin’s series, 601-602 
Maclaurin’s theorem, 78, 160 
Magnification, 618, 723 
Magnitude, of tensors, 734 
of vectors, 682 
Maps, 616-621, 722-725 
conformal, 618, 62), 723 
• isogonal, 618 

Mathematical induction, 46 
Mathieii’s equation, 424 
Matrix, adjoint, 657 
algebra of, 652-657 
characteristic equation of, 676 
congruent, 671-674 
definition of, 652 
diagonal, 653 

in electrrcal networks, 403-416 

elementary, 658 

equivalent, 659, 670 

inverse, 656 

law of inertia, 673 

order of, 644, 652 

rank of, 656 

scalar, 653 

signature of, 674 

similar, 675 

symmetric, 671 

Maxima and minima, of a function, 
52-54, 161-162, 601 
Mean curvature, 720 
Mean value theorem, for derivatives, 
65, 113 

for harmonic functions, 780 
for integrals, 214, 283, 285 
Mechanical quadrature, 314-321 
Membrane, vibrating, 778, 804 
Mercator's ju'ojection, 725 
Mertens' theorem, 483 
Metric tensor, 734 
Meusnier's theorem, 718 
Minor, 648 
Modulus, 562, 630 
Moebius strip, 250 
Moment, 248, 377 
of inertia, 248 
of momentum, 705 
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Momentum, angular, 705 
generalized, 805 
Monotone function, 279n. 

Monotone sequence, 456 
Morera^s theorem, 598 

N 

Neighborhood, 90, 819 
Network matrix, 404 
Neumann’s addition formula, 443 
Nodal locus, 399 
Nonholonomic systems, 807-809 
Normal, equation of, 754 
length of, 346 
principal, 709 
surface, 249, 250, 716 
Normal acceleration, 59, 710 
Normal curvature, 718, 722 
Normal derivative, 143-152, 156, 
260, 695 

definition of, 145, 695 
interpretation of, 149 
invariance of, 112, 156 
in polar coordinates, 111, 150 
Normal section, 718 
Null sequence, 446 
Number, complex, 558-566 
irrational, 814 
rational, 812, 814 
real, 814 

Numerical integration, 314-321 
Numerical 'solution of differential 
equations, 417-423 
Numerical, value, 14 

0 

O, o, 450 

Odd function, 496, 540 
Open interval, 819 
Open set, 819 

Operator methods, 366-375 
Order, of differential equation, 323 
of matrix, 644, 652 
Order of, 450 
Orientable surface, 250 
Orthogonal coordinates, 740, 744 


Orthogonal fujud.ions, ood-hoT 
complete syst<uu of, 555 
normalized, 553 
Schwarz’s iiuaiuality, 556 
weight function for, 557 
Orthogonal tvajeetoric's, 397 
Oscillation (of a function), 279n. 
Oscillations, thet)ry of, 355-35*1, 
809-811 

Osculating plane, 710 
Outer product, 732 

F 

p-discriminiint, 401 
p-function (W<‘i(n’stniSK), 638-639 
Pappus, theonuns of, 253 
Parabolic coordinates, 107, 263, 731, 
740 

Parametric (coordinates, 107, 13t>, 
713 

Parametric cuirvcss, 134, 713, 716 
Parametric ocpiations, 107, 156, 713 
Parseval’s equation, 530a. 

Partial derivative, 02-98, 103, ill 
Partial differcaitial (Hiuiition isa' 
Differential ecpiaiions, partial j 
Partial fractions, 1S4-190 
Particular integral, 328, 348, 35i 
354, 370-374 
Partition, 274, 813 
Pendulum, 640-641 
Period, 355 
Phase arigkc, 355 
Plane, coordinates of, 730 
equation of, 754 
normal, 712 
osculating, 710 
rectifying, 712 
Point functions, 152-155 
Poisson’s (equation, 766, 782 
Polar coordinate's, 107, 135 
arc length in, 221, 740 
area in, 214 
Pole, 607-608 

Polynomials, 25, 181-183, 568 
Bernoulli, 317 
Hermite, 430, 557 
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Polynomials, Laguerre, 430, 557 
Legendre, 427-428, 557, 772 
Potential, 278, 708 
Potential energy, 800 
Potential function (for fluids), 622 
Potential integral, 782 
Power fa(;tor, 226 
Power s<u*ies, 483-499, 595, 602 
algebra of, 496-497 
<‘onvergcnce of, 483-486, 519 
(lilTerentiation of, 491-492 
functions represented by, 488-495 
integra.tion of, 493 
interval of convergence, 484-486 
radius of convergence, 484 
region of convergence, 483, 595 
reversion of, 499 
Taylor's series, 493, 601-602 
Primitive, 326-328 
Principal direction, 719 
Principal normal, 709 
Product (of sets), 818 
Product, inner, 553, 733 
outer, 732 

scalar, 234, 685-686 
vector, 687-688, 691 
Products (infinite), 460, 502-505 

Q 

(Quadratic forms, 671 
Quadrature formulas, 319-320 

R 

Radius, of convergence, 484 
of curvature, 62, 377, 709 
Rank, 656 

Rate, 5, 46, 60-61, 88, 92, 93, 99, 
102, 143-145, 149, 154, 266 
Ratio test, 465 

Rational function, 183, 568, 610 
continuity of, 25 
integration of, 184-190 
limit of, 30, 67-72 
Rational number, 812, 814 
Real continuum, 814 


Real number, 814-815 
Region of convergence, 483, 595 
Regular function {see Analytic func¬ 
tion) 

Relative tensor, 738 
Remainder (in Taylor's theorem), 
77, 599 

Canchy's form, 85 
Lagrange's form, 85 
Schlomiich's form, 84 
Remainder (of series), 471 
Residue, 611-612 

Resistance, coefficient of, 356, 810 
Reversion (of series), 499 
Riernann sum (integral), 207, 277 
Riemann-Lebesgue theorem, 530 
Riemann's theorem, for Fourier 
series, 531 

reordering of series, 480 
Rodrigues's formula, 720 
Rolle's theorem, 65, 822 
Root-meau-square value, 224-225 
Root test, 465 

Roots of complex numlK'.rs, 664r-566 
Rot (rotation), 698 
Rotating vector, 579 

S 

S, s, 274 
Scalar, 682, 728 
Scalar product, 234, 685-686 
Scalar triple product, 690 
Scale of magnification, 617, 618, 723 
Schwarz's inequality, 556 
Second curvature, 720 
Second derivative, 45, 95, 110-111 
Second differential operator, 697 
Second fundamental magnitudes, 
716 

Separation of variables, 334, 767, 
770-772 

Sequences, 446-458, 508-518 
accumulation points of, 457 
asymptotically equal (propor¬ 
tional), 447 
bounded, 446 
complex, 594 
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Sequences, convergent, 446,44&-450, 
456, 508-509 

criteria for convergence, 456 
divergenty 446, 507-508 
of functions, 508-518 
limit of, 446 

limiting points of, 457-458 
lower (inferior) limit of, 458 
monotone, 456 
null, 446 
order of, 450 
rearrangement of, 449 
subsequence of, 448 
upper (supeiior) limit of, 458 
{See also Series) 

Series, 459-482, 508-518 

absolutely convergent, 476-480, 
595 

algebra of, 474-482 
alternating, 473 
arbitrary terms, 471-473 
complex, 594-596 
conditionally convergent, 477-479 
convergent, 460, 508-509 
criteria for convergence, 463-465, 
468, 469 

definition of, 459, 508 
differentiation of, 517 
divergent, .460, 507-508 
of functions, 508-518 
geometric, 464 
harmonic, 465 
integration of, 516 
positive terms, 463-469 
region of convergence, 483, 595 
sum of, 460 
siimmable, 507-508 
trigonometric, 521 
unconditionally convergent, 477- 
479 

uniformly convergent, 510-518 
(See also Fourier series; Power 
series) 

Series solution of differential equa- 
tions, 365, 425-427 
Serret-Frenet formulas, 712 
Sets, properties of, 815-820 
Signature, 674 


Simple closed curve, 572, 590 
Simple Imrmoiiic motion, 355-359 
Simply coim('(dx‘d region, 258 
Simpson’s rule, 320 
Sine amplitude (.src sn) 

Singular points, 607-{)i0 
essential, 60S 
at infinity, 609 
isolated, 607 

Singular solution, 32S, 398 -101 

sinh, 176 

Sink, 623 

Slope, 5, 49 

sn, 630 

Solenoidal force fu*.ld, 270 
Solution, general, 328, 348, 350, 752 
of a diffoixmtial eciuation, 323 326, 
347, 348 

of an equation, 181 
particular, 328, 348, 351-351, 370- 
374 

singular, 328, 308-401 
steady state, 359, 405 
transient, 359, 407 
Sound waves, 775, 804 
Source, 623 
Speed, 56 

Stagnation point, ()24 
Steady state solution, 359, 405 
Steam chart, 137 
Stereographic proj('clion, 725 
Stieltjes integral, 231 
Stiffness, coeirKuent of, 810 
Stokes’s equation, 425 
Stokes’s theorem, 271 
Stream function, 622 
Streamlines, 622, 707 
String, vibrating, 749, 776-778, 802, 
804 

Subnormal, 346 
Subtangent, 346 
Sum (of sots), 818 
Sums, upper and lower, 274 
Summablc series, 507-508, 545-547 
Superior limit, 458 
Superposition principle, 406 
Surface integral (sec Do\i})le integral) 
Surface normal, 249, 250, 716 
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Surface of n^volution, 717 
area of, 252, 716 

Surfaces, area of, 248, 252, 715-716 
fundaiuental inasuitudes for, 714, 
716 

orieutable, 250 

parametri(^ representation of, 713 
tangent plane to, 754 
Suspended cable, 378 
Symmetrica components, method of, 
676-677 

Systems of difi'erential equations, 
387-396 

Systems of linear equations, 660-668 
T 

Table, of derivatives, 37, 176, 177 
of integrals, 172 
Taclocus, 401 

Tangent, equation of, 50, 128, 138, 
709 

length of, 346 
slope of, 49 
Tangent plane, 754 
Tangential acceleration, 59, 710 
tanh, 176 

Taylor’s series, 493, 601-602 
Taylor’s theorem, 74-83, 160, 599 
Tel (‘graph equation, 766 
T<‘mperatur(‘ gradient, 150 
Tensor, absolute, 739 
associat(*d, 736 
components of, 726, 727, 731 
contraction of, 733 
coutravariant, 726 
(OTa,riant, 727 

(iovariant derivative of, 743, 746 
of higher order, 731 
iniKU’ product, 733 
magnitude of, 734 
mix(Hl, 731, 732 
of order jscro, 728 
outer product, 732 
relative, 738 

rc’spresentation of, 727, 730, 734- 
735 

skew symmetric, 733 


Tensor, symmetric, 733 
unit, 734 

Tetrahedron, volume of, 692 
Theorem of the mean, for deriva¬ 
tives, 65, 113 

for harmonic functions, 780 
for integrals, 214, 283, 285 
Thermodynamic magnitudes, 121 
Thermodynamics, 237-238 
Toeplitz theorems, 452-454 
Torsion, 711 
Total curvature, 720 
Total derivative, 98-104, 106-108 
second,110-111 
Total differential, 156-158 
Total differential equations, 380- 
386, 393-396 
integrable, 381-384 
noiiintegrable, 384-386 
Total variation, 823 
Tractrix, 379 

Trajectories, orthogonal, 397 
Transformation, conformal, 616- 
621, 723-725 
of coordinates, 133, 675 
Euler’s, 500-502 
of integrals, 194, 260-263, 265 
linear, 578, 620-621, 660-668 
Transient solution, 359, 407 
Transversality condition, 795 
Trapezoidal ruk^, 319 
Trigonometric functions, 25, 42, 44, 
46, 178, 582 

Trigonometric series, 521 
Triple integral, 252, 264-265 
Tube of force, 270 

U 

Unbounded function, 214 
Unconditional convergence, 477- 
479, 505 

Undetermined coefficients, method 
of, 351-353 

Uniform continuity, 572, 823 
Uniform convergence, of integrals. 
301-305 
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Uniform convergence, of power 
series, 519 

of series of functions, 510-518 
Upper bound, 818 
Upper limit, 458 

V 

Variable, change of, for derivatives, 
41, 48, 101, 103 

for integrals, 167, 168,194, 198, 
199, 262, 265 
complex, 568 
real, 1, 86 

real independent, 1, 86 
Variables separable, 334, 767, 770- 
772 

Variation, 786 

Variation of constants, method of, 
360-362 

Vectors, algebra of, 683-691 
components of, 682 
curl of, 271-272, 698, 743-744 
definition of, 682 
derivative of, 702-703 
divergence of, 265-267, 696, 744, 
746 

geometric representation of, 678- 
681, 684, 685 

gradient, 111, 147, 150-151, 269, 
694, 702, 728, 745 
integral of, 703, 706 
magnitude of, 682 
product of, scalar, 234, 685-686 
scalar triple, 690 
vector, 687-688, 691 
unit, 685 

Vector acceleration, 58, 710 


Vector field, 250, 693-701 
Vector product, 687-088, 691 
Velocity, 56-58, 585 
angular, 58 
areal, 704 

Velocity potential, 273, 621, 707 
Velocity vector, 57 
Vibrating memlirane, 778, 804 
Vibrating string, 749, 776-778, 802, 
804 

Vibrjitions, 355-359, 809-811 
Virtual work, 796 
Viscosity, coefficient of, 810 
Volume, 215-217, 221, 251, 262 
of tetraluidron, 692 
Volume int(^gral, 252, 264-265 
Vortex, 625, 707 
Vorticity, 627 

W 

Wave equation, 420, 77() 

Weber’s equation, 425 
Weierstrass formula for Gamimi 
function, 310 

Weierstniss p-function, 638-639 
Weierstrass test, 513 
Weierstrass theorem, 537, 609 
for polynomial approximation, 548 
Work, 218, 223, 233-235, 269 
virtual, 796 
Wronskian, 348 

Z 

Zero, of a function, 181, 603-604 
Zonal harmonics (see Legendre poly 
noraials) 




